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From Durrett: Ex 4.1.3, 4.1.4, 4.1.9, 4.2.1

Exercise 1 Let X be indepenpendent of G and Y ∈ G. Show that for any bounded measurable
function h : R2 → R, the function φh(t) := Eh(X, t) is a measurable, and

E
[
h(X,Y ) | G

]
= φh(Y ), a.s.

Hint: first consider h of the form h(x, y) = 1A(x)1B(y).

Exercise 2 Let (Fn)n≥0 be a filtration. Recall that T is a stopping time if {T ≤ n} ∈ Fn for all n.

1. Show that a constant time T ≡ m is a stopping time.

2. Show that if T and S are stopping times, then T ∧ S := min(T, S) is also a stopping time.

Exercise 3 Let X be bounded and E|Y | < ∞. Show that

E
(
E
[
X | G

]
Y
)
= E

(
E
[
Y | G

]
X
)
.

Note that you are required to verify all conditional expectations and expectations are well-defined.

Hint: both sides are equal to E
(
E
[
X | G

]
· E

[
Y | G

])
.
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