HW?2 for Modern Probability

Total Points: 100

In this problem set, we assume that all random variables are defined on a probability
space (2, F,P), unless specified otherwise.

1. Let X1, Xs,... be R-valued random variables and a € R. We define
7(w) = inf{n > 1: X,,(w) > a},

where the convention is inf @ = oco.
(a) [5 points] Show that 7 is a random variable taking value in N U {oco}.
(b) [5 points| Define
Y w) = {XT(M)(W), T(w) < oo,
0, T(w) = oo.
Show that Y is a R-valued random variable.
Hint: Y (w) = 32571 Xn (@) Lir(w)=n}-

(c) [5 points] Suppose that X,(w) — X(w) for every w. Show that X(w) < a
for w e {1 = o0}.

[Total for Question 1: 15 points]

2. For a random variable X, recall that o(X) = {X'(A) : A € B(R)} is the smallest o-
algebra with respect to which X is measurable.

(a) [5 points] Let f : R — R be a Borel function. Show that o(f(X)) C o(X).
(b) [5 points] For f(z) = ¢”, show that o (f(X)) = o(X).
(c) [5 points| Let Q = {—1,1} and X (w) = w. Show that o(|X]) G o(X).

)

(d) [5 points] Let X and Y be independent random variables and f,g be Borel

functions. Show that f(X) and g(Y’) are independent.
[Total for Question 2: 20 points]

3. [10 points| Let X,,, X > 0. Suppose that X,, = X and EX,, - EX < co. Show that
EIX,—X|—=0, n— oo

Hint: | X,, — X| = X,, + X — 2min(X,,, X) and use DCT on min(X,, X).
[Total for Question 3: 10 points]

4. Let X be a non-negative random variable and X,, = X A n.



(a) [ points] Show that EX,, T EX. Deduce that EX < oo if and only if

supE(X An) < occ.

(b) [5 points| Show that if EX < oo, then EX1yx>,; — 0.
[Total for Question 4: 10 points]

5. [10 points] Recall that for a random variable/vector X in R?, its law is px := PoX 1,
that is, ux(A) = P(X € A)
Let X and Y be two independent random variables with laws p and v. Show that

the law of the random vector (X,Y") is u X v.
[Total for Question 5: 10 points]

6. Let X be a random variable taking value in [0, oco].
(a) [5b points] Show that if EX < oo, then P(X = o0) = 0.
Hint: use {X = oo} = (,_{X > n} and the inequality EX > EXLix>, >
nP(X > n).
(b) [5 points] Show that if EX = 0, then X = 0 almost surely, that is P(X = 0)
Hint: start from EX > EX1{x>1/n}.

=1.

[Total for Question 6: 10 points]

7. Let (Q;, Fi,P;), i = 1,2 be two probability spaces. Let A € F; @ Fy. For x € Q, we

define the cross-section
A, ={yeQ:(x,y) € A}

(a) [5 points] Suppose that (P; x P3)(A) = 0. Show that Py(A,) = 0 for P;-almost
every .
Hint: apply Fubini to f(x,y) = La(z,y).

(b) [5 points] Show that if Po(A,) = 0 for Pj-almost every x, then (P; x P3)(A) = 0.

(c) [5 points] Let y,v be probability measures on (R, B(R)) and let f be a Borel
function. Define the graph of f by

['=A{(z,y) :y = f2)}.
Show that I' € B(R?) and if v has no atoms, then
(1 ¥)(T) =0,

[Total for Question 7: 15 points]

8. (a) [5 points] Let X7, Xy, ... be random variables taking values in [0, co]. Show that

S ey,
n=1 n=1

Hint: you can either use MCT, or use Fubini on (2 x N, F @ P(N),P x pu),

where p is the counting measure on N.
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(b) [5 points] Let Aj, As, ... be events and define an extended random variable
Nw) =) 14,(w).
n=1

Show that if Y~>°  P(A,) < oo, then P(N < c0) = 1.
[Total for Question 8: 10 points]
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