
HW3

October 30, 2025

Durrett: 2.2.2, 2.2.4, 2.2.7, 2.3.8, 2.3.9, 2.4.2

In the next two problems we use λ to denote the Lebesgue measure on
(
R,B(R)

)
.

Exercise 1 LetXn, n ≥ 1, be r.v.s on (Ω,F ,P) with E|Xn| < ∞. LetA be all subsets of N = {1, 2, . . . },
and µ be the counting measure on (N,A), that is,

µ(A) = number of elements in A, A ∈ A.

On the product space (Ω× N,F ⊗A,P× µ), show that,

1. the map X(ω, n) = Xn(ω) is (F ⊗A)-measurable;

2. if
∑∞

n=1 E|Xn| < ∞, then

∫
Ω×N

X(ω, n)(P× µ)(dωdn) =

∫
Ω

∞∑
n=1

Xn(ω)P(dω) =
∞∑
n=1

∫
Ω
Xn(ω)P(dω).

Exercise 2 Let X ≥ 0 be a r.v. on (Ω,F ,P). On the product space (Ω× R,F ⊗ B(R),P× λ), show
that,

1. {(ω, y) : 0 ≤ y ≤ X(ω)} ∈ F ⊗ B(R);
Hint: the map (x, y) 7→ x− y is measurable;

2. the following equality holds:∫
Ω
X(ω)P(dω) = (P× λ)

(
{(ω, y) : 0 ≤ y ≤ X(ω)}

)
=

∫ ∞

0
P(X ≥ y)λ(dy).

Conclude that

EX ≤
∞∑
n=0

P(X ≥ n).

Exercise 3 Use Fubini’s Theorem to show that if X ≥ 0 and p > 0, then

EXp =

∫ ∞

0
pyp−1 P(X > y) dy.

Hint: xp =
∫ x
0 pyp−1 dy, x ≥ 0.
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Exercise 4 Let (Xn)n≥1 be independent. Show that

sup
n

Xn < ∞, a.s. ⇔
∞∑
n=1

P(Xn > A) < ∞ for some A > 0.

Hint: for the “⇐” direction use the first Borel–Cantelli; for the “⇒” direction, use proof by contra-
diction and show supnXn ≥ A a.s. for every A using the second Borel–Cantelli when the condition
does not hold.

Exercise 5 Recall from the “St. Petersburg game” we have the i.i.d. r.v.’s (Xn)n≥1 with distribution

P(X1 = 2j) = 2−j , j ≥ 1.

1. Show that for every M > 0,
∑∞

n=1 P(Xn ≥ Mn log2 n) = ∞.

2. Show that for every M > 0, P({ω : Xn(ω) ≥ Mn log2 n, i.o.}) = 1.

3. Show that for every M > 0, lim supn→∞
Xn

n log2 n
≥ M a.s.

4. Show that lim supn→∞
Sn

n log2 n
= lim supn→∞

Xn
n log2 n

= ∞ a.s.
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