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1 Measure theory preliminaries

In this section we will cover some basic facts in measure theory and see how they integrate into the
modern probability theory. Most of the materials are still within the scope of the celebrated work,
Foundations of the theory of probability, by Kolmogorov in 1933 (] D).

1.1 Random variables, o-fields and measures

We start with some examples of random variables (r.v.s) that the reader should be familiar with from
elementary probability. Two types of r.v.s are considered in elementary probability: discrete and
continuous.

Example 1.1 (discrete r.v.s.) e Bernoulli: X ~ Ber(p), with P(X =1)=p, P(X =0)=1—p.
e binomial: X ~ Binom(n,p) with P(X = k) = (Z)pk(l —p)"* k=0,1,...,n.
e geometry: X ~ Geo(p), with P(X = k)= (1 =p)*~Ip, k=1,2,...
e Poisson: X ~ Poi()), with P(X = k) = 37e™*, k=0,1,...
Example 1.2 (continuous r.v.s) Continuous r.v.s are described by the density function P(X < a) = [*__ p(x)da.
e exponential: X ~ Exp()), with p(z) = 1jg o) (2) - Ae ™.
e uniform: X ~ Unifa,b], with p(z) = 144 (z) - ﬁ.

e normal/Gaussian: X ~ N (u,0?), with p(z) = \/21706’(3““)2/2”2.

Since density functions may not exist, we also use cumulative distribution functions (c.d.f.) to
describe r.v.s. The c.d.f. of ar.v. X is Fix(a) = P(X < a). The sets of the form {X < a} are examples
of events, of which we can evalute the probability. More generally, we can view P(-) as a function of
events, or a set function. A measure P(-) : A — P(A) € [0,00) is a special set function satisfying the
following three properties:

1. Non-negativity: P(A) > 0 for every A.
2. P(@) =0.

3. Countable additivity: for any disjoint A, Ao, ...,

P( U 42) =3 P(4,). (1.1)
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Of these three properties, the last one is the most important. We also call it “o-additivity”, where
the prefix “o-” often indicates connnection to some countable condition in measure theory. It is
only with o-additivity, not finite additivity, that one can establish non-trivial limit theorems for
integration/expectation, and eventually prove big limit theorems in modern probability.

We can derived other important properties of measures from Items 1 and 3.

4. Finite additivity from Items 2 and 3: let A,41 = Apio == in (1.1); then
n n
P< U 40 =3 P(4y).
k=1 k=1

5. Monotonicity from Items 1 and 4: if A C B, then AN (B\ A) = &, and hence

P(B)=P(A)+P(B\A)>P(A).

6. Sub-additivity from Items 3 and 5: let 4, = A, \ (UZ;% Ak) C A,; then

(e 9]

(UA zg giP(A)

7. Continuity from above from Items 2 and 3: if A, | A and P(A;) < oo, then P(A) =
limy, 00 P(Ap). (We call it “continuity” since A =(°2; A, is the limit of A,.) In fact, since Ay
is the disjoint union of

A1:AU(A1\A2)U(A2\A3)U”', (1.2)
we have -
P(A1) = P(A) +P(A\ An) + > P(Ag \ Appa).
k=n
All the terms are positive, and the LHS is finite, so the tail of the infinite sum must converges
to 0. Hence,

P(A) = lim P(4) ~ P(A\ Ay) = 3" P(Ay\ Ayer) = lim P(A1) — P41\ A,) = lim P(4,).

n—oo n—oo
k=n

Note: we can interprete the decomposition (1.2) as follows: since A, is decreasing, any ele-
ment x € Ay either appears in all Ay, and thus in A, or there exists a largest n such that x € A,
but © € Apy1, and thus x € Ap \ Apy1-

8. Continuity from below from Items 2, 3, 5 and 7: if A, 1 A, then P(A) = lim,,_,o P(A,).
Noting that P(A,,) is increasing, by sub-additivity,

P(A) < P(A;) +ZPA \A,_1) = lim P(4,).

n—00
n=2

If P(A) = oo, there is nothing else to prove. Otherwise, we have P(A) < co and A — 4, | @.
Then by continuity from above,

0=P(2) = lim P(A\ 4,) = lim P(4) - P(4,),



Besides all the above properties of the set function P(-), we also need to impose conditions on
its domain. The domain should behave well under countable union/intersection. This leads to the
definition of o-algebras.

Definition 1.1 Let  be any non-empty set. A collection of its subsets F is a o-algebra (or o-field),
if

1. Qe F,
2. A€ F implies A€ € F,
3. (closure under countable union) A, € F implies ;- A, € F.

Example 1.3 1. The smallest o-algebra: F = {&, Q}.
2. The largest o-algebra: F = {all subsets of Q}.

We call a set  equipped with a o-algebra F on it a measurable space, written in a pair (2, F).
The definition of the o-algebra leads to the following properties.

Proposition 1.1 Let F be a o-algebra. Then
e JecF,
e ACBand A,B € F imply B\ A€ F,
e (closure under countable intersection) Ay, € F implies (), An € F.

Definition 1.2 A probability space (2, F,P) is such that (Q, F) is a measurable space and P : F —
[0,1] is a measure with P(2) = 1.

A measure p is finite if ©(2) < oo, and o-finite if there exists A,, T Q such that p(A4,) < co. For ex-
ample, the Lebesgue measure on R is not finite but o-finite, since 4,, = [-n,n] 1 R and Leb(4,,) < co.
We call (2, F, 1) a measure space if p is o-finite measure on (2, F).

Definition 1.3 A random variable (r.v.) X = X(w) : Q@ — R is a map from a probability space (2, F, P)
to R, such that
{w: X(w)<a}eF, VaekR,

or written more compactly, X ~'(—oo,a] € F for all a € R.
The map ¢! denotes the pre-image map of : for a map ¢ : U — V, we define ¢! to be
e YW):={uecU:pu)cW}

I commutes with commom set operations.

The map ¢~
Proposition 1.2 e o} (W1 N W) = =} (W1) N H(Wa).
o o I(WLUW) = (W) Up ! (Wa).

o ¢ (W) = (71 (W))".



For a r.v. X on (Q, F,P), we can evaluate the probability of events, which are sets of the form
{w: X(w) € A} = X 1(A). (1.3)

To have a probability, the sets in (1.3) must be in the domain of P, which is F. This imposes a
restriction on A. Let us put all such sets A into a collection

B={Ast. X"Y(A) e F}.

Definition 1.3 implies that B contains all half-infinite interval (—oo,a], and by Proposition 1.2 it
contains all intervals (a, b] since

X Ya,b) = X (—00,b] \ X }(—o00,d] € F.

In fact, the collection B is a o-algebra, since we can verify the closure under countable union using
Proposition 1.2:

[e.9]

X )eF = X‘l([j L)=Jx ') eF
n=1 n=1

In the next section, we will see that B will contain a common sub—c-algebra, called the Borel o-
algebra, no matter what the r.v. X is. The Borel o-algebra is the “smallest” o-algebra containing all
the intervals (a, b]; it is the most important class of o-algebras in probability theory.

1.2 Construction of s-algebra and (probability) measures

The Borel o-algebra is the smallest o-algebra containing by open sets. The meaning of “smallest” will
be clear after the following proposition.

Lemma 1.3 1. If F1 and F» are two o-algebras on §2, then F1 N Fa is also a o-algebra.

2. If Fy,v € T are o-algebras on 2, where I' is an arbitrary index set (countable or uncountable),
then (\,ep Fy is also a o-algebra.

Proposition 1.4 Let A be a collection of subsets in ). Then there exists a smallest o-algebra contain-
ing A, called the o-algebra generated by A and written o(A), in the sense that if G O A is a o-algebra,
then o(A) C G.

Proof: Take o(A) = N F. O
Fo-algebra:FDA

Definition 1.4 (Borel o-algebra) Let M be a metric space (or more generally, a topological space).
ItsBorel o-algebra B(M) is the o-algebra generated by all the open sets in M.

Example 1.4 e B(R) =0((—o0,a],a € R).
e BRY) =0o((—00,a1] x -+ x (—00,aq],a; € R).

Remark 1.5 Here, one need to first show that any open sets in R? can be obtained from countable union of
sets of the form (—oo,a1] X (—00,aq]. The construction requires some ideas from point-set topology, but it is
elementary, and thus omitted here.

Proposition 1.5 A map X (w) on (Q, F,P) is a r.v. if and only if X~ 1(A) € F for any A € B(R).

Remark 1.6 In fact, this is usually taken as the definition for r.v.s.



Now let us take about the distribution of a r.v. X. One can check that = P o X! defined by
w(A) =P({w: X(w) € A}), A e B(R),

is a probability measure on (R,B(R)). We call u the distribution/law of X. Clearly, (R, B(R),u)
is a probability space. For most practical application, like computing expectation, variance and so
on, it is enough to understand the distribution of a r.v., not the original probability measure P on
some abstract space that can be potentially be complicate. Another obvious advantage is that the
distributions of all r.v.s are probability measures live on the same measurable space (R, B(R)).

Note that the cumulative distribution function (c.d.f.) of a r.v. can be read from its distribution:

Fx(a) =P(X <a) =p((-o0,d]), acR.

The central topic for this section is to understand how the c.d.f. determines u. Along the way we
will learn how to construct o-algebras and (probability) measures. Some of the presentation here is
from | , Chap. 2.3]. The next theorem is a fundamental and important result.

Theorem 1.6 Every increasing, right continuous function F' : R — [0, 1] with F(—oc0) = 0 and F(c0) = 1
uniquely determines a probability measure p on (R, B(R)).

We start by introducing some notions on collections of sets.

Definition 1.5 A collection of sets S is a semi-algebra if first, it is closed under intersection, that is,
AN DB e S whenever A,B € § and second, for every A € S, its complement A° is disjoint union of
some A1, Ao, ..., Ay in S.

A collection of sets S is an algebra, or field, if AyB € S implies ANB €S and A° € S.

We can relate these two notions by the following proposition.

Proposition 1.7 Let S be a semi-algebra. Then
S = {finite disjoint unions of sets in S}
s an algebra.
Example 1.7 All the d-dimensional half-open, half-closed rectangles forms a semi-algebra:
Si={9, (a1,b1] x - x (ag,bq), —00 < a; < b; < o0}

Definition 1.6 A collection of sets S is a monotone class, if lim, .o A, € S for every monotone
sequence of sets A, € S.
Here, for an increasing sequence A, C Api1 C ---, we define its limit to be A = J2

et An, and
for an decreasing sequence Ay, O Apy1 D -, its limit A == ﬂ?zl A,

It is easy to see that any intersection of monotone classes is still an m-class. Therefore, it makes
sense to talk about the smallest monotone classes containing any collection of sets A (c.f. Proposi-
tion 1.4). We denote this smallest monotone class by m(A).

The monotone class condition basically bridges the difference between o-algebras and algebras.

Proposition 1.8 Let A be a collection of subsets of Q. Then A is a o-algebra if and only if A is both
an algebra and a monotone class.

Theorem 1.9 (Monotone Class Theorem) Let A be an algebra. Then o(A) = m(A).



Proof: By Proposition 1.8, o(.A) is necessarily a monotone class, and by the minimum property we
have the inclusion m(A) C o(A).

To show the other direction o(A) C m(A), it suffices to show that m(.A) is an algebra, and hence
a o-algebra (using Proposition 1.8 again). To establish that m(A) is an algebra, we will use the
principle of appropriate sets.

First, m(A) is closed under complement. Let

S={A: A A°em(A)} C m(A).

Our goal is to show that m(A) = S. Clearly, by definition we have A € S. Moreover, S is a monotone
class: if A, T A and A,, € S, then (4,) and (A¢,) are both monotone sequences in m(.A), and hence
their respective limits A and A€ are in m(A); if A, | A it is similar. Therefore, S must contain the
smallest monotone class that contains A, which is m(A). This shows S = m(A), and hence by the
definition of S, the collection of set m(.A) is closed under complement.

Second, m(.A) is closed under intersection. Since intersection involves two sets, the proof is
slightly more complicated and we will do it in two steps. In the first step, for a fixed A € A, let

Sa={B:Bem(A), AnBem(A)} Cm(A).

It is clear that A C S4 since A is an algebra and m(A) contains A. Also, one can check that Sy is a
monotone class since B, | B or B, 1 B implies ANB, | ANBor AUB, T AU B. Therefore, we
have m(A) C S4, and this means that AN B € m(A) whenever A € A and B € m(A).

In the second step, let

S={Aem(A): AnBem(A), VB e m(A)}.

The first step implies that A C S. Again; it is not hard to check that A is a monotone class.
Hence m(A) = S and this proves that m(.A) is closed under intersection.
In conclusion, m(.A) is an algebra and hence a o-algebra, this completes the proof. O

A related concept is the Dynkin system (d-system, A-class).
Definition 1.7 Let D be a collection of subsets of Q. We say that D is a Dynkin system if
1. Q eD,
2. ABeD,ACB = B\AeD,
8. A, TA A, eD = AeD.

We say that A is a m-system if it is closed under intersection. One can check that A is a o-algebra
if and only if it is both a w-system and Dynkin system. Moreover, analogous to Theorem 1.9, the
following is true.

Theorem 1.10 (7w-\ Theorem; Dynkin Theorem) If A is a w-system, then o(.A) is the smallest Dynkin
system containing A.

Proof: The proof can be done via the principle of appropriate sets. O

Given a distribution function F' as in Theorem 1.6, we can introduce a (probability) measure pg
on the algebra

S= {U (ag, by|, disjoint union},
k=1



given by

n

po(A) = [F(b) — Flax)].

k=1
It is easy to check that ug is finitely additive. An important step is the following.

Proposition 1.11 The finitely additive measure pg is o-additive on S, that is, if A, € S are disjoint

and |52, An € S, then
(U 4n) =D mo(An
n=1 n=1

Proof: We will use the fact that o-additivity is equivalent to continuity at &, that is, ug is o-additive
if and only if limy, o0 pio(An) = po(2) = 0 whenever A, | @.

Suppose that there is some L > 0 such that A, € [-L,L]. Let ¢ > 0. We claim that there
exists B,, € S such that B,, C 4,, and

po(An) — po(Bn) <e-27"

The existence of B,, is a consequence of the right continuity of F. In fact, writing A, = J;", (a; a{™ b(n)]
and B, = U?il(al(-n) + 4, bg”)], we have

m

po(An) = n(By) = > (FO +6) = FO{™)) -0, 6 L0.

=1

By choosing § small enough we can make the sum-less than ¢ - 27",
Since A, | @ and B,, C A,, we have B, | @.'So C,, = [-L, L]\ B,, forms an open cover of [—L, L].
By the Finite Open Cover Theorem, there exists a finite sub-cover, that is, there exists ng such that

no

[—L,L] - U [_LvL] \Fny

n=1

and hence (°; B,, = &. Therefore,

Mo(Ano)Zuo(Ano\ﬁBn)éuo(U Ap\ By, ) ZNOA \ By) <522_n<5
n=1 n=1

Since po(A,) is decreasing and ¢ is arbitrary, we obtain limy, o po(A,) = 0.

When A, are unbounded, since F(—o00) = 0 and F(co) = 1, for every € > 0, we can choose L
large enough so that po(—L,L] > 1 —¢. Let A, = A, N (=L, L]. Then A, | @ and A,, are bounded.
Then lim;, s o (fln) = 0 as previously proved, and hence

lim sup p9(A;,) < limsup MO(An) + lim sup o (An \ (=L, L]) <0+e=ce.

n—o0 n—oo n—oo

Since € > 0 is arbitrary, we obtain lim,,_,~ £0(Ay,) = 0 as desired. O

After establishing o-additivity of yo on S using Proposition 1.11, we can extend jug to a probability
measure on o(S) = B(R) with the help of the next theorem.

Theorem 1.12 (Carathéodory’s Extension Theorem) Let py be a o-additive measure on an algebra A.
Then po has a unique extension to o(A).



Here, an extension of g to o(A) is a measure p on o(A) such that pg(A) = p(A) for every A € A.

Remark 1.8 We will use Theorem 1.12 in the case where po (and hence the resulting extension u) is a prob-
ability measure. But the theorem also holds when pg is o-finite, which means that there exist A,, 1T  such
that 1o(Ay,) < co.

Proof of Uniqueness:  Let u, fi be two extensions and S = {A : pu(A4) = i(A)}. We will show
(i) A C S; (ii) A is a monotone class. Then, by Theorem 1.9, S contains o(A), so u = i on o(A),
which is the uniqueness.

The first statement A C S follows from definition of the extension.

To prove the second statement, let A, T A and A,, € S. Since u and [i are measures, and measures
are continuous from below, we have u(A,) — wp(A4) and i(4,) — A(A), and thus u(A) = a(A).
Similarly, if A, | A and A, € S, since u is the continuous from above, we have p(A4,) — u(A) and
f(Ay) — ii(A), and thus u(A) = fi(A). This completes the proof of uniqueness. O

To prove the existence we need to use the outer measure, which is also a standard procedure in
constructing the Lebesgue measure. We will only sketch the most important steps in this note.
Given a g-additive measure pg on an algebra A, the outer measure, defined for any sets, is

- inf{i fo(An) s A C G Ap, A, € A}.
n=1 n=1

For the Lebesgue measure, A consists of nice sets like intervals, rectangles, etc, and the outer measure
is the generalization of length, area, volume and so on. But the outer measure cannot be measure,
since the latter is not defined for arbitrary sets. A key point is to defined what is “measurable” w.r.t.
the outer measure .. We say a set A is measurable; if it satisfies the Carathéodory’s condition:

(D) = (DN A) 4+ (DN A, VD. (1.4)
With some more efforts, one can show:
1. every set A € A satisfies (1.4) and p.(A) = po(A);

2. the collection of sets that satisfy (1.4), denoted by F, forms a o-algebra, and moreover, pu, is a
measure on F.

The desired extension is then defined by u = ,u*‘a( Ay

Remark 1.9 Typically, o(A) is a proper subset of F. For example, in the case of constructing Lebesque measure,
we have F(z) = z and
o(A) = {Borel sets}, F = {Lebesgue measurable sets}.

In Proposition 1.16 we will see that there exist Lebesgue measurable sets which are not Borel.
However, if we complete (2, 0(A), 1), then the result is (2, F, 1. Here, a complete measure space (2, F, P)
means that if B C A € F such that P(A) =0, then B € F.

|7)-

1.3 Decomposition of distribution functions

Let F(z) be an increasing, right continuous function, e.g., the c.d.f. of some r.v. The goal of this
section is to decompose it into the jumping (or discontinuous) part, the absolutely continuous part
and the singularly continuous part, written

F:Fd+Fac+Fsc-

First, let us look at the discontinuous part. Since F' is right continuous and increasing, F' only has
discontinuity points of the first kind. This leads to the following definition.



Definition 1.8 A point x is a point of jump/discontinuity of F if F(x) — F(z—) > 0.
Proposition 1.13 The points of jump for an increasing, right continuous function are countable.

Proof: On any compact set [—L, L],

o0

{zr € [-L,L] is a jump} = U {x €|-L,L]: F(x) — F(z—) > %}
n=1

All sets in the union are finite, since each contains at most n(F(L) — F(L—)) points. The conclusion
then follows. N

Let a;, i = 1,2,..., be the points of jump for the function F'(z) and let b; = F(a;) — F(a;—) be
the “size of jumps”. Define

Fd($) = Z bil[ai,oo) (I‘)
i=1

We call Fy the “jumping part”. The remaining part F.(z) = F(x)— Fy(x) is increasing and continuous.
Next we need to classify increasing and continuous functions.

Definition 1.9 (Absolute Continuity) An increasing, continuous function F(x) is absolutely contin-
uous if there exist f € LY(R) such that

b
F(b) - Fla) = / f(z) da. (15)

Remark 1.10 This is the generalized Newton—Leibniz formula. By Lebesgue Differentiability Theorem, if (1.5)
holds, then F’ exists almost everywhere and F’ = f.

On the other hand, using the Vitali covering theorem in real analysis, we know that an increasing
functions is differentiable almost everywhere.

Proposition 1.14 If F is increasing, then F' exists almost everywhere.

Note that non-differentiable points in Proposition 1.14 could be points of jumps. But if we are
looking at continuous, increasing functions, we have the following.

Proposition 1.15 An increasing and continuous function F can be uniquely decomposed as
F = Fy+ FSC7

where F,. is absolutely continuous and F,. = ffoo F'(z)dx, and F. is increasing and continuous
/ (1._(3.
but Fsc = 0.

Remark 1.11 The function Fs. appearing in Proposition 1.15 is singularly continuous. One may ask if there
exists non-trivial singularly continuous function. A famous example is the Cantor function, or the “Devil’s
staircase”.

Recall that the Cantor set, denoted by C, is constructed by starting with the interval [0,1] C R, then
dividing it into three intervals of equal length and removing the middle interval, and repeating this process of
division and removal. In the end, we obtain

c=[o,1\|J1,
n,k



where L(@k), 1<k <27 ' n>1, are the intervals that we remove in the n-th steps, that is,

002 -0 -G

As the complement of an open se the set C is a closed set, and from a direct calculation of the total length of
the removed intervals, one can show that C has Lebesgue measure 0.
The Cantor function, denoted by ¢(x), is an increasing function constructed as follows. Set ¢(x) = 0 for x <

0 and p(z) =1 for x > 1. When x € (0,1), set p(z) = % for v € (%, 2) = I{l), p(x) =1 forze(},2)= Iél),

2 3’3 9’9
and p(z) = 3 for z € (£,8) = 2(2) and so on. Then define ¢ on C by monotonicity. It follows from the
construction that ¢ is also continuous. See also [ , Fig. 1.5].

We can use the Cantor set and the Cantor function to show the following.
Proposition 1.16 There exists a Lebesque measurable set which is not Borel measurable.

Proof: We will prove the statement by contradiction.

Let 1(z) = 3 (x + ¢(z)). Then t(z) is a continuous, strictly increasing function from [0, 1] onto
itself. Let H = ¢~!. Then H is also continuous and strictly increasing.

It is easy to check that for any F C [0, 1],

1) (H(z)) = 1p(z).

Note that the Lebesgue measure of ¢(C) is 1/2. Hence, there exists a set E C 1(C) which is NOT
Lebesgue measurable. On the other hand, H(E) = ¢~ }(E) C C is a subset of Lebesgue measure 0 set,
and hence by completeness of the Lebesgue measure space (as a consequence of using outer measure
in Theorem 1.12), it is also Lebesgue measurable.

Now, if all Lebesgue measurable sets are Borel, then 1) will be Borel measurable as the indicator
function of a Borel set. Therefore, 15 = 1y gyoH is the composition of two Borel measurable functions,
and is also Borel measurable. But this contradicts with the fact that F is chosen to be non-measurable.
O

In the first part of this section, we classify and decompose the distribution functions. In the second
part, we will do similar things from the perspective of measures.
Let 41 be a measure on (R, B(R)).

Definition 1.10 A point x is a point of mass if u({x}) > 0.
Let I = { : p({z}) > 0} be the set of points of mass. We can define pq(A) = 3", o, 6.(A) - u({z}).

1 A

590(14) _ , T €A,

0, =¢A.

is the Dirac measure on x. We call g the discrete part of the measure u, and this corresponds to the
jumping part of the distribution functions.

The remaining part p. = p — pqg will not have points of mass. To further decompose it, we need to
introduce the notion of absolute continuity and singularity for measures. Let P, (Q are two probability
measures on (€2, F). For the simplest example, one can take (2, F) = (R, B(R)).

Definition 1.11 A measure P is absolutely continuous w.r.t. Q, written P < @, if Q(A) = 0 im-
plies P(A) = 0.

We recall the Radon—Nikodym derivative.

10



Theorem 1.17 (Radon-Nikodym Theorem) Let v and p be two o-finite measures on a measurable
space (Q, F) such that v < p. Then there exists a function f, measurable w.r.t. F, such that

/Afdu = u(A).

We call f = g—z the Radon—Nikodym derivative, and u the reference measure.
For r.v.s, the reference measure is the Lebesgue measure.

Definition 1.12 A r.v. X is continuous if its distribution p is absolutely continuous with respect to

the Lebesque measure. In this case, the density of X is dff;b.

The last definition is mutual singularity.

Definition 1.13 Two measures P, Q are mutuality singular, denoted by P L Q, if there exists A such
that P(A) = 0 and Q(A€) = 0.

Example 1.12 Cantor set induce a distribution pue = dy. Since

e (CC) =0, Leb(C) =0,
we have pc¢ L Leb. In fact, an increasing function F' is singularly continuous if and only if dF' L Leb.
Definition 1.14 A r.v. X is singular if ux 1 Leb.

How common are singular measures and Cantor-like sets? Surprisingly, they are ubiquitous in
probability theory. They usually arise from self-similarities or fractal structures, or from infinite
dimensional spaces.

Example 1.13 The example is about Brownian motion, which is a important object to study in stochastic
analysis. Without getting into too many details, a Brownian motion B;(w) is a random continuous function.
For each a € R,
Z,(w) = {t: B(w) = a}.

be the level set of the Brownian motion; note the level set is also a random set. For almost every w and every a,
the level Z,(w) has a similar structure as a Cantor set, in the sense that it is the complement of the union of
nested open intervals, but the interval length is random.

To get singular measures, consider the maximal process B} = supg<,«; Bs. Since t — B; is continuous, the
maximal process B; is increasing and continuous. One can show that dB; L Leb.

Example 1.14 Let us consider i.i.d. Bernoulli r.v.s Ber(1/3) and Ber(2/3). More precisely, let (2, F) be
Q={w=(w,w2, ), w; € {0,1}}, F=7P(Q).
We can define two probability measures on (2, F):
1. one corresponding to i.i.d. Ber(1/3): Py(w; = 1) = 3 and Py(w; = 0) = 2/3;
2. the other one corresponding to i.i.d. Ber(2/3): Po(w; = 1) = 2 and Py(w; = 0) = 1/3.
Let

I 1 Ll 2
Av={Jim 23 we=gh o= {Jim 5w =3}
k=1 k=1
Then by the Strong Law of Large Numbers, we have P;1(A4;) = 1 and P2(A2) = 1. On the other hand, we
have A3 N Ay = . Tt follows that P1(A2) = 0 and P3(A45°) =0, so Py L Ps.
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1.4 Random variables and measurable maps

Let (S, S) be a measurable space. We say that a map ¢ : (Q, F) — (S,8) is measurable if p~*(A) € F,
VA € §. Random variables and vectors require such measurability.

Definition 1.15 A r.v. X is a measurable map from (Q, F) to (R, B(R)). A random vector X = (Xu,...

is a measurable map from (Q, F) to (Rd,B(Rd)).

Since the Borel o-algebra is generated by open sets, we have a simple criterion to check whether
a map defines a r.v.

Proposition 1.18 A map X is a random variable if and only if X ~1(O) € F for every open set O.
Definition 1.16 A function f is a Borel measurable if f is measurable map from (R, B(R)) onto itself.
Similar to Proposition 1.18, we have the following.

Proposition 1.19 A function f is Borel measurable if and only if f=1(O) C B(R) for every open
set O.

To compare with the Lebesgue measurability: f is Lebesgue measurable if and only if f~1(0) is
Lebesgue measurable set for every open set O.

Proposition 1.20 If f is Borel measurable and X is a random variable, then f(X) is a r.v.

Proof: Let O be a open set. Then f~1(0) € B(R) since f is Borel measurable. Hence,
{w: f(X(w)) €0} =X (f1(0)) € F.
This shows that f(X) is a r.v. O

Remark 1.15 In this example, if “f is Borel measurable” is replaced by “f is Lebesgue measurable”, then the
conclusion is false, as seen from the proof of Proposition 1.16.

We often drop the word “measurable” and simply say “Borel sets” or “Borel functions”.

Proposition 1.21 If f : R — R? is a Borel map and X = (X1,...,Xy) is a random vector,
then f(X) = f(X1,...,X4) is a random variable.

Example 1.16 We can use Proposition 1.21 to create new r.v.s. For example, if X7, X5 are r.v.s, then X; + X5,
min{ X7, Xo} are also r.v.s.

Next, we need to understand the limits of r.v.s.

Proposition 1.22 Let X,,, n=1,2,... be r.v.s. Then

sup X,,, inf X,,, limsupX,, liminfX,
n>1 n=1 n—00 n—oo

are r.v.s.
Proof:
(i) Let Yi(w) = sup,, Xn(w). We need to show that Y; '(—oc,a] € F for every a € R. Indeed,
Y (—00,a] = {w :sup X, (w) < a} = ﬂ {w: Xp(w) <a} e F.
n
n=1

Therefore, Y1 (w) = sup,, Xn(w) is a r.v.

12



ii) Let Ya(w) = inf,, X, (w). We need to show that Y, !([a,00)) € F for every a € R. Indeed,
2

Y, Ha, —o0) = {w: i%an(w) >a} = ﬂ{w : Xp(w) >a} € F.

n=1
Therefore, Ys(w) = inf,, X,,(w) is a r.v.
(iii) By definition of lim sup, for every w, we have

lim sup X, (w) = inf sup X, (w).

i
n—00 n2lmym>n
By part (i), for every n > 1, the map w +— SUD>p Xm (w) is measurable. Hence, for every a € R,

o
{w: limsup X, (w) > a} ={w: H;fi sup X, (w) > a} = ﬂ {w:sup Xp,(w) > a} € F.
nzlm>n

n—00
— n=1 m>n

(iv) By definition of liminf, for every w, we have

liminf X, (w) = sup inf X,,(w).

n—00 n>1m2n

By part (ii), for every n > 1, the map w — inf,,>, X, (w) is measurable. Hence, for every a € R,

e ol L : ol . <
{w: hnIr_lgoréan(w) <a} ={w:sup uéf X (w) < a} ﬂ {w: nllganm(w) <a} e F.

m>n
n21m= n=1

O

Corollary 1.23 Let X,, n = 1,2,..., be r.v.s. The set Qy = {w : limy, 00 Xy (w) exists} belongs
to F.

Proof: Note that

Qp={w: li_}rn Xn(w)} ={w : limsup X,,(w) — liminf X,,(w) = 0}.

n—oo n—oo

By Proposition 1.22, ¥ = limsup,,_,., Xn(w) and Y3 = lim inf,_,o X, (w) are r.v.s, and hence Y; — Y3
is a r.v. Therefore, Qp = {Y; — Y2 =0} € F. O

1.5 Integration and expectation

In this section, we will briefly present the theory of integration of measurable functions, or in the
context of probability theory, the mathematical expectation. The main difference is that in probability
theory, the probability measure has total mass 1 and is a finite measure.

Let X be ar.v. on (Q,F,P). We will denote its expectation X by E(X), or using a more measure
theory oriented notation, sometimes we also write

EX—/QX(w) P(dw). (1.6)
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The definition of (1.6) is through approximation via simple r.v.s (simple functions in measure
theory). To start, we say that a r.v. X (w) is simple, if there exists finitely many A,,..., A, € F and
ci,...,cy € R such that

X(w) = cxla, (). (1.7)
k=1

In the case of (1.7), unquestionably we should define

k=1

It is routine to verify common integral properties for expectation of simple r.v.s, e.g., linearity, mono-
tonicity, order preserving, etc, so we omit it in this note.
For a non-negative r.v. X (w), we define

EX = /QX(w)P(dw) = sup{/Y(w)P(dw) .Y simple, 0 <Y(w) < X(w)} € [0, o). (1.8)
For the general case, we write X (w) = X4 (w) — X_(w), where
Xy(w) = X(w)lixs0p, X-(w)=-X(w)l{x<0
are the positive and negative parts of X. If E(X;) < oo or E(X_) < 0o, then we define
E(X)=E(Xy)— E(X_).
Otherwise, EX is undefined since oo — oo cannot-be defined.

Next, we will discuss conditions that justifies exchanging order of limit and integration, that is,

E lim X,, = lim EX,. (1.9)

n—oo n—o0
Lemma 1.24 Let X,, T X such that X,, > 0 and X,, are simple. Then (1.9) holds.

Remark 1.17 If “X,, T X” is replaced by “X,, < X and X,, — X", we can still an get increasing sequence by
considering Y, = maxi<y<n Xj. It is easy to see that Y, are also simple and Y, T X.

Proof: From the definition (1.8), we have E(X) > E(X,,). It remains to establish the inequality in
the other direction:
EX < lim EX,. (1.10)

n—oo

Note that the limit on the right hand side always exists, since X,,, and hence EX,,, are increasing in n.

If EX < oo, then for every € > 0, by the definition of supremum, there exists a non-negative simple
r.v. Yz such that Y. < X and E(Y;) > E(X) —¢. For every 6 > 0, let A, = {w : X;,(w) < Yz(w) — d}.
Since X, (w) T X (w) > Yz(w), we have A4,, T Q and hence A¢ | (). We have

EX, =EX,14, + EanA% >E(Y: —0)14,
=EY.14, — 6P(Ap)
=EY, — EYElA% —dP(Ay)

>EX —e¢—supYe(w)-P(45) -6

n
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Since Y; is simple, it is always bounded, so sup,, Yz(w) < co. Letting n — oo, we obtain

lim EX,, > EX —e¢—4.

n—00

Since €,0 > 0 are arbitrary, this implies (1.10).

If EX = oo, then by (1.8), for every M > 0, there exists a simple r.v. Y3, such that Yy, < X
and EYys > M. For every £ > 0, let B, = {w : X;,(w) > Ya(w) — &} Since X, (w) 1 X (w) > Y (w),
we have B,, T Q and hence B¢, | (). Therefore,

EX, = EX,1p +EX,lp.c > E(Yy — )1p,
=EYy1p, — EP(By)
= EYy — EYa1p: — €P(By)
> M —supYy(w) - P(By) —§
w

Letting n — 0o, we obtain lim,,_,o, EX,, > M — . Since M, £ > 0 are arbitrary, this implies (1.10). O

Note that for any non-negative r.v. X, we can explicitly construct simple r.v.s X,, T X as follows,
so that Lemma 1.24 applies:

n2"—1
k

2" X (w)]
Xn(w) === An= Y Sl sy T L @)z}
k=0

where a A b := min(a,b) and [z] denotes the integer part of x. To see that X,, — X, notice that

1
| X (w) — Xp(w)| < L uniformly on {w: X (w) < n}.

Theorem 1.25 (Monotone Convergence Theorem, MCT) If X,, > 0 and X,, 1 X, then (1.9) holds.

Proof: Again, it suffices to establish (1.10).

Let Y,Sm) be simple r.v.s that increase to X,,, and Z(™ = max(Yl(m), e Yém)). Then Z(™) are
simple, and also increasing in m since

ZM — max Y™ < max YD < max  ymth — g(mtl),
1<n<m ™ T 1<n<m " ~i<n<m4+1 "

In addition, we have
yim < zm < x,. Vm>n>1.

Taking m — oo, we see that
X, < lim 2™ <X, vn>1.

m—00

Taking n — oo, and using that X,, 1 X, we see that Z(™ 1 X. Then by Lemma 1.24, we have
EX = lim EZ™), (1.11)

m—ro0
On the other hand, since Yrgm) < Z/(m) < X, we have

lim EZ™ < lim EX,,. (1.12)

m— 00 m—00

Then (1.10) follows from (1.11) and (1.12), and this completes the proof.
O
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Remark 1.18 In Theorem 1.25, the condition “X,, > 0” can be replaced by
“X, > =Y, for some Y > 0 with EY < 00”. (1.13)
Indeed, if (1.13) holds, then X,, = X,, +Y > 0. Since X,, 1 X = X + Y, we have
lim (EX, +EY) = lim EX, = EX = E(X +Y).
Since 0 < EY < 00, we can subtract EY from both sides to obtain lim,,_,., EX,, = lim,,_, EX.

Theorem 1.26 (Fatou’s Lemma) If X, > 0 (or (1.13) holds), then

lim inf EX,, > Eliminf X,.

n—o0 n—oo

Proof: Let
Y, = inf X,, T liminf X,,.
m>n n—00

Since Y, is an infimum we have Y;, < X,,. By MCT (Theorem 1.25), we have

Eliminf X,, = lim EY,, <liminf EX,,.

n—oo n—oo n—o0

0

Theorem 1.27 (Dominated Convergence Theorem, DCT) If X,, — X a.s. and | X,,| <Y for some
r.v. Y with EY < oo, then lim,_,. EX,, = EX.

Proof: By the assumption we have |X| < Y. Since 2Y — |X,, — X| > 0, by Fatou’s Lemma
(Theorem 1.26), we have
liminf E(2Y — | X, — X|) > E(2Y).

n—o0

Since E(2Y") < oo, we can subtract it from both side and obtain

0 > limsup E|X,, — X| = 0.

n—oo

0

Corollary 1.28 (Bounded Convergence Theorem, BCT) If X,, = X and | X,,| < M, n > 1 for some
constant M, then lim,,_,., EX,, = EX.

Proof: Take Y(w)= M. O

Next, we will present some useful inequalities for expectation. We try to give proofs that is general
enough so that we can adapt them to prove statements about other measurable maps.

Proposition 1.29 (Jensen inequality) Let ¢ : R — R be a convex function. If E|x| < oo, then Ep(x) >
»(EX).

Proof: Let EX = a € (—00,00). By convexity, there exists k € R (taking k € [¢’_(a), ¢/, (a)]) s.t.
o(t) = pla) + k(t —a), VL.
Plugging in t = X and taking expectation, we have

Ep(X) > Ep(a) + kE(X —a) = p(a) — ka+ kEX = p(EX).
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Example 1.19 Let (t) = [t|P, p > 1. Then for every |X|, we have
E[X]" = (E[X])".
Proposition 1.30 (Holder’s inequality) If p,q € [1,00) with % + % =1 then
E|XY| < (E|X|P)Y/? . (E|Y|9)Y/4, (1.14)
When p = q = 2, this is the Cauchy-Schwartz inequality.
Proof: We recall the Young’s inequality: if % + % =1, then
P q
oy<—+ L zy>o0. (1.15)
p q
If X and Y are bounded, then we have E|X|P, E|Y|? < co. Let

- | X| - Y
X=—"=' y__ 1
(E|X[P)1/P’ (E[Y|?)t/a
By (1.15), we have
- EXI” gy 1 1
EXY J—L+J—L——+—:1

This is (1.14).
If X and Y are not bounded, consider the truncation Xy, = |X| A M and Yy, = |Y| A M where
M > 0. For every fixed M we have

EX Yy < (EXT)7. (EYE)Y.

Taking M 1 oo, since Xps T X and Yr 1Y, (1.14) follows from the MCT. O

The final result in this section is about change of variables when we switch measures when per-
forming integration. We will use a technique called “functional Monotone Class Theorem”, which will
be useful later for other problems as well.

Theorem 1.31 (Change of variables) Let X be a r.v. and f is a Borel function. Assume either f >0
or E|f(X)| < co. Then

EF(X) = /ﬂ £(X (@) P(dw) = /R F() px (dy). (1.16)

where ux = P o X1 is the distribution of X.

Proof: Let
H = {f: f is Borel measurable s.t. (1.16) holds }.

We want to show that f € H whenever f > 0 or E|f(X)| < co. We will do this in four steps.

1. 14 € H for every A € B(R).

Indeed, by definition of the expectation and px, we have
ELy = [ 1a(X(0)) Plde) = P(X € 4) = px(4) = [ La(w) (i)
R
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2. Let fi1,..., fn be functions in ‘H. For any aq,...,a, € R, we have
a1 fr + -+ anfn € H,

This follows from the linearity of integrals. Combining with Item 1, H contains all simple
functions.

3. H contains all non-negative functions.

Indeed, for every nonnegative function f, there exists a sequence of simple functions f, such
that f, > 0 and f, T f. By Item 2, we have

/ fu (X (@) P(do) / Ful) pix (dy)

By MCT, (1.16) follows from

/fn dw—>/ P(dw), /fn uxdy—>/f ) px (dy).

4. If E|f(x)] < oo, then the positive and negative parts fi, f- € H, and hence f = f, — f_ € H.

O
2 Mode of convergence for random variables
2.1 Definitions
There are four basic modes of convergence for r.v.s. 'We list their definitions below.
1. Almost sure convergence.
We say that X,, — X almost surely (a.s.), if
P(lim X, =X)=1
n—oo
2. Convergence in probability.
We say that X,, — X in probability (in pr.), if
lim P{|X,, — X|>¢e} =0, Ve>D0. (2.1)
n—oo

3. Weak convergence or convergence in distribution.

We say that X,, — X in distribution, or in law, or weakly, or weakly-*, if for every continuous
and bounded function f, have

Tlim Ef(X,) = Ef(X).

We also write this as X,, = X or X,, =4 X. We will explain the origins of all these different
terms in Section 2.4.

4. Convergence in LP.

We say that X,, — X in L? if
lim E|X, — X|P =0.
n—oo

Next, we will explore the relations between these different concepts of convergence.
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2.2 Almost sure convergence and convergence in probability
Proposition 2.1 If X, —» X a.s., then X;, = X in pr.
Proof: If X,, - X a.s., then for every ¢ > 0, we have

P{ lim | X,, — X| > ¢} =0.
n—oo

On the other hand, since

{w : lim sup| X, (w) — (\>g}_ﬂ U{w Xm(w) — X(w)| > e},

n—o0
n=1m=n

we have
P{limsup |X, — X| >} =P(( |J {w: [Xm(w) - X(w)| > €)
n—oo n=1m=n
=nggop( U fw: 1 Xn(w) = X(@)| > })
> lim sup P(\Xn(w) - X(w)| > ¢).
n—oo
Hence, X,, — X in pr. O

Convergence in pr. does NOT imply a.s. convergence. For example, let

(Q,F,P) = ([0,1], B([0,1]),Leb), Xy p(w) = le g (w),0<k<n—1 (2.2)

’n

Then X, ;, — 0 in pr. but not a.s.
However, the other direction holds on a subsequence.

Proposition 2.2 If X,, — X in pr., then there exists a subsequence {Xp, } such that X, — X a.s.

To prove this result we need some preparation. Let Aq, Ao, -- € F be a sequence of events. We
define the event where A,, happens infinitely often by

{4,, 0.} = m U A, = limsup A,. (2.3)

n—o00
n=1m=n

Lemma 2.3 (First Borel-Cantelli Lemma) If Y7 | P(A4,) < oo, then P({Ay,i.0.}) = 0.
Proof: By (2.3), we have

P({An, i0}) <P(J 4m) < 3 P(4,)

. Since Y2 | P(A,) < oo, we have
Jim, > P(4n) =
and the conclusion follows. O

We also have Cauchy’s criterion for convergence in pr.
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Proposition 2.4 There exists a r.v. X such that X,, — X in pr. if and only if for every e > 0,

lim sup P{|X,, — Xn|>¢e}=0

—0nm>N

The “only if” part follows immediately from (2.1); we will use this in the proof of Proposition 2.2.
The “if” part in Proposition 2.4 will use Proposition 2.2 and is left as an exercise.
Proof of Proposition 2.2: Since X,, — X in pr., by Proposition 2.4 with ¢ = 27%, there
exist Ni 1 oo such that

1
g k=1

P{|XNk - XNk+1 = k}

Since 332, 27% < oo, by Borel-Cantelli (Lemma 2.3), we have

I
P({‘XNk - XNk_H’ > 27, 1.0.}) =0

that is, for almost every w, there exists kg = ko(w) such that

1
X (@) = XN (@) < 5 Yk 2 ko(w).

For such w, the infinite series
o0
Xi(w) = X, (w) + Z XNk+1 — XNy (w))
k=1

converges absolutely. Hence, Xy, (w) = Xy (w) a.s.as k — oo.

It remains to shwo that X, = X almost surely. Indeed, since Xy, — X, almost surely, we have
Xn, — X, in pr. The claim then follows from Proposition 2.5 below, which asserts that the limit in
pr. is unique up to a set of measure zero. ]

Proposition 2.5 If X,, —» X in pr. and X,, — Y in pr., then X =Y almost surely.
Proof: Since | X —Y| < |X,, — X| + |X,, — Y], for every € > 0,
P(IX = Y| > 22) < P(1X, — X| = &) + P(1X, — V| = )

Taking n — oo, since X,, — X,Y in pr., the left-hand side must be 0. Therefore,

P(X ~ Y| #0) = lim P(IX Y| >1/n) =0,
and this completes the proof. O

As a corollary of Proposition 2.2, we have the following.

Proposition 2.6 Almost sure convergence is not expressible via a metric.

Proof: Assume the contrary that there exists a distance d(-,-) such that X,, — X a.s. if and only
if d(X,,X) — 0. Let X,, — X in pr. but not a.s. (such example exists by (2.2)). Then, there
exists eg > 0 and a sequence (n') such that

d(Xn/,X) > €9 > 0. (2.4)
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But X, still converges to X in pr. since it is a subsequence. By Proposition 2.2, there is a further

subsequence (n”) C (n’) such that X,,» — X a.s. This implies that d(X,», X) — 0, which contradicts

with (2.4). O
Note that convergence in pr. is expressible via a metric. For example, X,, — 0 in pr. if and only

. X . . . .
if El‘+| )”(‘ = 0. Therefore, a possible metric for convergence in pr. is

X —Y| ]

d<X’Y>=E[m

(2.5)

Of course, one need to verify that (2.5) satisfies the triangle inequality and indeed defines a metric on
the space of r.v.s.
We can also relax the condition of a.s. convergence in DCT to convergence in pr.

Proposition 2.7 If X;, = X in pr. and | X,,| <Y for some Y with EY < oo, then (1.9) holds.

Proof:  For every subsequence (X,,) C (X,), by Proposition 2.2, there exists a further subse-
quence (X, ) C (Xp,) such that X,,, ~— X almost surely, and hence EX,, ~— EX by DCT. This

implies EX is the unique possible limit point for the sequence (EX")nzl’ and hence (1.9) holds. O

2.3 Convergence in L” and uniform integrability
Proposition 2.8 If X,, — X in LP, then X,, — X in pr.

This proposition follows immediately from the result below.
Lemma 2.9 (Chebyshev’s inequality) For every € >0,

P(IX}>¢) < ELX‘

Proof: Since
X = [X[Lxpzey + X Lxp2ey 2 [X[Lx12e) = elqx2e}

taking expectation on both sides, we have E|X| > eP{|X| > €}, and the conclusion follows. O
Proof of Proposition 2.8: Let X,, —» X in LP. For every € > 0, by Lemma 2.9, we have

E|X, — X7
</

P(\Xn—Xlzs):P(\Xn—XIPZEf”)_ o 0.
Therefore, X,, — X in pr. O
Limits in LP are also unique.
Proposition 2.10 If X,, > X in LP and X,, = Y in LP, then X =Y a.s.
Proof: By Proposition 2.8, X,, — X, Y in pr., and hence by Proposition 2.5, X =Y a.s. O

Other than Proposition 2.1 and Proposition 2.8, there are not more implications between the three
modes of convergence. We have seen one counterexample (2.2), and we can obtain other counterex-
amples by modifying (2.2).

1. X,, = X in pr. does not implies X,, — X in LP. For example, let
Xnp(w) = ”Cl[b,@](u’%

where ¢ > 1/p. We have E|X,, x|’ > 1 but X, , — 0 in pr.
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2. X,, — X a.s. does not implies X,, — X in LP. For example, let
Xn(w) =nLp 1)(w),
where ¢ > 1/p. We have X,,(w) — 0 but E|X,[P > 1.
3. X,, — X in LP does not implies X,, — X a.s. For example, let
Xpp(w) = ncl[ﬁ,@](u)%

where ¢ < 1/p. We have E|X,, ;[P — 0 but X,, /4 0 a.s.

Convergence in LP and a.s. convergence are equivalent under some integrability condition. Without
loss of generality we can restrict our discussion to p = 1.

Definition 2.1 (Uniform integrability) A collection of r.v.s (Xa)aer is uniformly integrable (u.i.), if

lim sup E|Xa|1fx, 1} = 0. (2.6)

N0 gef
Note that if X, are u.i., then E|X,| are uniformly bounded, since
supE [Xo| < M +sup E[Xo |1y x>0y < 00
«a acl

Uniform integrability can be seen as a necessary and sufficient condition for (1.9) to hold. Therefore,
it will be the last resort if conditions for Theorems 1.25 to 1.27 are not met.
Theorem 2.11 If E|X,,| < 0o, E|X| < 00 and X,, — X in pr., then the following are equivalent:

1. {Xp}tn>1 are w.i.;

2. X, = X in L';

3. E|X,| — E|X].

Proof: From 1 to 2. Let

-M, < -M,
pm(x) =(-M)VXAM =z, z € [-M,M],
M, x> M.

(Here, “V” and “A” are associative.) By definition we have |X — o (X)| < [X[1{x|>n}, and thus
E|Xn - X‘ < E|@M(Xn) - QDM(X)’ + E|90M(Xn) - Xn| + E|§0M(X) - X’

Taking n — oo and then M — oo, the first term goes to 0 by DCT, the second goes to zero since X,
are u.i., and the third goes to zero since E|X| < oo which follows from Fatou’s lemma and (2.6):

E|X| <liminf E|X,| <supE|X,| < cc.
n—00 n
From 2 to 3. It follows from |EX,, — X| < E|X,, — X]|.

22



From 3 to 1. Let

’ O7M_17
=5 0

Let € > 0. We have
Bl Xon|1q x>0y < E[Xn| — E¥ar(|X])
< (EIX| +2) - (Evu(IX]) =), 7> no,

where such ng exists since E|X,,| — EX by the assumption and Eyy(|X,|) — Eva(]X]) by BCT.
Since pr(t) — t for every t and ¥ (| X|) < E|X|, by DCT there exists My > 0 such that

EIX|—EYn(|X]) <e, M > My,
Combining these we obtain that for every € > 0, there exist ng and My s.t.

sup E|Xn|1{\Xn\2M} < 36, M > Mo.
n>ng

It follows that (X,,),>1 are u.i. O

2.4 Weak convergence

The limit of weak convergence is unique in the sense of distribution of the r.v.s.

Proposition 2.12 If Ef(X) = Ef(Y) for every bounded continuous function f, then ux = py as
probability measures on (R,B(R)).

Proof: For every open interval (a,b), there exist non-negative bounded continuous function f,, such
that f,,(z) 1 L(ap)(z). Taking n — oo in Ef,,(X) =Efn(Y), by MCT, we have E1, 4)(X) = EL(44)(Y).
Therefore, px(I) = py(I) for every open interval I. Since open intervals generate B(R), it follows
that px = py. g

As Proposition 2.12 suggests, the bounded continuous functions appearing in the definition of the
weak convergence merely serve as test functions. In fact, we can characterize the weak convergence
X, =4 X using soly the information of px, and py, and that is why we also call it convergence
in distribution. Second, when we consider the weak convergence of X, to X, the r.v.s can live on
totally different probability spaces, since what is under concern is their distributions px, and px
which are probability measures on (R,B(R)). Third, it is not true that px,(A) — px(A) for every
A € B(R) if X,, =4 X, even when A is an open interval. This is the reason why the convergence is
weak. Functional analysis calls such convergence weak-* convergence, which we will sketch below.

Let X be the Banach space of all bounded continuous functions, and X* be its dual space, consisting
of all bounded linear functional from X to R. By Riesz’s representation theorem, X* coincides with
the space of all bounded signed measures on B(R), which contains all the probability measures. For
a generic Banach space X and its dual X*, we say that u,, — u weakly in X, if

Uup) — L(u), Yle X,
and we say that £, — ¢ weakly-* in X*, if
lp(u) = L(u), YueX.

Weak and weak-* convergence are equivalent if the space X is reflective, that is, (X™*)* = X.
While reflectivity holds for common LP spaces, 1 < p < 0o, it is not the case for X* being the space
of bounded continuous functions. So strictly speaking, X,, =4 X means px, — px weakly-*. It is
in probability context that we drop the “*” and call it weak convergence. For weak convergence of
probability measures, an good reference is [ .
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3 Independence and product measures

3.1 Definitions of independence

Recall from elementary probability that two events A and B are independent if and only if
P(AB) = P(A)P(B).

We can use this to defined independence of r.v.s.

Definition 3.1 Two r.v.s X and Y are independent if
P(XEA,YEB):P(XEA)P(YEB), VA, B € B(R), (3.1)

Using the definition of independence of evnets, Definition 3.1 is the most basic definition for
independence of r.v.s. But in practice there are other more useful definitions.

Let X be a r.v. The o-algebra generated by X, denoted by o(X), is the smallest o-algebra on
which makes X : Q2 — R measurable. It is easy to check that o(X) has the explicit form

o(X)={X"1A),A e BR)}.
We may also introduce independence of o-algebras.
Definition 3.2 Two o-algebras F and G are independent, if
P(AB)=P(A)-P(B), YAeF, Beg,
Using the independence of o-algebras, we can reformulate Definition 3.1 as follows.
Proposition 3.1 Two r.v.s X and Y are independent if and only if 0(X) and o(Y) are independent.
In practice, it also useful to characterize independence via expectation.

Proposition 3.2 Two r.v.s X and Y are independent if and textlint error cannot masking code note
does not haveonly if either

Ef(X)g(Y)=Ef(X)Eg(Y), Vf,g bounded and Borel, (3.2)

or,

Ef(X)g(Y)=Ef(X)Eg(Y), Vf,g bounded and continuous. (3.3)

Proof: (3.2) implies (3.1) since we can take f = 14 and g = 1p for any Borel sets A and B. To
show the other direction, we will use the idea of “functional Monotone Class Theorem”.
First, for fixed A € B(R), let

Ha = {g: g bounded and Borel, s.t. P{X € A}Eg(Y) = E14(X)g(Y)}.

We claim that H 4 contains all bounded Borel functions. We will prove this by considering more and
more general functions.

1. H4 contains all indicator functions 1p, B € B(R). This follows directly from (3.1).

2. If g1,92 € Ha, then a1g1 + asgo € Ha. That is, H 4 is closed under linear combination. This
implies that H 4 contains all simple functions.
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3. If gn 20, gn € Ha and g, 1 g, then go(Y) 7 g(Y) and 14(X)gn(Y) 1 1a(X)g(Y). By MCT, we

have
P(X € A)Eg(Y) = lim P(X € A)Eg,(¥) = lim EL4(X)ga(¥) = EL1(X)g(Y).

Therefore, H 4 contains all non-negative Borel functions, and hence all bounded Borel functions
by linearity.

Second, let
H = {f: bounded and Borel s.t. Ef(X)-Eg(Y)=Ef(X)g(Y)}.

Then 14 € H for every A € B(R). Repeating the above argument again, we can show that H contains
all bounded Borel functions. This establishes equivalence between (3.2) and (3.1).

Next, we show that (3.3) and (3.1) are equivalent. First, (3.2) implies (3.3) since continuous
functions are Borel. Second, assuming (3.3), for any open intervals A and B, by choosing bounded,
non-negative continuous functions f,, and g, such that f, 1 14 and g, T 15, MCT implies that (3.1)
holds for such A and B. From open intervals to arbitrary Borel sets we need to use the monotone
class theorem. Details are omitted here. O

We can also introduce the notion of a collection of r.v.s being independent.

Definition 3.3 Let I be a countable index set. A collection of r.v.s (Xp)ner are independent, if

the o-algebras (O'(Xn))nel are independent, that is,

P(ﬂ An) =] P(4n). VA, € o(Xn).

nel nel

Definition 3.3 is NOT implied by “pairwise independence” of the r.v.s (X, )ner. A simplest coun-
terexample can be given for I = {1,2,3} as follows. Let (2, F,P) = ([0, 1], B([0, 1]), Leb) and

2 1, X3(w) = X1(w) - Xo(w)
-1, wE[O,%), ’ ! S

It is easy to check that X, X9 are r.v.s since they are simple functions, and thus X3 is a r.v. since it
is a product of two r.v.s. It is also easy to check that X, X5, X3 are pairwise independent. However,
they are not independen, since

P(X1=Xo=X3=—1)=0# é = P(X; = —1)P(Xo = ~1)P(X3 = —1).

In probability theory, a fundamental model is a sequence of independent and identically distributed
(i.i.d.) r.v.s (Xy)n>1, which, in addition to X,, being independent, requires that the distribution
of X,, is the same. A natural question that we must answer first before delving into nice theories built
upon i.i.d. r.v.s like the law of large numbers, central limit theorem and so on, is the existence of a
probability space (€2, F, P) on which there live independent r.v.s X,, with given common distribution .

The answer is affirmative, and we will discuss its solution in the rest of this section. We break this
into three cases.

1. The one-dimensional case: given a c.d.f. F'(z), how to construct ar.v. X such that P(X < a) = F(a)?

This is done in Section 3.2.1.
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2. The two/finite-dimensional case: given two probability measures p; and pe on (R, B(R)), how
can we construct two r.v.s X, Y such that £(X) = pu1, £L(Y) = p2 and X and Y are independent?
We will do this in Section 3.2.2 with the help of product measures.

3. The infinite-dimensional case: given probability measures (pn)ner on (R, B(R)), how can we
construct r.v.s (X,)ner such that £(X,) = pup, n € I, and X,, are independent. In particular,
for a sequence of i.i.d. r.v.s, we need I = N. We will do this in Section 3.3 with the help of the
celebrated Kolmogorov’s Extension Theorem Theorem 3.9.

On the other hand, when the common distribution p is as simple as the Bernoulli distribution, we
have explicit construction of the probability space and r.v.s.

Example 3.1 Let (€2, F,P) = ((0,1),8(0,1),Leb). Every w € Q = (0,1) admits a dyadic expansion:

w= Zgn(w)Qin, En(w) € {0,1}. (3.4)

n=1

When w = 2% is a dyadic rational, the expansion (3.4) is non-unique; in that case, we will choose the expansion

with an infinite number of 1’s to fix the choice. For example, we choose

1 1 1 1 1 =1 1 1 & 1
5:0~2—1+1-§+1-2—3+1~?+---=n§::22—n, rather than 5:§+n§::20-27.

One can verify directly that (£,),>1 are i.i.d. Bernoulli r.v.s with parameter 1/2.

3.2 Product measures
3.2.1 Existence of random variables

Let F' be an increasing, right continuous function with F'(—oco) = 0 and F(co) = 1. Theorem 1.6
and the usage of Carathéodory’s Extension Theorem there gives the construction of a probability
measure p on (R,B(R)), where p(—o0,a] = F(a). To construct a r.v. X with distribution z, we take
(Q,F,P) = (R,B(R), 1) and X (w) = w.

Another way to construct a r.v. with given a c.d.f. F(z) is to use the generalized inverse F~!:

F~(z) = sup{y : F(y) < «}.

One can check that F~! is increasing and left continuous. In addition, if F is strictly increasing and
continuous, then F~! is the normal inverse function of F.

Proposition 3.3 Let U ~ Unif[0,1] be a r.v. on (Q, F,P). Then F~1(U) is a r.v. on (9, F,P) with
c.d.f. F.

Proof: Since F~! is left continuous and increasing, it is Borel measurable. Hence, w +— F ! (U (w))
is measurable and F~1(U) is a r.v. on (2, F,P).
To check that the c.d.f. of F~1(U) is F, we will use without proof that

{y: F'(y) <a}={y:y < F(x)}. (3.5)

Indeed, assuming (3.5), we have

P(F-'(U) <a) =P(U < F(a)) = F(a).



as desired. O

Proposition 3.3 plays an important role in computer science when it comes to stochastic simulation.
On computers, one can use pseudo random number generators to produce i.i.d. uniform integers X
in the set {1,2,..., N} where N is sufficiently large. Then, X/N will approximate the uniform
distribution on [0,1], and thus F~*(X/N) is closed to a r.v. with c.d.f. F. Of course, it is often the
case where F~! is costly to compute, and some other sampling methods will be efficient. But this
algorithm is useful enough to generate common distributions like the exponential and Gaussian.

3.2.2 Product Measures and Fubini’s Theorem
Let (€, Fi, Pi), i = 1,2, be two probability spaces. Let

Q:Ql XQQZ{(Wl,wz) W GQl, CUQGQQ},
.F:f1®]:2:G(AXB:AE.7:1, BG.FQ).

Then (Q, F) is a measurable space. A special case is (Q;, F;) = (R, B(R)) where B(R)®B(R) = B(R?),
where the equality is due to the fact that open rectangles

(a,b) X (¢,d), —oco<a<b<oo, —oc0<c<d< oo,

form a topological basis for open sets in R?.

Our goal is to construct the product measure P; x Py on (Q,F). We will need to introduce
an appropriate algebra generating F and use Carathéodory’s Extension Theorem (Theorem 1.12).
Consider the collection of “rectangles”

S={AxB:AeF, Be F}.
It is not hard to check that S forms a semi-algebra:
1. (AxB)N(CxD)=(ANC)x (BND),
2. (Ax B)°=(A°x B)U (A x B°) U (A° x B°).

The semi-algebra S naturally generates an algebra
B k
S = {U I, €S, I disjoint}.
i=1

We note that unless one of F; is trivial, S € o(S) = F (actually, S C S for nontrivial J;).

Remark 3.2 Using standard notion of Cartesian products, one may write “S = F; X F2”, but it may cause
confusion since some authors also use “F; x F3” for the product o-algebra. Hence, in this note we will use the
tensor product notation “®” to emphasize that the product o-algebra is more than the usual Cartesian product
of o-algebras.

The unique measure p defined in the next theorem is the desired product measure Py x Ps.

Theorem 3.4 There exists a unique probability measure p on (2, F) such that

p(A x B) = Pi(A4) - P2(B).
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Proof: We can define a finitely additive probability measure pg on S by

k
/L()(D) = Z Pl(AZ) . PQ(BZ‘), D= diSjOint union of A1 X Bl, . ,Ak X Bk.
i=1

The conclusion follows from Theorem 1.12, if we can show that show that pg is a o-additive on S. For

this, it suffices to check that if A, x By, n=1,..., are disjoint and A x B =J;2, (A4, X By,), then

o(4A x B) ZMOA X By) (3.6)

(This is o-additivity on S, not on S, but here they are equivalent.)
For z € A, let I(x) = {n:z € A,}. Then

lJ B., vzeAa, (3.7)

nel(x)

since {2} X B C U,er(y)(An X Bn). For z € A, we have

1a(w) - Po(B) =1a(z) - Y Pa(Bp)= > 1a,(2) Pa(By) = 1a,(z) Pa(By). (3.8)

nel(x) nel(x) n>1

The first equality holds since we have (3.7) and B,, are disjoint, the second holds since 14(z) = 14, (z) =1
for n € I(x), and the third holds since we are adding more zero terms.
Note that (3.8) also holds for x & A, since

1a(z)-Po(B)=0=) 14,(x) Pa(Bn), =z ¢A.

n>1

Integrating (3.8) over x € ), the left hand side becomes

[ 14@) Pi(do)] - Pa(B) = P1() - Pa(B) = pa(A x B,

and the right hand side becomes

/[Z 14,( ]Pl(dl‘) /Q[]\}i_I)nooqélAn(x)PﬂBn)] Py (dz)

n>1

N
— lim Q[n; 1An(x)P2(Bn)] P1(dx)

N—o0

= Z Pl(An)PQ(Bn) = ZMO(An X Bn)v
n=1 n=1

where we use MCT in the second line. This proves (3.6) and concludes the proof. O

We can construct two independent r.v.s with given distribution using Theorem 3.4. Let X be a
r.v.on (Q, F1,P1) and Y ar.v. on (Q9, F2,P2). On (2, F, ) = (21 x Qo, F1 @ Fa, Py x Py), we define

X((J)l,CUQ) = X(wl), ?(wl,wg) = Y(OJQ).
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Then
P(X €AY € B) = u(X HA) x YH(B)) = Py (X1 (A)) - Po(YY(B))
=P (X €A)-Py(Y € B)=P(X € A)-P(Y € B),

that is, X (respectively, Y) has the same distribution as X (resp. ), and X, Y are independent.

Integration on the product measure space can be computed using Fubini’s Theorem below. Fubini’s

Theorem also includes some measurability statements on jointly measurable maps.

Theorem 3.5 (Fubini’s Theorem) Let (€, F;, P;), i = 1,2, be two measure spaces, where P; are
probability (or o-finite) measures. Let f : QQ — R be Fy ® Fa-measurable where @ = Q1 x Qy. Assume

either

f=0,

or - [15n,w)] Py x P) (o dn) < o
Then the following holds.
1. For every wy € Q, the function f(wi,-) is Fa-measurable. And if (3.9b) holds,

|f(w1,w2)| P2(dwa) < 0o,  for almost every wy € €.
Qo

2. The function g(wy) = fQQ f(w1,ws) Pa(dws) is Fi-measurable. And if (3.9b) holds,

|g(w1)|P1(dw1) < 0.
95

3. The double integral is equal to either iterated integral, that is,

// f(LUl,WQ) (Pl X Pg)(dwldwg) —/ Pl(dwl) f(wl,wQ) P2(dw2)
Q1 xQo

Ql QQ

:/ Pa(dwa) [ f(wi,w2) P1(dwr).
Q2 931

(3.9a)

(3.9b)

(3.10)

(3.11)

(3.12)

Proof: Let H be the collection of all F; ® Fe-measurable functions f such that Items 1 to 3 hold.
As usual, we will show that H contains more and more general functions, in particular, all 73 ® Fo-

measurable functions f such that either (3.9a) or (3.9b) holds.

1. Indicator functions of rectangles are in H.
Let f(wi,w2) = 14(w1)lp(w2) where A € F; and B € Fy. We have

{0, w1 ¢ A,

f(wb'): 1B(') w1 € A,

so f(w1,-) is Fa-measurable for every wy. In addition, direct computation gives

)0, we & A B .
g(wr) = {PQ(B), oy e A 1a(w1) - P2(B),

and hence g is Fi-measurable. It is easy to verify (3.10) to (3.12).

29



2. The indicator function 1p(wi,ws2) € F for every D € F.
We will use the method of appropriate sets. Let

G={D e F, ®F1p € H}.

We note that G contains the algebra S as a consequence of the first part, and that G is a
monotone class, since the measurability conditions are preserved by taking limits, and the integral
conditions are preserved by the MCT. Hence, by the monotone class theorem G = F; ® Fo.

3. Simple functions of the form p(w) = > | ¢;1p,(w) are in H, since Items 1 to 3 are preserved
by taking finite linear combination.

4. All nonnegative, F1 ® Fo-measurable functions f are in H.
Recall that there exist simple functions {f,} such that f,(w) T f(w) for every w. We have
already shown that f,, € H.

Since for every wi, the function f, (w1, -) is Fa-measurable, the limit f(w1, ) = limy o0 fr (w1, )
is also Fy-measurable. By MCT,

g(wy) = f(w1,w2) Po(dwse) = lim frn(wi,ws) Pa(dws) = lim gy (wr).
QQ n—oo Q2 n—oo

Since g,(w1) are Fi-measurable, their increasing limit g(wj) is also Fj-measurable. Finally, by
MCT applied to both (gy) and (f,),

/Q g(w1) P1(dwr) :ggo/gn(wl)Pl(dM) = lim [ fu(wi,w2) (P1 % P2)(dwidws)

n—oo Q
:/Qf(wl,wg)(Pl X Py)(dwyduwy),

and then by symmetry in w; and we,

/ f(wl,WQ) (Pl X Pg)(dwldwg) = / P2(d(JJ2) f(wl,UJQ) Pl(dwl).
Q Qo

1951
This verifies (3.12) and thus f € H.

5. For general function f, we consider f = fi — f_. To show that f € H, everything is straight-
forward except (3.10).

Applying Fubini’s Theorem to |f| > 0, we have

/Ql P(dwl)[/gl For,) Paldn)] = [ Flan, ) (Pr x Po)(dindin) < .

This implies (3.10).

Let D C Q. The cross section of D at x is defined by
D, = {y : (‘7:73/) € D}

As a corollary of Theorem 3.5, we obtain measurability of the cross section.
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Proposition 3.6 Let D € Fiy @ Fo. Then D, € F5 for every x € Q4.

Proof: Note that y € D, if and only if 1p(z,y) > 0. For every x € Qq, by Theorem 3.5, the
function 1p(x,-) is Fo-measurable, and thus

D, ={y:1p(z,y) > 0} € Fo.

O

We recall that the completion of a probability space (€2, F, P) is a complete probability space (2, F, P)
such that

F={A:3By C AC By, By,By € F s.t. P(By) = P(B2), P(B1\B2) = 0},

and for A € F, we define P(A) = P(B;) where B is given above. Note that B(R) = {Lebesgue sets}.

Proposition 3.7

B(R) ® B(R) # B(R?),
and in general, -
F1 @ Fo # F1 @ Fo.
Proof: Let A C [0,1] be a non-Lebesgue set and D = A x {0}. We have D C [0,1] x {0} and

Leb([0, 1] x {0}) = lim Leb([0,1] x [0, 1/n)) = lim — =0.

n—oo n

Hence D € B(R2) by the definition of completion. But D ¢ B(R)®B(R), otherwise by Proposition 3.6,

A={zxeR:(z,0) € D} = Dy € B(R),
which is absurd. O

Remark 3.3 In general, completion of probability spaces has to done in the final step, after the construction of
product spaces.

There is a version of Fubini’s Theorem stated for the completion of the o-algebra F; ® F5. The
proof is technical, but this version will be useful in the study of some subtle measurability problems.
This is also the Fubini’s Theorem that one learns from a real analysis course, in which Lebesgue sets
rather than Borel sets are the primary interest. We include it here and sketch the main technicalities
in the proof, from which the reader can also learn how to deal with zero measure sets.

Theorem 3.8 (Fubini’s Theorem for complete measure spaces) Let f :  — R be F; ® Fa-measurable.
Assume either (3.9a) or (3.9b). Then

1. There exists a set N € Fy with P(N) = 0, such that for every wy € N€, the function f(wi,-)
is Fo-measurable. When (3.9b) holds, the set N can be chosen such that for wy € N€,
/|f(w1,w2)| Pa(dws) < oco.

2. Let
(@) fQ2 fwi,ws) Pa(dws), f(wi,-) is Fo-measurable,
w =
gl undefinded, otherwise.

Then g(w1) is F1-measurable. If (3.9b) holds, then (3.11) is true.
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3. (3.12) holds.

Proof: Let H be the collection of F; ® Fa-measurable functions such that the Fubini’s Theorem
holds.

There are two keys steps. First, we need to show that 1p € H for any D € F1 ® Fo. Second, we
need to show that H is closed under taking limit, that is, if f, € H, f,, > 0, f, T f, then f € H.

To prove the first step, let D € F; ® F». By the definition of completion, there exists D* € F; @ F»
such that

D~ cDcD", (PyxPy)(D\D7)=0.

By definition of the cross section, for every wy € {1, we have D C D, C D} .- In addition, by Propo-
sition 3.6 and Theorem 3.5j, for every wy € Qy, we have DZ € F and that g(w1) = Po(D,) — P2(Dg,)
is Fi-measurable, and

/ 4(wr) P (duwoy) = / Po(D,) — Pa(D,)] Pr(deon)

(3.13)
= /(1D+ (w) — 1D* (w)) (Pl X Pg)(dwldWQ) = (Pl X PQ)(D+ \ Di) =0.

Since ¢(w1) > 0, (3.13) implies that there exists N € F; with P1(N) = 0 such that
q(wl) = Pg(DIl) — PQ(DL;) =0, Vw € N.
Hence, for wy ¢ N, the set D, is Fo-measurable since

P2(D) = Pa(D, D, C Dy, C DJ .

o)

Note that g(wq) is defined on N€, so
{w1 : g(w1) not definded} C N,

and it is an element of 77 by definition. It is easy to verify (3.12).

For the second step, let H € f, T f and let N,, € F; be the corresponding zero measure sets
corresponding to f,. Let N = J;2; Ny,. Then N € F; and P{(N) =0. If w; ¢ N, then w; ¢ N, for
every n, and hence f,(w1,-) is Fo-measurable, the f(wi,-) as the limit of f,(wi,-) is Fo-measurable,
for wy ¢ N. It is easy to check the other conditions. U

3.3 Measures on R* and Kolmogorov’s Extension Theorem

We can generalize the notion of product measures to a finite number of probability spaces. Hence,
we can construct a finite number of independent r.v.s with given distribution. More precisely, given
probability spaces (R, B(R), u;), 1 <1i < n, let

(0, F,P) = (R, BR"), X ).
=1

We write an element of Q as w = (w1,...,wy). Let X; be r.v.s defined by X;(w) = w;, 1 < i < n.
Then {X;}i<i<n are independent and £(X;) = p;.

In this section, we illustrate how to construct an infinite sequence of independent r.v.s. It is
important to understand the structure of the measure space (R*, B(R>)).
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The space R*° forms a metric space with the metric
(o.)
d(z,y) =Y 2" (LA |en —yal) <1, z=(21,22,...) €R™.
n=1

We say that O C R is an open set, if for every x € O, there exists § > 0 such that
{y :d(z,y) <0} CO.

It is also useful to introduce the projection: m, : R™ — R" n < m < oo, where m,x is the first n
coordinates of . The convergence in R* can be characterized by convergence in finite dimensional
spaces:

dz™, 20) 50, m =00 o ma™ = 1,20 vn>1. (3.14)

With the definition of open sets, we can define the Borel o-algebra B(R*°). It is not hard to check
that, instead of open balls, B(R*) can also be generated by

B(R*>) = O'(On x R, O,, open set in R”). (3.15)

In general, set of the form
T lA=AXxR®, AcBR")

are called cylinder sets.
For n > 1, let u,, be probability measures on (]R", B(R”)). We say that p,, satisfies the consistency
condition, if
o1 0 T3 = i, (3.16)

The condition (3.16) is the same as
i1 (A X R) = in(4), VA € BR™,

or,
Lt © Ty = fin,  ¥Ym,n > 1. (3.17)

Theorem 3.9 (Kolmogorov’s Extension Theorem) Assume (3.17). There exists a unique measure fi
on (R®, B(R*®)) such that pom,* = p, for every n > 1, that is,

WA X R®) = i (A), VA € BR™). (3.18)

To construct an infinite sequence of independent r.v.s, we will use Theorem 3.9 in the following
way. Given (R,B(R), )\i), 1> 1, let

n

Hn = X )‘i
=1

be probability measures on (R”, B(R”)). Then pu, satisfies the consistency condition (3.17) by prop-

erties of the product measures. Then by Theorem 3.9, there exists a unique probability measure p
on (R*, B(R*>)) so that (3.18) holds. Let

Xp(w)=wn, n>1.

Then (X,),>1 are independent r.v.s on (R*, B(R™), z1).
Next, we will prove Theorem 3.9. Before that, we need to understand compact sets in R*°.
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Proposition 3.10 Let F,,, m > 1, be nonempty compact sets in R™ such that
Dy, = 7, (Fp) = Fpy x R®
are decreasing in m. Then (\°_y Dy, # @.

Proof: For every m > 1, pick (™ € D,,. Since D,, are decreasing cylinder sets, for every n > 1,
we have (wnzn(m))mzn C mp(Dy) = F, is a bounded sequence in R™.

Bounded sequences in R™ have convergence subsequence. Therefore, there exists (mj})r>1 so
that ﬂlx(mllc) converges in R!, and (mz)kzg C (m,lc)kzl so that ng(mi) converges in R? and so on.
Let y®) = 2(m) be the diagonal sequence. For every n > 1, the sequence (Wny(k)) k>1 converges in R"
by construction. By (3.14), there exists y* € R™ such that y*) — y* in R®. Noting that m,y*) € F,
for k > n, we have y* € D,, for every n, and thus y* € ().~ D,. This proves the conclusion. ]

Remark 3.4 A similar argument shows that the metric we put on R* is such that for any L, € (0,00), the
product set

X[~ L L]

n=1

is sequentially compact in R*°.
We also need a small lemma about the regularity of Borel sets in R%.

Proposition 3.11 Let A be a probability measure on (Rd,B(RD)). Let A € B(R?). For every e > 0,
there exists a closed set F. and an open set G such that

F.CACG:, MNG:) —\Fe)<e.
In addition, F. can be chosen to be compact since

lim A(F.N[—L,L]%) = A(F.).

L—oo

Proof: Let S be the collection of sets A that satisfy the condition. Then S contains all open sets, and
thus all rectangles (a1,b1) X - -+ X (ag, bg). It is not hard to show that S forms a o-algebra. Therefore,
S D B(R). O
Proof of Theorem 3.9: Let C = {cylinder sets}. We have the following.

1. C is an algebra.

2. The condition (3.18) specifies the measure p on C.

3. (3.15) implies that B(R*>) = o(C).

4. The consistency condition (3.17) implies that (3.18) defines a finitely additive measure p on C.

Putting all these together, we can use the Carathéodory’s Extension Theorem to construct the desired
measure p, provided that we verify that p is o-additive on C.

To show o-additivity, it suffices to show continuity at &, that is, u(D,,) — 0 for every C 5 D,, | .

Without loss of generality, we can assume that D, = m, }(B,) where B,, € B(R"). We will prove
by contradiction.

Assume the contrary that there exists § > 0 such that u(D,) = un(Bp) > § for every n. By
Proposition 3.11, there exist compact sets F,, C B, such that u, (B, \ F,) < 627", n > 1.
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Let E,, = n;}(F,) € C. Then u(D, \ Ep) = pn(By \ Fp) < 627", The sets E, may not be
decreasing, but if we set
n
= (w Z@nv n>1,

m=1

then E), are decreasing. In addition,

D\ ) < (U Do\ E)) £ 3 5 <5

Hence, u(Ey) > p(Dy) — /2 > /2 for all n > 1. In particular, E,, # @ for all n, and hence we can
apply Proposition 3.10 to conclude that (2, E, # &. But

o0 oo
(VE.C[)Dn=2,
n=1 n=1

and we arrive at a contradiction. O

Remark 3.5 Instead of (]ROO, B (RC’O)), Kolmogorov’s Extension Theorem can also be stated for general measur-
able spaces (Xzozl Sn, Qo Sn). To verify the o-additivity needed for Carathéodory’s Extension Theorem,
some topological information is needed for the spaces (S,,S,). A sufficient condition is that all (S,,S,) are
Borel spaces: a measurable space (5, S) is called Borel if there is a one-to-one map ¢ : (S,8) — ([0,1], B[0, 1])
so that ¢ and ¢! are both measurable. In particular, all complete and separable metric spaces equipped with
Borel g-algebras are Borel.

Remark 3.6 One can also consider Kolmogorov’s Extension Theorem on (RT7 B(RT)), where T is any index set,
and the Borel o-algebra B(RT) is generated by all “(finite=dimensional) cylinder sets”

7Tt_171t27___7tn (4,), Aj-open setin R t1,...,t, € T.

All cylinder sets form an algebra, and a probability measure p on this space exists, provided that its “finite-
dimension distributions” pom;, ,1“‘7% satisfy the consistency condition. Every probability measure on (]RT, B (RT))
gives rise to a stochastic process on T'.

However, measure spaces constructed in this way is not immediately suitable for the study of stochastic
processes. For example, if T' = R, then a probability measure on (RT,B(RT)) will model a random function
fw : R = R. However, simple events, like {w : f,, continuous}, will not be measurable. This is the main obstacle
in the construction of Brownian motions and stochastic analysis. Some discuss in this direction can be found
in [ , Chap. I1.2.5] and [KXS, Chap. 2.2].

4 Law of large numbers

The goal of this section is to establish the following strong law of large numbers (SLLN).

Theorem 4.1 (Strong law of large number) Let X1, Xo,... be i.i.d. with E|X;| < co. Let EX; =
and S, = X1+ -+ X,,. Then Sy/n — 1 a.s. as n — oo.

The above theorem is called “strong” because almost sure convergence is the best that one can
hope. Similar statements where the convergence holds in a weaker sense, like in LP or in probability
are called “weak” law of large numbers.

In Theorem 4.1, the first moment condition E|X;| < oo will be optimal. But we will also introduce
proofs under weaker assumptions, as an opportunity to introduce useful probabilistic techniques that
may be useful for other problems.
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4.1 L*-weak law of large numbers

Let X,, n > 1, be i.i.d. r.v.s. For the discussion of law of large numbers, we assume, without loss of
generality, that all X,, are centered, namely, pu := EX,, = 0. Otherwise, we can always center the r.v.s
by setting X; = X; — i1 and consider the centered case. For centered r.v.s, we have

EX? = Var(X;), EX;X; = Cov(X;, X;), i # j.

We write S,, = X1 + -+ X,,.
The 1.v.s (X;)ie; with EX? < oo is uncorrelated if

E(X;X;) = EX;EX; whenever i # j. (4.1)

We note that the second moment condition EX? < oo ensures that expectations in (4.1) are all defined.
When p =0, (4.1) becomes
E(X;X;)=0, Vi#j. (4.2)

Let a family of random variables (X,),>1 with EX? < oo be uncorrelated. By linearity of expec-

tation, we have
ES,=EXi+---+EX,,=nu=0.

Using definition of the variance, we have

n n

Var(S,) =ES2 =EQ}_X:)O_X;) = En: EX? = nEX?. (4.3)

i=1 j=1 i=1

A key observation is that the variance grows linearly in n, although it is the expectation of the sum
of n? terms. Assuming EX{ < oo, we can further estimate the fourth moment of S,

n
ESp= Y EX; Xy, Xy Xi, =) EX!+6) EX;X]
i=1 1<J (4_4)
<nEXT +3) E(X{+ X}) = (3n® — 2n)EX] < Cn®.
1<J

11,12,13,14

Here, in the first line, if an index appears in i1, 2, i3, i4 once, then by (4.2), the expectation EX;, X;, X;, X,
will be zero and we can drop such terms from the sum; in the second line we use the elementary in-
equality 2ab < a?+b?. Again, we see that the growth rate of ES: is O(n?) which is much less than the
number of terms, n*. The discrepancy will get larger if we estimate higher moments of S,,. But the
fourth moment is sufficient for us to use Borel-Cantelli to get the first strong law of large numbers.

Proposition 4.2 Let X1, Xo,... be i.i.d. EX} < oo. Then S,/n — 0 a.s.

Proof: Since EX} < oo, by (4.4) and Chebyshev’s inequality (Lemma 2.9), for some constant C' > 0
we have

Cn? < C
niet — n2ed’

P(|Sn] > ne) = P(|S,|* > n'e?) <
Since > "7, n% < 00, by Borel-Cantelli lemma (Lemma 2.3), we have

P({|Sn| > ne i.0.}) = 0.
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It follows from the e-§ language formulation of limit

Hence, by sub-additivity,

o({am % #o}) < Sp({i%- 5 o)) o

and this completes the proof. O

Proposition 4.2 is enough for most practical examples, since most r.v.s in real life are bounded
and thus have fourth moment. In fact, in (4.4) and Proposition 4.2, we did not rely on X,, having
identical distribution; all we need is the independence of X,, and a uniform bound on their fourth
moment. Similarly, assuming a uniform second moment condition, we can obtain the following weak
law of large numbers without independence.

Theorem 4.3 (Weak law of large numbers) Let Xi, Xo,... be uncorrelated with EXi2 < C for
some C > 0. Then asn — 00, S,/n — 0 in L? and in pr.

Proof: Since X; are uncorrelated, using (4.3) we have ES? < Cn, and hence ES2/n? < C/n. It
follows that S, /n — 0 in L2. By Proposition 2.8, this implies convergence in pr. O

Using the second moment condition, it is also possible to obtain almost sure convergence.
Theorem 4.4 (SLLN with EX? < 00) Let X,,, n> 1, be i.i.d. with EX? < co. Then % — 0, a.s.
Proof: Let M = EX?. By (4.3) and Chebyshev’s inequality, we have

M M
P(1S,2| > ne) = P(|S,2[2 > nle?) < - <

nie2 — n3g2’

which is summable. Hence, by Borel-Cantelli lemma, Snif — 0 a.s. Let

Dy (w) = n2§1£2%§+1)2|3k2 —Sp2| = ér}ggn\anH + 4 Xzl

For every w, we have
2 2 2 2
’Dn(w)’ < (‘an-I—l’ +t ‘Xn2+2n|) < Qn(XnQ-i-l +ot Xn+2n)
and hence ED? < 2nM. Then, by Chebyshev’s inequality, we have

ED? 2M

1+e
P(Dn 2n™7) < n2t2e = pitee

It follows from Borel-Cantelli lemma P({D,, > n'*¢, i.0.}) = 0.
To summarize, for almost every w, we have

. 52
1. lim,, o 5 =0.

2. There exists ng = no(w), for every n > ng, |D,| < nl*e.
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When the two conditions above hold for w, by
S,2 — D, Sk Sn2 + D,

n

Tt TR LT p2lk< 1)2,
h+1)2 ~ &k = n2 s (n+1)
and the Squeeze Theorem, we have Sy /k — 0. This completes the proof. U

Remark 4.1 1. We only need EX;X; =0, i # j (uncorrelated) and sup,, EX? < oc.

2. The above condition can be further weaken to allow some finite-range correlation:
[EXiX;| < M-1giji<py
for some L > 0 and M > 0.
Example 4.2 (Normal number) Every w € [0,1) admits a decimal expansion
w=0x1222324 -+, x; =x;(w)e{0,1,...,9}.

Let )
’/,i")(w) ={1<i<n:z =k} = Zl{m(w):k}
=1

be the number of occurrence of number k in the first n digits. It is clear that z;(w) are i.i.d., uniformly on
{0,1,...,9}. Then & = 1ix,(w)=k} are i.i.d. Ber(1/10), and in particular |§;| < 1. For every k, by SLLN, for
almost every w € [0,1),
1

—>E§izﬁ, ke{0,...,9}. (4.5)
A number w is called a normal number (Borel, 1909)-if for its fractional part, the limit (4.5) holds. As a
consequence of the SLLN, almost every number in{0,1) is normal. However, we do not know whether common
transcendental numbers like 7 or £ are normal.

We can also strengthen the definition slightly. A number w € [0,1) is completely normal, if for every
pattern k = (k1, k2, ..., k) € {0,...,9}",

(W) YL
- n

n

”;(;n)(w) . |{1Si§ni(xz‘,---vﬂﬁi+r—1):£}| 1

n n 10"’

n — OQ.

Using the remark after Theorem 4.4 with L = r and M = 1, almost every w € [0, 1) is also completely normal.

As an illustration, if a monkey is typing randomly before a typewriter, then after waiting long enough it
will produce all Shakespeare’s works (more than once), since any pattern E, even as long as all Shakespeare’s
works, has a small but positive probability of occurrence. This seems paradoxical, but note that the waiting
time will be much longer than the age of the universe in this case, so it will not happen in real life.

Example 4.3 (Empirical distribution function) Let X3, Xo,... be i.i.d. samples with c.d.f. F' and let
Fo@)=n""Y 1ix,<s, Yz€R
m=1

be the empirical distribution function from n samples. For every x, the indicators &,(w) == 1lx, (,)<, are ii.d.
r.v.s since they are Borel functions of X,,. By SLLN, we have

Fy(r) = Zm=t5n 25 Ee (X, < a}) = F(a).

Theorem 4.5 (Glivenko—Cantelli theorem) As n — oo, sup,|F,(z) — F(z)] = 0 a.s.

(To fill in the proof.)
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Example 4.4 (Waiting time Paradox) This is example is related to the renewal theory.

Let X1, Xo,... arei.i.d. Suppose that the n-th bus from the bus terminal at time S,,, where S,, = X1 + --- + X,,.
For simplicity assume that P{X,, = a} = P{X,, = b} = 1 for some a < b. We are trying to compute the “average
waiting time” for a person randomly arriving at the terminal before departure.

We first compute how many buses departing in the time interval [0, 7. Let

N = Nr(w) = the number of buses departing in [0,7] = max{n : S, (w) < T}.

Since
X1+~"+XNT<1<X1+"'+XNT+1'NT+1
Nr Nr Nr+1 Nr

it follows from the Squeeze Theorem and SLLN that

T a+b

— > EX; = .8

NT — 1 9 ) a.s.,
and hence N ) 5

=z a.s. (4.6)

T T EX, a+b

We interpret the “average waiting time” as follows. Let a person arrive at the bus stop at time £ ~ U|0, 1],
where ¢ is independent of (X,,),>1 (we can realize this by accommodate & and (X, ),>1 on a bigger product
probability space). The average waiting time @ is given by

1

T
Q=1 [ Su-0e

where ng = min{m : S,, > £} is the departure time of the next bus after time {. Noting that ng = n
if &€ € [Sp—1,5n), we have

Nr .8 Nt 2 2 Nr y-2
1 n ! (S2-52,) 1&X2
Q—Tnz_l/gnl(sn‘ﬁ)df—ng STl

n=1 n=1

it follows from the SLLN for X? and (4.6)

1 & XTZL_Xl2+"'+X12\rT Nt as. s 1 a? + b2 )
a a+b a+b’

S 21T T ONe T as pa2 —
@=72 7 X1 5T T atb 2a+t0)

n=1

(4.7)

How to understand (4.7)? If the time for the next departure is 7, then for a person arriving at a random
time the average waiting time should be 7/2. One would think naively that since 7 takes the value a and b with
probability 1/2, then the average waiting time should be (a 4+ b)/2. But this is WRONG. Indeed, the number
of intervals with length a and b are around 50%, but since their lengths are different, the random arrival time
hitting these two types of intervals are also different, or more precisely, proportional to their lengths. Therefore,
the probability of the arrival time hitting [S,—1,5,) with X;,—1 = a is asymptotically .4, and a%_b otherwise.
This explains the rightmost decomposition in (4.7).

4.2 Weak law for triangular arrays

A lot of classical limit theorems in probability concern arrays X, 5,1 < k < n, of random variables
and investigate the limiting behavior of their row sums S, = X5, 1 + - + X, .

Proposition 4.6 Let (X, )}, be independent and p, = ES,, o2 = Var(S,). If o2/b2 — 0, then

Sn_,un

— 0, in probability.
bn
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Proof: Chebyshev’s inequality gives that for every ¢ > 0,

P[>

e2b?2 e2b2

2
> 5) < Var(S),) T .

O

Example 4.5 (Coupon collector) Let &1, &o,... be ii.d. uniform on {1,2,...,n}. The numbers 1,...,n are
thought of as “coupons” while &, is the m-th coupon that one collects. Let

7 =min{m:m >0, [{&,...,&n}| >k}

be the first time that one collects k different coupons. For example, we always have 7" = 1. We Set 75" = 0 for
consistency of notation.

For 1 <k <mn,let X, = 7 — 7', represent the time spent to collect the k-th coupon. We claim the
following two facts without proof:

1. X, is independent of X, 1,..., X5 k—1;
2. X, has a geometric distribution with parameter 1 — (k —1)/n.

Let Sp, = Xp 1+ X2+ + Xy = 7). We want to understand the asymptotic behavior of S,,, the time spent
to collect all coupons.

To use the result from Proposition 4.6, we need to compute ES,, and Var(S,). Note that if Y ~ Geo(p),
then EY = 1/p and EY? < 1/p%. We have

n

ES, = zn:Xn,k = Z(l — E)*1 =n i m~! ~ nlogn, (4.8)
k=1 m=1

n
k=1
and

n n 1
Var(S,,) = ZVar(Xn,k) <n? Z v} < Cn®.
k=1 m=1

Hence, for b, = nlogn, o, /b, — 0, and it follows from Proposition 4.6

Sn, —ES,

5 — 0 in probability.
Noting (4.8), we have % — 1 in probability.

Let E|X| < 00 and (X, x)}_;, 1 <k < n be independent. Let b, > 0 with b, — co. We introduce
the “truncation” of X, ; as follows:

(4.9)

o Xn,ky if ’Xn,k‘ S bn
Kok = Xk (1, 4120n) = {0 if [ X 50| > b
) n, n-

The truncation will help us to obtain the weak law to random variables without a finite second moment.

Theorem 4.7 (Weak LLN for triangular arrays) Let X, 5, 1 < k < n, be independent. Let b, > 0
with by, — 0o and X, be defined in (4.9). Suppose that as n — oo,

1. 50 P(| Xn k| > bn) — 0, and
2. b2 Y EX2 = 0.

Then
(S —an)/bn — 0 in probability,

where Sy, = Xn1 + -+ Xppn and ap, = > p_; EXp .
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Proof: For every € > 0, we have

S Zln | o) < P(S, # S,) + P(]

bn n

Sp — an

P(] | > )

To estimate the first term, we note that
P(Sn # Sn) < P(J{Xnp # Xnp}) <D P Xnpl > bn) =0
k=1 k=1

by the first condition. For the second term, we use Chebyshev’s inequality to obtain

Sp — an, 1 _S,—ans Var(Sy,)
P >e)< —<E =
(’ bn ’ 8) — 52 ‘ bn ‘ 526%
S Ver(Ku) | SiL B
N e2b2 - e2b2
by the second condition, and the proof is complete. O

Theorem 4.8 Let X1, Xo,... be i.i.d. with E|X;| < co. Let S, = X1+ -+ + X, and let p = EX;.
Then Sy, /n — p in probability.

Proof: Let X, = X; and b, = n. We need to check the two conditions of Theorem 4.7.
For the first condition, by DCT, we have
n
> P(IXk| > n) = nP(IX1| >n) < E[X1|1(x, 120 — 0, (4.10)
k=1

since 1{\X1\2n}|X1| 2% 0 and E|X1| < 0.
For the second condition, we have
1 ¢ 2 1 2
2 > EIXPL(x <y = SELX <0y
k=1

and

EIX1 2L gx,<ny = Y EIX L a1}
k=1

< S RPN € - 1K)
k=1

=P(X1] € [0,1]) + Y ((k+1)* = k*)P(|X1] € [L,7])
k=1

< P(|X1| € [0,1]) + an 3kP(1Xa1] > k)
k=1

By Stolz’s theorem, we have 2 37| 3kP(|X1| > k) — lim,,_,oo nP(|X1| > n) = 0, again by (4.10).
Note that a,, = nu, where u, = EX11yx,|<n) # p due to the truncation. But by DCT,

pn = EX11(x,1<n) = EX1 = p
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Example 4.6 (St. Petersburg’s game) Let X7, Xo,... be independent random variables with
P(X;=2/)=277 forj>1. (4.11)

Imagine you are playing a game continuously tossing a coin. You win 27 dollars if it takes j + 1 tosses to get a
head, but if you can a head the first toss you leave without any reward. Now we want to determine what is the
“fair” entry fee to play this game. Since EX; = oo, the LLN is useless, as it is not reasonable to ask oco dollars
for the entry fee!

Now we will try to use Theorem 4.7 to find out how much we should ask for the entry fee. The answer will
depend on the total number of games to be played. Indeed, we are trying to find ¢, where S,,/nc, — 1.

In the setting of Theorem 4.7, let X, , = Xj. We need to determine b,, = nc,. We observe that if m is an

integer
(oo}

P(X; >2™) = Z 93 — 9g—m+l
j=m
Let m(n) = logy n + K(n) where K(n) — oo and is chosen so that m(n) is an integer (and hence the displayed
formula is valid). Letting b, = 2™, we have

EXZ, =) 2%.277 <ommy "o~k =9p,
j=1 k=0

The last two steps are to evaluate a,, and to apply the theorem.

m(n)

EXnx = Z 29279 = m(n)

j=1

0 a, = nm(n). We have m(n) = logy n+ K (n), so if we pick K(n)/logyn — 0 then a,,/nlogsn — 1 as n — oo.

Now we have
Sn — an

n2K ()
If we suppose that K (N < log,log, n) for large n then the last conclusion holds with the denominator replaces
by nlog, n, and it follows that S, /(nlog,n) — 1 in probability.

= 0. in probability

4.3 First proof of SLLN
4.3.1 Some preparation

We recall the (first) Borel-Cantelli Lemma: if Y 7, P(A4,) < oo then P(4, i.0.) = 0. For the other
direction, we have the following.

Theorem 4.9 (Second Borel-Cantelli lemma) If the events Ay, are independent and Y > | P(A,) = 0o,
then P({Ay, i.0.}) =1

Proof: By definition of the i.o. sets, we have

{Anio}={]J ) 45

n=1n=m
Using independence, it follows that
oo M M
o(4) = g 1T s = g TPt =
where the last limit is due to Y > | P(4,) = occ. O

The following proposition states that the E| X;| < oo is also necessary for the existence of lim,, ;oo Sy, /7.
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Proposition 4.10 If X1, Xy ... are i.i.d. and E|X;| = oo, then P(lim S, /n ezists € (—o0,00)) = 0.

Proof: Let A, = {|X,| > n}. We claim that on the event {A,, i.0.}, a finite limit lim,_,oc Sy /7
cannot exist. Indeed, by Cauchy criterion, if such limit exists, for g9 = %, there exists ng = ng(w)
such that | X, /n| = ]S—r? - %| < 1 for every n > ng. This contradicts with |X,| > n for an infinite
number of n’s.

By Theorem 4.9, since

o o0
o = E1X1| < 3PN > 0) = 3 P(X| > n)
n=0 n=1
and X1, Xo... are i.i.d., it follows that P({A,, i.0.}) = 1. This completes the proof. O

Example 4.7 (St. Petersburg’s game (continued)) Let X,,, n > 1, be i.i.d. with distribution given by (4.11). By
Proposition 4.10, since EX; = oo, we know that S, /n does not have a limit. But if we are more careful about
the estimate, we have

1
nlogy n

P(‘Xn| > n10g2 n) = Z 27 ~ 2—10g2(n10g2 n) _

Jj2>jo=[logs(n logs n)]

which is not summable (one can compare this with floo wlgg —). Hence, almost surely, for an infinite number
2

of n’s, it happens that (S,4+1 —S,)/nlogsn > 1, and hence S, /nlogyn /4 1.

With the finite first moment assumption, we need to truncate the r.v.s first. Let Y;, = X1y x, |<n}
and T,, = Y] + - - + Y, be the partial sum of (Y,)>1.- We still have the independence of Y;,, but they
are no longer identically distributed. With the truncation we can estimate the second moment of Yj,.
The following proposition show that the limits of T, /n and S,,/n are the same,

Proposition 4.11 T,,/n — u a.s. if and only if Sp,/n — p a.s.

Proof: We have

o0 o0

Y PXn#Ya) =) P(Xal 2n) = Z/O Liyzntal dy
n=1 n=1 n=1

= / D Lysm sl dy
0 n=1

< [l dy = E1 ] < B 41 < o
0

By Borel-Cantelli lemma, we have P({X,, # Y,, i.0.}) = 0. Therefore, almost surely, there ex-
ists ng = no(w) such that X,, =Y, for all n > ng, and when this happens, we have lim,_, % =
limy, 00 S—TZE, provided either of the two limits exists. This completes the proof. U

For the proof of the SLLN we will need the following technical result.
Proposition 4.12 Y72, & Var(Y;) < 4E|X;| < oc.

Proof: We start with

Var(Y,) < EJY, |? = / 2P|V > 1) dy < / 2P(1X:1] > y) dy.
0 0
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Treating the sum as integration w.r.t. to the counting measure on N and using Fubini’s theorem (since
everything is non-negative), we have

oo 1 , 00 1 o
> a8 <3 [ 2P (%> vy
oo o X 1
= s {Zﬁl{y@}} 2yP(1X1] > y) dy.
k=1

Since E|X1| = [;° P(|X1| > y) dy, it suffices to show

1
2 ) <4 V>0 (4.12)
n>y

Noting that

S S B
n? ~nn-1 n-1 n’

for y > 2, we have

1 1 1 2y
WY m WGy s
n>y n>y

and for 1 < y < 2, we have

1 1 1
2yzﬁ:2y2(nkl—ﬁ)§2yg4.
n=2

n>y

If 0 <y <1, then

These establish (4.12) and complete the proof. U

4.3.2 Etemadi’s argument

The argument presented in this section was due to Etemadi (1981).

We have seen in the proof of Theorem 4.4, it is useful to first consider almost sure convergence
along a subsequence (ny), then use other means to control what happens for n € (ng, ni,1). Etemadi’s
idea is to use monotonicity of the partial sum when the summands are non-negative to control the
intermediate terms.

Let us assume first that X,, > 0 (and hence Y,, > 0), and that for some subsequence (ny),

Tny /1 — 1y, as., (4.13)

and see how far we can get. Since Y,, are non-negative, for n € (ng,ng,1) we have

T, _ T L < T < Ty _ Ty Dkl (4.14)
Nk+1 ng  Nk+1 n Ng Ng+1 Nk
Taking the limit £ — oo, we have
. ..n .. .1 . T, . n
- lim inf k < liminf —% < limsup — < - limsup kil (4.15)
k—oo Mpk41 n—oo M n—oo N k—oo Tk
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Intuitively, the condition ngyi/ng ~ 1 will force liminf and limsup of 7, /n to be close, similar to
the argument of the squeeze theorem. In fact, for any polynomial growth n, = kP, p > 1, the limit
limg 00 ng+1/mk 18 1, and (4.14) implies lim, o T, /n = p. We have used such ny in the proof of
Theorem 4.4; as we will see, such growth cannot guarantee (4.14) when assuming merely finite first
moment.

Let us go through our usual argument of combining Chebyshev’s inequality and Borel-Cantelli
lemma to see what is needed for the subsequence of (ny) to guarantee (4.13). For every ¢ > 0, by
Chebyshev’s inequality, we have

i P(|Tn, — ETy, | > eng) ZVar w)/nk = Z Z Var(Y,
n=1
= 5—2 Z Var(Y,,) Z %
ng>m k

(4.16)

where we have used Fubini’s theorem to interchange the two summations of nonnegative terms. Now,
in light of Proposition 4.12, we are hoping for

> ig < % (4.17)
s kM
If nj grows polynomially fast, that is, ny ~ kP for some p > 0, then (4.17) cannot hold. For (4.17) to
holds, we need to control the sum by the first (and largest) term, so ny must grow ezponentially. That
means « = liminfy_, o ngy1/ng > 1. Using (4.14), we can close the argument by taking « arbitrarily
close to 1.
First proof of Theorem 4.1: Assume first X,, > 0.

Take ng = [@*], & > 1, where a > 1 and [-] denotes the integer part. Let ko be the smallest k
such that ng > m. Then ky > log, m. Since the sum of a geometric series is dominated by the largest

term, we have
1 Ca
Z 2 S Z a2l<:0 < m2

ng>m k k= ko

for some constant C, > 0. By (4.16) and Borel-Cantelli lemma, we have

T,, — ET),,
ng

— 0, a.s.
By Stolz lemma and DCT,
ET),

lim — = lim EY,, = hm EX11{X1<0} =EX; =

n—oo n n—oo
Recalling ny, = [a"], from (4.15) we have

T, T,
Lt < liminf — < limsup — < apu. (4.18)

a n—oo M n—oo N
Since (4.18) holds for arbitrary a > 1, by letting a | 1 we see that lim, o T,,/n = p a.s., and by
Proposition 4.11 lim,, o Sy /n = p a.s. as desired.
For general X,,, let X,, = X,/ — X, be the decomposition into positive and negative parts, and let
S be the partial sums of X. Then
S, St —S-
lim — = lim —>—" =EX;" - EX; =EX;, as.

n—oo N n—o0 n
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The proof is complete. O

As a corollary, we can also treat the case when EX; = £oo.
Corollary 4.13 Let X1, Xo,... be i.i.d. with EXiJr =00 and EX; < oco. Then S,/n — oo a.s.

Proof: Let M >0 and XM = X; A M. The XM are i.i.d. with E|X}| < co. Let SM be the partial
sum of XiM. Using Theorem 4.1 and X; > XiM, we have

liminf S,/n > lim SM/n=EXM, as.
n—oo n—oo

The MCT implies E(X}M)* 1+ EX{ = co as M 1 oo, so EXM = E(XM)T — E(XM)~ 1 co. Hence
liminf, o Sp/n > oo a.s., and the conclusion follows. O

4.4 Second proof of SLLN

In the section we follow Komolgorov’s treatment of the SLLN.

4.4.1 Tail o-algebras and zero-one law

In this section we will have a small detour to introduce the tail o-algebras and Kolmogorov’s zero-one
law. These results are not directly used in the proof of SLLN, but they give useful intuition.

We first do some measure theory.
Let (Yn)ner be r.v.s on (2, F,P) where I is a countable index set. We introduce the “smallest
o-algebra” with respect to which all Y,, are measurable. It is defined by

oYy, nel)=o(Y 1 (A), AcB(R), nel). (4.19)
The o-algebra in (4.19) is generated by the semi-algebra

S = { M Yo' (4n): Ay € BR), L C I ﬁnite}. (4.20)

nely
We check that S is a semi-algebra using the following lemma.

Lemma 4.14 Let I be a countable index set and F,,, n € I, be o-algebras. Then

St ={( Bn, Bu € Fn, 1 C I finite}

nel

s a semi-algebra.
In particular, when F, = o(Y,), S defined in (4.20) is a semi-algebra.

Proof: Let . 3
A= (A4 A= () 4An, (4.21)
nely mels

be two sets in §;. We can replace I and Is by their union J = I} U Iy by adding 2 in both of the
intersection in (4.21) if necessary. Note that J is the union of two finite sets I; and I» and thus is also
finite. We have

ANA= ﬂ(AnmAn) € S.

neJ

This shows that Sy is closed under intersections.
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It remains to show that the complement of every set in &1 can be written as a finite disjoin union
of sets in &;. This follows from

(Apy NN AR, ) = (AL U (Apy MAZ ) U= U (Apy N NAG ).

Proposition 4.15 If F,,, n € I and G,,,, m € J are independent where I,J are countable, then
o(Fn, ne€l) and o(Gn, meJ)

are independent.
In particular, if X,,, n € I and Y,,, m € J are all independent, then o(X,, n € I) and o(Yy,, m €
J) are independent.

Proof: Recall that two o-algebras F and G are independent if P(AN B) = P(A)P(B) for every
A€ Fand B €G. By Lemma 4.14, F and G are generated by the semi-algebras

S1={() An, An € Fp, Iy C I finite}, Sy ={ (") Bm; Bm € Gm, J1 C J finite}.

nel; meJy

To show independent of F and G, it suffices to show that
P(ANB)=P(A)P(B), VAe S, BeS,. (4.22)

Extending (4.22) to arbitrary A and B can be done by the usual appropriate set arguments and
continuity of probability measures.
For A € §1 and B € Sy, the independence of %, and G,,, implies

P(ANB) =P(() AN () Buw) = [[ P(4n) T] P(Bw)

nel meJy nely meJy
nel meJy
This establishes (4.22) and completes the proof. O

Let (X, )n>1 be independent on (2, F,P). Let us introduce

Frn=0(X1,...,Xpn), Fon=0(Xnt1,Xnt+2, ) =0(Xpm, m>n).
The o-algebra F,,, containing information before time n, should be regarded as the “past”, while F<,
should be regarded as the “future”. By Proposition 4.15, F;, and F=,, are independent for all n > 1,

which agrees with our intuition.
Definition 4.1 (Tail o-algebra) The tail o-algebra is T = (),_g Fon-

The tail o-algebra should be regarded as the “remote future”, as it does not concern anything
happening in finite time.

Example 4.8 (Examples of sets in 7) 1. {lim, o Sy exists} € T.

2. {limsup,,_,, i—" >a} €T for any x.
We will verify for the first set. Since lim,, oo Sy, exists if and only if lim,,co(Sntm — Sn) exists, for all
n > 0, we have

{ hm (Sn+m — Sn) eXiStS} = { hm (Xn+1 —|— Xn+2 + cee + Xn+m) eXiStS} S ]:>n.
m—roo m—o0

Hence, {lim,, oo S} € ngO Fon=T.
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An important observation of Kolmogorov was that the tail o-algebra is trivial, and thus it makes
sense to study the almost sure convergence of random series.

Theorem 4.16 (Kolmogorov’s zero-one law) If Xy, Xo,... are independent and A € T then P(A) =
0 orl.

Proof: For all m > n, since F,, and F-,, are independent, so we have F, L (1, <, F>m, that is,
for all n > 1, F, L T. Let Foo = 0(X1, X2,...). For all n > 1, since 7 and o(X,,) are independent,
so we have T L 0(X1,Xo,...) = Fuo, and thus T = ()72 Fon C Foo.It follows that 7 L 7. For all
A €T, Aisindependent to itself, that is,

P(ANA) =P(A) = P(A)?

it follows that P(A) =1 or 0. O

4.4.2 Kolmogorov’s proof

Proposition 4.17 (Kolmogorov’s maximal inequality) Let Xi,..., X, be independent with EX; = 0
and Var(X;) < co. Then

P( max [Sg| > z) < M.

max. 2 (4.23)

Remark 4.9 1. Note that Chebyshev’s inequality can only give (4.23) without the maximum inside the prob-
ability, so Proposition 4.17 is highly non-trivial.

2. In fact, (Sp)n>1 forms a martingale and Proposition 4.17is a special case of the Doob’s mazimal inequality
for martingales. In the proof, we will also use the idea of “stopping time”, which is common in martingale
analysis

Proof: Let T'(w) = min{k : k > 1,|Sk(w)| > x} to be the first time that |Sk| exceeds x. More
precisely,

{T(w) =k} ={|S1], 152l -, |Sk-1] < z,|Sk| > =},

for k € {1,...,n} and T = oo if the event in (4.23) does not happen. By definition we have {T' =
k} € o(Xy,..., Xg) = Fy for k{1,...,n}.
We have

ES2 > ESilir_iny = Y ES (s
k=1 k=1

For k£ < n, we have

ES2Lir—gy = E(Sk + (Su — S))*Lir—p)
> ESpLir—ky + 2ESk L7k} - (Sn — Sk) + E(Sn — Sk)*Lirpy
> ESidiropy + 2ESkLrp - E(Sn — Sk)
= ESplir—yy > 2°P(T = k).

Here, in the third line we use the independence of Splip_py € o(X1,..., X)) and S, — Si €
0(Xk+1,-..). Summing over k € {1,...,n}, we have

ES? > 2?P(T < n),

and this gives (4.23). O
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Proposition 4.18 (Kolmogorov’s one-series theorem) Let X1, Xo,... be independent with EX,, = 0.
If

> EX,? < oo, (4.24)
n=1

then Y7 | Xp(w) converges a.s.
Proof: For every € > 0, by Proposition 4.17, for all M, N > 0, we have

P( max [S, — Sl > ) < Var(Sp = Sm)

M<n< - g2
Letting N — oo, by MCT, we have
> EX2
P(up = sup|S, — Su| > ¢) < Z%
n>M €

which goes to 0 by (4.24). Let @ = supy, ,>a7/Sn — Sm|. Then for every e > 0,

lim P(iy >¢) <2 lim Pluy > <) = 0.
m—o0

m—0o0 2

Hence, for every € > 0, we have P(lim,,_,o tps > €) = 0 since uyy is decreasing. Therefore, @y | 0 as
M — oo almost surely, and lim,,_,~ S, exists by Cauchy criterion. O

Example 4.10 It is well known that alternating harmonic series Zf:l (75’)"

we put random = signs before the harmonic series?

To model it, let (&,)n>1 be iid. with P{{, = L1} = % By Proposition 4.18, since Y EIEL%F =

* L <0, we have 3°°° | &2 converges a.s. Infact, the conclusion holds for S°°° - &, /n? with p € (1/2,1].
n n=1 n n=1

n=1

converges conditionally. What if

The next result is an immediate corollary of Proposition 4.18 and treat the case of non-centered
r.V.S.

Proposition 4.19 (Kolmogorov’s two-series theorem) Let X1, Xs,... are independent with E|X,| <
oco. If

o0 o
Z EX,, ezxists, Z EX?L < 00,
n=1 n=1

then Y7 | Xp(w) converges a.s.

For the almost sure convergence of random series, the final theorem provides necessary and suffi-
cient conditions.

Theorem 4.20 (Kolmogorov’s three-series theorem) Let A > 0. Let X1, Xs,... be independent and
Yi = Xil(x,<a)- Then, Yo Xy converges a.s. if and only if all of the following conditions hold:

> P(IXn| > A) < oo, (4.25a)
n=1
Z EY,, exists, (4.25b)
n=1
> Var(Y;) < oo. (4.25¢)
n=1



Proof: The “if” part. By Borel-Cantelli lemma, (4.25a) implies that P({|X,| > A, i.0.}) = 0.
On the event {|X,| > A, i.0.}¢, there exists ng = ng(w) such that Y;, = X,, for every n > ng, and
hence » >, X,, converges if and only if > >, ¥, does; on the other hand, the latter random series
converges a.s. by Proposition 4.19, (4.25b) and (4.25c¢).

The “only if” part. Assume now that ) >, X,, converges a.s. If (4.25a) fails, by the second
Borel-Cantelli lemma ( Theorem 4.9), we have P({|X,,| > A, i.0.}) = 1. But on {|X,| > A, i.0.}¢, the
series » 2 | X, (w) cannot converge as the Cauchy criterion is violated. Hence, (4.25a) must holds.
Then, as has been proven, (4.25a) implies that > > | Y, also converges a.s.

Now we have |Yn — EYn‘ < 2A. By Lemma 4.21 proven below, we have

M<n<N N-1

2
( max ’ Z Yk’ < 1) 2(232;;)( = (4.26)

If (4.25¢) fails and )7 | Var(Y;) = oo, then (4.26) implies

P(su Y)gl):o, VM > 1,
”2]1‘?[ k% ’

which implies that > >, Y;, diverges a.s. and leads to a contradiction. Thence, (4.25¢) also holds.
It remains to show (4.25¢). By Proposition 4.18, (4.25¢) implies that > o (¥, — EY,,) converges

a.s., and hence
Z EY, = Z Y, — Z —EY,)

n=1
also converges. This completes the proof of the ‘only.if” part. O

For (4.26) we use the following results, which says if a random walk have large variance in each step,
then it is unlikely that it will stay in a small region; this is the opposite direction of Proposition 4.17.

Lemma 4.21 Let Zy,...,Z, be independent with EZ; = 0 and |Z;| < L for some L > 0. Let
Sn=21+4+ -+ Zy,. Then for every e > 0,

(L+e¢)?
Pmax 15k <€) < gy

Proof: Let
T = min{k : [Sk| > e} € {1,2,...,n,00},

with the convention 7' = oo if maxj<g<p, |Si| < €. We note that {T' =k}, {T > k+1} € o(X1,..., Xj)
for every 1 < k <n.
Let ar, = ES1ir>p41}, 0 < k <n. Since {T' > k+2} ={T' > k+ 1} \ {T = k + 1}, we have
ft+1 = ESI?-i—ll{TZk—&-l} - ESIg—i-ll{T:k—&-l}- (4.27)

Using independence of X1 and Sk, 1{r>p41y (both measurable w.r.t. o(X1,..., X)), the first term
in (4.27) is bounded below by

EStiilirsiri1y = ESilirsnriny + 2EX i1 - ESplyrspiny + EXZy - P(T >k +1)

) (4.28)
>ar+EXp -P(T'>k+1).

For the second term in (4.27), since

{T=k+1}={[Si <e,....[S%] <& [Sku]>c},
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when T' = k + 1, we have |Sg41| < |Sk| + | Xk+1| < L + ¢, and hence
EStiilireii1y < (L+e)*P(T =k+1). (4.29)
Combining (4.28) and (4.29), we have
(a1 —ap) + (L +e)’P(T=k+1) > EX?, -P(T>k+1), k=0,....,n— 1.
Summing the above inequality over k, and using that P(T' > k + 1) > P(T = o0), we have
Var(8,) - P(T = 00) < (L +2)2P(T < n) + ES2 L (g,

Noting that when T' > n+1, S2 < €2, the last term in the last display is bounded by ¢2-P(T > n+1),
so we get
Var(S,) - P(T = o0) < (L + ).

The desired inequality follows. ([l

Proposition 4.22 (Kronecker’s lemma) If a,, T oo and Y7 | xn/a, converges, then

n
a;? Z Tm — 0
m=1

Proof: Let S, == >, | Tm/am and S = lim, , S, Using Summation by parts (a.k.a. Abel’s
transformation) we have

ai Zn: am(Sm - m—l) N Sn - Zn: Msm—l

a
m=1 m=1 n

By using Generalized Stolz’s Lemma (Lemma 4.23) below with p,, , = (ar — ax—1)/a,, we have
lim izn:a (S — Spm_1) = lim S, — lim iws =S-85=0

n—00 G, mARm Mol T e T T noo ‘ an m=1 = e

.

m=1

Lemma 4.23 (Generalized Stolz) Let p, 1, >0, 1 < k <n, be such that

n K-1

lim § Pnk = 17 lim g Pnk = 07

n—00 n—00
k=K k=1

for every K > 0. Then

n
Fim, > P =l an
k=1
provided that second limit exists.
In particular, when py = 1/n, this is the Stolz’s Lemma.
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Proof: Let L = lim,_,o 2. For simplicity we assume |L| < oo, but the lemma also holds for L = oo
or —oo.
For every € > 0, there exists K > 0 such that x; > L — ¢ for K > K. Hence, we have

n K—-1 n
D ootk = —=(sup |zm]) D pak + (L —2) D puk-
k=1 m k=1 k=K

Taking n — oo and using the assumption on py, j we get iminf,, o0 >y pnk®r > L—e, and since € >

0 is arbitrary we have liminf, oo > p_; pnx2k > L. Similarly, we can show imsup,, o Y p—q PniZh <

L. The conclusion follows. 0
We can now give the proof of Theorem 4.1.

Proof of Theorem 4.1: By Proposition 4.10, it suffices to show that (T, — uy,)/n — 0, a.s.,

where T), = > p_, Y, and Y, = X, 14 x,|<n}- By Proposition 4.22, it suffices to show that } 7° %

converges a.s., and this follows from Proposition 4.18 and Proposition 4.12. U

The above proof also gives us a way to estimate the rate of convergence, as the next result shows.

Proposition 4.24 Let X1, Xs,... are i.i.d. r.v.s with EX; = 0 and EXi2 =02 <o0. Let S, = X1 +
-+ 4+ X,. Then, for everye > 0,

B

Vr(log m)i/2+ -
Proof: Let a, = n%(log n)%JrE, n > 2. We have

Var(-%) =62y - =02) ————— < .
T; an 7; a2 7; n(logn)i+2e
By Proposition 4.18, the series > 7, z—: converges a.s., and it follows from Proposition 4.22 that
é Y1 Tn — 0 as. O
To conclude our discussion of the SLLN, we cite a result given by Feller (see also | , Thm

2.5.13]), which says when the r.v.s are not integrable, SLLN cannot hold.

Proposition 4.25 Let X1, Xo,... are i.i.d. r.v.s with E|X1| = co. Let a, be a sequence of positive
numbers with a,/n increasing. Then limsup,,_,.|Sn|/a, = 0 or co according as > .- | P(|X1] > a,) <
00 Or = 00.

5 Weak convergence and central limit theorem

Let P(R) be the set of all probability measures on (R, B(R)). To goal of this section is to study the
weak convergence of probability measure. To start, we mention the total variation distance, a natural
metric on P(R).

Definition 5.1 Let p,v € P(R). The total variation distance between p and v is given by

ln=vlizv =2 sup [u(A) = v(A)] € [0,2). (5.1)
AEB(R)

It is not hard to check that (5.1) defines a metric: (a) it is positive definite: ||u — v|ry > 0,
with ||u — v||7v = 0 if and only if pu(A) = v(A) for all A, which means p = v; (b) it is symmetric:
| —vl|rv = ||v — wl|rv; (c) it satisfies the triangle inequality by taking supremum of |u(A) —v(A)| <
[1(A) = AA)[ + [A(A) — u(A)]-
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Example 5.1 Let p and v are mutually singular (see Definition 1.13) and let A € B(R) be such that pu(A) =0
and v(A) = 1. Then |u(A) — v(A4)| = 1, and hence ||u — v||7y = 2 since 2 is the maximum for total variation
distance.

Example 5.2 Let u and v are absolutely continuous and f, g € L'(R) be their densities. Then
Il —=vlrv = f - QHLI(R)7

where the supremum in (5.1) is achieved by A = {z : f(z) > g(z)} in (5.1). More generally, let F' and G be the
c.d.f.s of u and v; then

n—1
lu=vlev = sup > |(F=G)tin) = (F = G)(t:)|,
1 < <tp =1
which is the total variation of F' — G over R.

By (5.1), convergence in total variational distance implies convergence of the set function.

Proposition 5.1 If ||, — pl|7v — 0, then
nh_)rgo pn(A) = u(A), VA e BR).
In particular, by taking A = (—oo, x],
lim F, (z) = F,(x), V. (5.2)

n—oo

However, as can be seen from the next two examples, the convergence in total variation distance
is too restrictive.

Example 5.3 Let j1,, = 6/, and p = 6o. We expect i, — p since 1/n — 0. On the other hand, ||p, — pl|7y = 2
S0 no convergence in total variation distance.

Example 5.4 Let p1, = Unif{0,2,..., 2=} We expect p, — p = Unif[0, 1], which will justify the standard
procedure to generate Unif[0, 1] r.v.s on computers mentioned at the end of Section 3.2.1. On the other hand,
we have p,(Q) =1 while p(Q) =0, so py, and p are mutually singular and thus ||p, — pllrv = 2.

Weak convergence is one way to give a more relaxed mode of convergence for measures.

5.1 Definition of weak convergence
Throughout this section, puy,, p will be probability measures and F,, F' be their c.d.f.s.

Definition 5.2 (Weak convergence) We say that p, converge to p weakly, written p, = u, if

lim F,(z) = F(z), almost every x. (5.3)

n—oo

With abuse of notation we also write F,, = F' for (5.3).
Let X, X be r.v.s. We say that X,, converge to X in distribution/law, or weakly, written X,, = X,

if ux, = px-
By directly computing the c.d.f’s, one can verify that

n—1

1
51/m = b0, Unif{o, e } — Unif[0, 1].

(5.3) is weaker than (5.2) since it allows an exceptional set of measure zero. The first question we
ask is the uniqueness of such limit.
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Proposition 5.2 If F,, = F and F,, = G, then F = G.

Proof: Implicitly here, we require that both ' and G are c.d.f.s, that is, right continuous and
increasing functions. We know that such functions are determined by its value on a dense set. By
the assumption, there exist zero measure sets N; and Ny such that F,(z) — F(z) for z ¢ N;
and Fy,(z) — G(x) for x ¢ N2, and hence F'(z) = G(z) for x ¢ N; U Na. The measure of Ny U N3 is 0,
and the complement of any zero measure set is dense, so F' = G as desired. O

In fact, we know precisely what is the exceptional set in (5.3).

Proposition 5.3 (Also an alternative definition for F,, = F') The condition (5.3) is equivalent to

lim F,(z) = F(z), V continuous point x of F'. (5.4)
n—o0
Proof:  (5.3) follows from (5.4) since discontinuous point of c.d.f. is at most countable, and a

countable set has measure 0.

For the other direction, let 2y be a continuous point of F. For every € > 0, there exists § > 0 such
that |F(z) — F(x0)| < € for |x — xg| < §. Then, we can find y; € (z¢g — 0,x0) and y2 € (x9, 20 + I)
such that y; and yo are not in the exceptional set in (5.3). We also have, by the monotonicity of F,,

F(z0) — & < F(y1) = lim Fy(y1) < liminf F}, (o)
< limsup Fy (o) < lim Fy(y2) = Fy2) < F(z0) +e. (5.5)

n—o0
By letting € | 0, we obtain lim,,_o Fy(x0) = F(xp). O

The real power of weak convergence is the extraction of convergence subsequence (so-called se-
quential pre-compactness) under minimum assumption.

Definition 5.3 We say that (pun)ner is tight, if for every € > 0, there exists a compact set K = K,
such that
un (K€ <e, Vnel. (5.6)

Compact sets in R are bounded closed sets, and the above condition can be reformulated as the existence
of L > 0 such that
pn|—L,L]°<e, VYnel. (5.7)

Note that using (5.6), the notion of tightness can be generalized to arbitrary metric spaces. [We
will take up this again in XXX.]

Theorem 5.4 (Helly selection theorem) If (pn)n>1 15 tight, then there exists a subsequence (fin, )k>1
and a probability measure o, such that pn,, = leo-

Proof: For every q € Q, the sequence (Fn(q))n>1 C [0,1] has a convergent subsequence. Such
subsequence depends on ¢ € Q, but since Q is countable, by a standard diagonal sequence argument,
there exists a common subsequence (Fy, )x>1 such that

lim F, (q) = F(q), VYq€Q.

k—o0

The limiting function F is increasing on Q, so we can use it to define a right continuous, increasing
function by
F(z) =inf{F(q) : ¢ > x}.
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We first show that limy_, Fy,, (x) = F(z) for every continuous point of F. Let z be a continuous
point of F. Then for every ¢ > 0, there exists § > 0 such that |F(q) — F(z¢)| <  for all |q — x| < 4.
Pick any ¢1 € (g — 0,20) N Q and g2 € (xg, o + §). Similar to (5.5), we have

F(xg) —e < F(q1) < liminf F(z0) < limsup F(z0) < F(q) < F(zo) +¢.
k—o0 k—o0
By sending ¢ — 0 we prove the desired limit.
Second, we need to show that F is a c.d.f. It suffices to verify F(—oo) = 0 and F(oc0) = 1, for
which we will use tightness. Indeed, since (un)n>1 is tight, for every e, there exists L € @ such
that F, (L) — F,(—L) > 1 —¢ (see (5.7)). Letting n = ny — oo, we have

F(L)—F(-L)>1—«.

Therefore,
lim F(q) = —oo, lim F(q) = oo,

q——00 q—00

and this show that F' is a c.d.f. O

Remark 5.5 Tightness is necessary to prevent the “escape of mass to infinity”. Consider p,, = Unif[n,n + 1],
then F,,(z) — 0 for every x, but the limiting function is 0, and cannot be a distribution function.

Proposition 5.5 (necessity of tightness) If pn, = p, then (pin)n>1 is tight.

Proof: This will be an easy consequence of Theorem 5.7, but we give another proof here by analyzing
the c.d.f.s.

The first observation is that a single probability measure is tight. Therefore, for every ¢ > 0,
there exists L > 0 such that +L are both continuous points of F' and F(—L) < ¢/4, F(L) > 1 —
e/4. Since lim, o F(£L) = F(£L), there exists ng such that F,(—L) < ¢/2 and F,(L) > 1 —
€/2. Also, for each 1 < k < ny, there exist Ly such that Fiy(—Ly) < ¢/2, Fi(Lg) > 1 —¢/2.
Let L = max{L, Ly,...,Lp,}. Then u,[—L, L] <¢ for all n > 1, and this proves the tightness. [

Without the tightness, the convergence in the first part in the proof of Theorem 5.4 is sometimes
called vague convergence.

Definition 5.4 We say that F,, — F vaguely if lim,,_, F,(x) = F,,(z) for almost every x.
It may happen that F is a sub-probability measure, that is,

lim F(z)— lim F(x)<1.

n—-+00 n——oo
We can reformulate the previous results.
Proposition 5.6 Every sequence of probability measures (pn)n>1 has a vaguely convergent subse-
quence. The limit is a probability measure if and only if the subsequence is tight.
5.2 Other characterizations of weak convergence

The concept of weak convergence can be generalized to arbitrary metric spaces. An excellent reference
in this account is | ]. We only present a topological way to define weak convergence, which is
applicable to more general settings.

Theorem 5.7 Let ,,, it be probability measures on (R, B(R)). The following statements are equivalent.

1. pn = p, that is, (5.4) holds.
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2. For every bounded continuous function g,

Jim g dpy = /gdu- (5.8)
3. For every open set G,
lirginfun(G) > u(Q). (5.9)
4. For every closed set K,
lim sup g, (K) < p(K). (5.10)
n—oo

5. For every A with u(0A) =0, limy,_—,o0 in(A) = p(A).

Proof: From Item 1 to Item 2. We will start from simplest forms of g.
First, consider
0, T <a
g(xz) =< (b—a), x>b (5.11)

linear interpolation, =z € [a,b].

Then g(x) = [*._ 1) (y) dy. Using Fubini’s theorem we have

/ gdpy = / [ / Z Lap) (W) 1{y<a) dy} dpin(z)

- / 1(a,b) (y) dy- / 1{y<x} d,un(x)

b
- / 1 Foly)] dy
b
- [ - Fy))dy = / gdu.

where the last line is due to F,,(y) — F(y) for a.e. y and BCT on the finite interval [a, b].

Second, we consider g being a piecewise linear function with compact support. Then such ¢ can
be written as a linear combination of functions in the form (5.11), so (5.8) holds.

Third, let K be a compact set and consider

g € Cxk = {g: continuous,suppg C K}.

Then there exist g, € Cx piecewise linear with compact support such that g,, — ¢g uniformly on K,
by uniform continuity of g. To estimate the difference of the terms in (5.8), we replace g by g, with
error controlled by the triangle inequality. We have for every m,

limsup’/gdun—/gdu) Slimsup’/gmdun—/gmdu‘+/|gm—g|(dum+du) < 2-suplgm — g/-

n—oo n—oo
(5.12)

Letting g, — g we see that the LHS must be zero.
Finally, let g be bounded and continuous. For every compact set K, there exists gx € Cx such
that gx has compact support, gx = g on K and sup|gx| < sup|g|. By tightness, for every € > 0, there
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exists a compact set K such that p,(K€), u(K€) < e. Similar to (5.12), and using that gx = g on K,
we have

lim sup ‘ /gdun —~ /gdu‘ < suplgx — g| - lim sup (u(K°) + pn (K°)) < 4suplgle.
n—oo n—oo
Letting € | 0, the limit on the LHS is 0. This proves (5.8).
From Item 2 to Item 3. For every G open, there exists g,, > 0, bounded and continuous such
that g, T 1. For every gn,, by (5.8) we have

lim inf 1, (G) > lim inf/gm dp, = /gm du.
n—oo n—oo
The right hand side increases to [ 1gdp = u(G) by MCT, so (5.9) holds.
Note that Item 3 and Item 4 are equivalent since K is closed if and only if G = K¢ is open,
and p(K) =1 — u(K°).
From Items 3 and 4 to Item 5. For any set A, let int A be the interior of A, defined by

intA={xe€ A:3Ir>0s.t. By(x)C A},
and A the closure of A. Then int A C A C A, and A = A\ int A. By (5.9) and (5.10),

plint A) < liminf i, (A) < limsup pin (A) < p(A).

n—oo

But pu(0A) = pu(A) — p(int A) = 0, so u(int A) = u(A) = u(A), and the conclusion follows.
From Item 5 to Item 1. If z( is a continuous point of F, then p{zo} = 0 = p(d(—o0,x0)).
Hence,

Jim Fy (o) = T pun (=00, xo] = p(—00, 20] = F(x0)

Weak convergence can also be characterized using metrics on P(R).

From the proof of Theorem 5.7, (5.8) holds if and only if it holds for all compactly supported
continuous functions, denoted by C.(R). There is a countable dense subset (gm)m>1 C Cc(R), in the
sense that for every e > 0 and every g € C.(R), there exists g, such that sup|gm, — g| < . One
such subset is all the piecewise linear continuous functions, whose graphs are obtained by connecting
points (z;, g(z;)) € Q% Fixing such a dense subset (g )m>1, we have p,, = p if and only if

This means that weak convergence is characterized by the following metric:

d(p,v) = iz—m(m ‘/gmdp/gmdu )
m=1

that is, p, = w if and only if d(py,, u) — 0.
Another useful metric is called the Lévy distance between monotone function. To motivate it, let
us consider the graph of any increasing function F', defined by

I'r={(z,y):z€R, Flz—) <y < F(z+)} C R%
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The distinction of continuous and discontinuous points in (5.4) is caused by the potential discontinuous
point in F’; but from the point of view of the graphs, (5.4) just means that the graphs of F;, converge to
that of F'. To make this idea precise, we can use the Hausdorff distance to measure closeness between
any A, B C R? (R? could be any metric space):

dy(A,B)=inf{e >0: AC B., BC A}, D.=|J{y:ly—=z<e},
zeD (513)
=inf{e >0:d(a,B) <e, Yae€ A, d(b,A) <e, Vbe B},

where D, is also known as the e-neighborhood of D. The Lévy distance can be defined by
dr(F,G) =dyg(T'r,I'q).
The more well-known form of Lévy distance is
di(F,G) =inf{e >0: F(r —¢) —e < G(z) < F(z +¢) +¢€}.
The two definitions are exactly the same if we use ¢ distance in R? in (5.13).

We conclude this section by two simple properties of weak convergence.
Proposition 5.8 If X,, — X in probability, then X, = X.

Proof: It suffices to show that Eg(X,) — Eg(X) for any bounded continuous function g, which
follows from DCT. O

The converse is not true, unless the limit is a d-measure.
Proposition 5.9 If X,, = X where P(X = c¢) =1 for some ¢ € R, then X,, — ¢ in probability.
Proof: Since px{c—e,c+e} =0, by Item 5 in Theorem 5.7, we have

lim P(|X,, —¢|>¢)= lim ux,(c—¢c,c+¢e)°=pux(c—e,c+¢)°=0.
n—00 n—00

5.3 Characteristic functions

In this section we introduce the characteristic function (ch.f.) of a r.v. X, defined by

ox (&) = Ee®X = Ecos(£X) + iEsin(£X).
The integration of the complex-valued r.v. X can be done by integrating the real and imaginary
parts separately, that is, EX = EX; + ¢{EX5 if X; and X5 are real and complex parts of X. We also
recall the norm of a complex number z = a + bi is |z] = Va? + b2. Like absolute values we have the

following inequality for complex norms.
Lemma 5.10 Let X € C be a complez-valued r.v. Then |EX| < E|X].
Proof: Write X = X +iX5. Since ¢(a,b) = vVa? + b? is convex, by Jensen’s inequality we have

EX| = /(EX1)2 + (EX2)? = ¢(EX1,EXy) < Ed(X1, Xo) =< E\/X? + X3 = E|X|.

O
The ch.f. of a r.v. X is just the Fourier transform (up to some constants and signs) of this
distribution px. Unsurprisingly, a probability measure is uniquely determined by its Fourier transform,
and we will assume this fact without proof in this section.
We have some basic properties of the ch.f.s.
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Proposition 5.11 Let ¢(¢) = Ee®X. Then

1. o(=&) = p(&), where - denotes complex conjugate.
2, E€@X+h) — cib o qe).

5. 9(0) = 1 and [p(§)] < 1.

4. &€ @(&) is uniformly continuous.

Proof: We will only prove the last one; the others are straightforward.
For any & and &, we have

|(€1) — p(&2)| < E[eiX — X | = Elei®m@)X 1],
Since |e® — 1| < 2 for any y € R, by BCT, we have

lim E[e/X — 1| = E lim |e"* — 1| = E|e® — 1] = 0.
h—0 h—0

Since the upper bound only depends on & — &s, the conclusion follows. U

Characteristic functions are useful in the study of the sum of independent r.v.s, since the Fourier
transform turns convolutions into products.

Proposition 5.12 Let XY be independent. Then ox1y = ¢x - py-

Proof: For every fixed &, the function h(z) = €%? is bounded and continuous. Proposition 3.2 also
holds for complex-valued functions, and hence

px+v(§) = BR(X)h(Y) =Eh(X) - EL(Y) = x (§)py (€)-

O
Since h(z) = €%* is a bounded continuous function for every &, we know ¢x, — px pointwise

if X;, = X. The converse is true if (ux,, )n>1 is tight. This is the next result.

Theorem 5.13 (continuity theorem) If px, (§) — @(§) for every &, and ¢ is continuous at & = 0,
then there exists a r.v. X such that X,, = X and px = ¢.

Proof: We first show that the continuity of ¢ at 0 implies the tightness of (px,)n>1. We will use
Lemma 5.14 proven below, which gives

ool 2 2/up < 5 [ (1= o, (9) de (5.14)

—u

Note that ¢(0) = lim, 0 ¢x,(0) = 1. By continuity, for every ¢ > 0, there exists 6 > 0 such
that |1 — ¢(§)] < e when [¢| < 4. Taking u =6 in (5.14), since |1 — px, | < 2, by BCT we have

1
limsup o ol > 2/0) < lim 5 [ 1 g, (©)]de
n—0oo -5

n—oo

4
_ (15/_671132011 — ox, (§)] d¢
4
:;[J\l—w(f)\dﬁé%-

99



This implies the tightness of (ux, )n>1-

Since (px,, )n>1 is tight, by Theorem 5.4 there exists a subsequence (Xy, ) such that X,,, = X for
some r.v. X. Then Ee®*Xn — EeX and hence ¢x = ¢. Next we will show that X,, = X along the
full sequence. If not, then there exists f bounded, continuous and €9 > 0 such that

|[Ef(Xm,) — f(X)| > €0, along some subsequence (X, ). (5.15)

Since p X, ar€ also tight, there exists a further subsequence px , such that ka =Y for some Y.

But then we have gy = ¢ = @x, this contradicts with (5.15). O

Lemma 5.14 Let v be a probability measure on (R,B(R)) and ¢ be its ch.f. Then

v{iz:|z| >2/u} < i/_u (1 - gp(é)) dg.

(Since o(—&) = ¢(&) and the domain is symmetric, the integral on the right side is real.)

Proof: Using Fubuni’s Theorem, we have

/u (1— p(€)) de = /y(dx) /u (1— ei7) ge

—u —u

_ /u(dx) /u(1 ~ cosx) dé

—Uu

= /<2u — 2si;1um> v(dz)

- 2u/<1 > Siz;"m) v(de)

zu/ 1V(dﬂ:):u-y{a::|u:v]22}
{w:lua|>2} 2

Here, we usel—%Zl—]ux\*lzl/Q if |uzx| > 2. O

5.4 *Notes on Fourier transform

This section will give a brief introduction to the Fourier transform. The goal is to help the readers to
understand characteristic functions in a more general context.

Fourier transform is first defined for functions. The Fourier transform of a function g € L'(R) is
defined by

(Eq)(©) = [ ¢g(a)da. (5.16)
The integrability condition g € L!(RR) is to ensure the integral in (5.16) to be defined.

Remark 5.6 In general, one needs to decide where to put constants and plus/minus signs in defining the Fourier
transform; for example, more common definitions in harmonic analysis are

(Fo)(©) = o= [ ot@)da. o (Fa)©) = [ og(a)da.

But (5.16) agrees with the form of characteristic functions used in the probability theory so we will stick to it.
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One can also define the inverse Fourier transform by

(F-'h)(x) = o / IR (E) de. (5.17)

s

Note that like F, the natural domain for F~! are functions in L'(R). However, if ¢ € L'(R), then
in general we merely have Fg € L>°(R), so F~! is not a true “inverse” (but it will be after a proper
adjustment). When it happens that Fg € L!(R), the map F~! indeed takes Fg back to g. Here, the
form of F~1 in (5.17) depends on the choice we made in (5.16) to define F.

Proposition 5.15 If g € L'(R) and Fg € L'(R), then (F~' oF)g = g.

The proof usually involves some integration tricks, and can be found in most analysis/PDE text-
books that present the Fourier transform. We skip the proof here since the most important thing for
us is to know that the Fourier transform does have an inverse, at least in some sense.

The next question is that we need to define the Fourier transform for objects other than L' func-
tions, like the probability measures. One can say that probability measures are like L' functions, but
we will see below that the Fourier transform can even be defined for unbounded functions/measures.
The key are the “Schwartz space” and its dual space, the “tempered distributions”.

The Schwartz space contains smooth functions that decays fast at oo; more precisely,

S={geC®R): lim [2¥||¢"™)(2)] =0, Vk,m > 0}.

x|—00

We call functions in & Schwartz functions. We can talk about convergence in &: ¢, — g in S if for
every k,m > 0, sup,|z|"| gﬁlm) (z) — g™ (z)| = 0. The convergence can also characterized by the metric

o0

|f_g|k,m/\1 m
d(f,g9) = Z T omtk |7l em = sup|z[*|n(™) (2)].
k,m=0 *

A nice thing about the Fourier transform is that it turns differentiation 0% into multiplica-
tion (—i€)* and vise versa.

Proposition 5.16 Let g € S. Then for k > 1,

(Fg®)(€) = (~it)*(Fg)(€), F((—ix)*q) = Fg®.

Hence, the Schwartz space S is invariant under F. In light of Proposition 5.15, it is a bijection on

S.

Proposition 5.17 The Fourier transform F : S — S is a bijection.

Another obvious fact is that F is linear: F(f + g) = Ff + Fg. It is natural to consider the action
of F on the dual of S, called the tempered distribution, defined by

S’ := {continuous, linear functional on S}

= {¢ linear : S = R, [4(9)| < Cp kl9lk,m, Yk, m > 0}.

The space S’ contains all probability measures pu, identified with the linear functional
o) = [ 9(a) du(a).
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It also contains S itself, identified with the linear functionals defined by taking L? inner product:
o) = [ g@h(e)ds, hes.

The Fourier transform can be defined on &’ by duality:

(F0)(g) = L(Fg).

For example, if p is a probability measure on R, then by Fubini’s Theorem,

Ewte) = uEg) = [ [ [ o] due) = [[ [ 5 du©)]ow)do = [ ou@pgto)dz, vges.

where ¢, is the ch.f. of u. Hence, the ch.f. ¢, is F(p), when p is treated as an element in S’
Since F : § — & is a bijection, it is also a bijection on &’. Therefore, a probability measure is uniquely
determined by its ch.f.

If one needs more information, the inversion from ch.f.s to probability measures can also be done
via the inversion formula, which is more or less equivalent to Proposition 5.15.

Theorem 5.18 (Inversion formula) Let u be a probability measure on R and ¢ its ch.f. Then for
every a < b,
e

1 T efitb _ ,—ita 1
lim / ————¢(t)dt = p(a,b) + S pfa, b}.
T it 2

5.5 Central limit Theorem
5.5.1 CLT for i.i.d. random variables

We will use ch.f.s to prove central limit theorems. An important fact is that the derivatives of the
ch.f. is related to the moments of the r.v.; there is a more general result for the Fourier transform, see
Proposition 5.16.

Proposition 5.19 If E|X|* < oo, then o™ (&) = E(i.X)"e®X .

Remark 5.7 Let g(x,¢) = €%®. Then %g = (ix)"e* so Proposition 5.19 gives conditions to guarantee the
“exchange of differentiation and integral (expectation)”
dm o

Proof: We will only prove the case n = 1. For n > 2, the proof uses induction and a similar
argument.

Since E|X| < oo, we can define hy(€) = E(iX)e®X as |(iX)e®X| < |X|. Also, |h1(€)| < E|X], and
similar to Proposition 5.11, one can show that £ — h1(§) is (uniformly) continuous.

By Fubini’s Theorem, for every a < b, we have

b b b
[ mlerde = [TEGXE de = [ @) ag = B - ) = o(b) - pla).
Since hj is continuous, ¢ is the anti-derivative of hy by the fundamental theorem of calculus, that is,

(p/:hl. g

To deal with complex logarithm we often use the following lemma.
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Lemma 5.20 If |z| < 1/2, then |log(1 + 2) — 2| < |z|2.
Proof: The function log(1 + z) is analytic for |z| < 1, and hence we have the Taylor expansion

— (=Dt

log(1+2) = —
k=1
Therefore,
o0 | o
llog(1+2) — 2| < ZTS ng 2k_
k=2 k=2
O
We say that X has normal distribution N (u,0?) if X is a continuous r.v. with density
1 _ww?
fla) = —=e "
2ro

Let us compute the ch.f. for normal distributions.

Proposition 5.21 Let X ~ N(u,02). Then
px () = ez,

Proof: By Proposition 5.11, without loss of generality we can assume g =0 and o = 1. We need to

show . , )
. - 3
e e zdr=¢ 2.
/]R Ver

Completing the square, the left hand side is

1~ _@oin? &
/ e 2 .e 2 dx,
R V2T

N2
1= / LI (5.18)
R V2T
If ¢ is a real number, then (5.18) follows from a change of variables, but it is not. We need some
contour integral trick from complex variables.
Assume € > 0. Let h(z) = & e=**/2 z € C. Then h( ) is an entire function (since the exponential
function is nice), and by Cauchy 1ntegral theorem, fF z)dz = 0 for any closed contour I'. Consider

so it suffices to show

the contour T = | Ji_, Tk, where
Flz[—L,L], FQZ{L+iy:ye [0,{]}, F3:{$+ifl$€ [_L7L]}7 F4:{_L+iy:y€ [07‘5]}

with proper orientation (counter-clockwise). Then

)/FQh(z)dz)S/og\h(L—Hy)dyS \/127

and similar limit holds for I'y. Hence,

e 2 (L€ £ —0, L— oo,

lim h(z)dz = — lim h(z)dz. (5.19)

L—oo T L—oo Tz

The right hand side of (5.19) is right hand side of (5.18), while the left hand side of (5.19) is the
integration of the density of A/(0,1), which is 1. This completes the proof. O
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Theorem 5.22 Let X1, Xo,... be i.i.d. with EXy = p and Var(X;) = 2. Then
Sp — nu
—F = N(0,1).
Lt = N0
Proof: By Theorem 5.13 and Proposition 5.21, it suffices to show that for every & € R,

e Sn—np 142
Ee“ ovn — e 2t

n — oo.
Rearranging, the LHS becomes
iS Y Xmop i3 Y,
Ee vn &=m=1 ¢ = Eg vn&=m=1""T

)

where Y,,, = @ is the normalized r.v.s, with EY,,, = 0, EYT% = 1. The r.v.s Y, are i.i.d. Let ¢ be
the ch.f. of Y7. Then by independence and Proposition 5.12, we need to show

n _ l&'Q
lo(e/vm)|" — e8¢,
or equivalently, since the limit is positive and exponential function is continuous,
e
nlogp(€/vn) = —5&.

By Proposition 5.19, since Y7 has second moment, its ch.f. ¢ is twice differentiable, and ¢(0) = 1,

¢'(0) =1, ¢"(0) = —1. In particular, we have Taylor expansion for ¢ at 0 with Peano remainder:
1 .
e(m)=1- 5772 +77a(n), lima(n)| = 0. (5.20)
n—0

Note that the o(1) term «(n) is complex.
For n large enough, |¢(&/y/n) — 1| < 1/2, and hence by Lemma 5.20 and (5.20), we have

nlogp(¢/vn) + %52’ < ‘nloggo(é/\/ﬁ) —n(p(&/vn) — 1)‘ + ’n((p(f/\/ﬁ) 1)+ %52‘
< nle(VE/vn) = 1" + €lale/vn).
The second term converges to 0; the first term is
|- 58+ €ate/vi)| - le(e/vi) — 1] < Clole/vim) ~ 1

and also converges to 0. This completes the proof. ]

5.5.2 CLT for triangular arrays

The motivation to study CLT for triangular arrays is that normal distributions in real life, such as
height, weights and so on, are results of many independent, yet not identically distributed small factors.
When the r.v.s are not i.i.d., we need more delicate control of the ch.f.s.

The following result is useful.

64



Proposition 5.23 Let h(z) = ¢* and Py(z2) be the k-th order Taylor polynomials of h(z) at z = 0.
Then

k k
EX ) 2T

[p(&) — ERL(EX)] < E((k:+1)! i

In particular, when k = 2, we have Py(z) =1+ iz — % and

2
() — (1 ieex — SEx?) < (10 1 xp),
Proof: Since |h**t1)| < 1, we have
€ (i X)k+1gkp(k+1) 9X §X k+1
ex) - puex)| =| [T ) < EEE (5.21)
0 k! + 1)
The bound is bad if |£X] is large. Using (5.21), we also have
zgx EX|F
HEX) — PuEX)| < [h(eX) — Py 6] + L0 < o XD (5.22)
The conclusion follows from combining (5.21) and (5.22), and then taking expectation. O

Theorem 5.24 (Linderburg-Feller) Let (X, )0, —; be independent with EX,, p, = 0. Assume that

n
> EX], — 0 n— oo, (5.23)
m=1

and the so-called “Linderburg’s condition”:

Ve >0, M,:=> EX? lgx, .53 =0, n—o0. (5.24)

m=1
Then Sp = Xp1+ -+ Xnn = N(0,0%).

Proof: By independence,
n n
Eeifsn — H EeiEXn,m — H gpn,m(é')
m=1 m=1

By Theorem 5.13 and Proposition 5.21, it suffices to show that for every £ € R,

S logpnm(€) = — 5o (5.25)

The idea is to use the approximations log ¢y m (£) & ©nm(§)—1 ~ —EXim and sum over m. To control
the accumulated error after all these approximations, we need to use the Linderburg’s condition (5.24)
and Lemma 5.20.

By Proposition 5.23, we have

RS

2
|on.m (&) — EX2 ml < EE(EX0 ) A Xl < E(EIEXT pl + EXT (X, [22})

We also have
EX7’2L,7TL S 62 + EX72l,ml{|Xn,m|25}'
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Therefore, for some constant C' = C(§),

2

ln,m(§) — 1]s [onm(€) — 1 +
By first choosing e small enough and then n large enough, we can ensure that |, () — 1| < 1/2 for
all m.
Using Lemma 5.20, we have
52

Z (pn,m(g) -1+ ?EXg,m

Z ’ log Son,m( EX% m) Z ‘ log Pn, m SDn,m(g) + 1‘ +
m=1

n

< Z |onm(€) =117+ C1 Y (€EXZ,, + EX2 1 1{1x, |26}
=1

m=1

By (5.23) and (5.24), the limsup of second term is bounded by Cae as n — oco. For the first term, we
have

1<m<n

Z ’@n,m - 1’ max ‘Spnm )_ 1‘ ’ Z ’@n,m(ﬁ) - 1’ < C(5+Mn) : Z "Pn,m(é)

which is bounded by C3¢ since the summation is bounded by

€ & 2
Z SEXD ot [enm(©) =1+ SEXT,
m=1
Since € > 0 is arbitrary, we have
- & 2
lim Zl 108 Gnm(€) + S EX2,,| = 0.
Then (5.25) follows from this and (5.23). O

Example 5.8 We can recover Theorem 5.22 from Theorem 5.24.

Let Y, be i.i.d. with EY,, =0 and EY,? = 1. Let X,, ,,, = Y—\/% Then (5.23) is satisfied. For (5.24), we have
Y2 2 : 2
lim Z EXZ,.1(x, .5} = lim Z By, > viey = i EYPL gy, > iy = E lim EYP Ly, > sy =0,

n—oo n—oo n—oo
m=1 m=1

where the exchange of limit and expectation is due to EY}? < co and DCT.

Example 5.9 Theorem 5.24 can treat the case where the r.v.s are not identically distributed. Note that EY,? < C

along cannot guarantee that X, ,, = Y—\/’% satisfies the Linderburg’s condition (5.24). A sufficient condition is

that Y;, has uniform (2 + §)-moment for any § > 0, that is, E|Y;,|>T% < C for some C' > 0 and § > 0.
Indeed, for such Y;,, we have

n

Y, |2 H° C C
1 < E———m—m—1 < = 0 .
§: {|Ym|>v/ne} E: ~(Vne) {Ym|>yne} S T° n-(Vre)  (Vne) -0, n—00

m=1

Next we use Theorem 5.24 to derive a CLT-type limit theorem for i.i.d. r.v.s with infinite variance.
We should mention a result due to Lévy.
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Theorem 5.25 Let X, be i.i.d. and S,, be its partial sum. Then there exist ay, b, such that S"b;n“" =
N(0,1) if and only if

*P(|X1| > y)

E[X1211x,1<u)

0. (5.26)

The idea behind (5.26) is that to have normal distribution as the limit, each term in the partial
sum cannot be too large, while here the “largeness” is measured by y?P(|X1| > y), compared to the
truncated second moment of X7.

Let us consider i.i.d. r.v.s X,, where P(X; < —z) = P(X; > z) = 272, * > 1. We will show that

X1+ + X,
vnlogn
To apply Theorem 5.25, we need to compute variance. Since EX? = oo, we need to apply truncation

first. Let Yy, ,, = Xm1{|Xm|§cn} and S,, = 1+ -+ Y, . We first prove a simple result, saying that
if the truncation does not affect .S, much, then it will not affect the weak convergence.

= N(0,1).

Proposition 5.26 If P(S, # S,) — 0 and % = N(0,1), then Sz = N(0,1).

NG
Proof: Let g be a bounded continuous function and N ~ N(0,1). We have

Sn

Q(E) _g(N)‘ < ‘Q(Sn/bn) - g(gnbn)

+|g(Su/m) = g(V)|

< 25uplg| - P(Sn #5u) + [g(Su/n) = g(N)| = 0.

To have P(S, # S,,) — 0, a sufficient condition is

n

n
P(Yom # Xm) = nP(|X1] > ¢n) = 5 — 0.
m=1 Cn

We will choose ¢, = n'/21loglogn. The reason for double logarithm will be clear in a moment.
Now let us verify the two conditions (5.23) and (5.24).
For (5.23), we have

n en en o
> EYnQ,mzn/ 2yP (| X1 Zy)dyzn/ 2dy
m=1 1 1

Yy
=2n log(nl/2 loglogn) = nlogn + 2nlogloglog n.

So

‘\/nlogn

For (5.24), we have

’\/W (Yol zeviTogny = 0

for large n, since |Y,,| < ¢, = n1/2 loglogn < y/nlogn.
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5.5.3 Multidimensional CLT

In this section we discuss how to generalize the CLT to R?. First we need to introduce the weak
convergence and the ch.f. in R%.

We write X,, = (Xpn1,...,Xn4) € R? for i.i.d. random vectors in R?. We say that X, = X if
Eg(X,) — Eg(X) for every bounded continuous g : R? — R.. A family of probability measures on R?,
(fn)n>1, are tight, if for every e > 0, there exists a compact set K so that p,(K€¢) < e for all n > 1.
Since compacts sets in R¢ are bounded and closed, we can take K = [—L, L]d in this case.

Let X € R? be a random vector. Its characteristic function ¢y is

ex(6) =Ee*X, ¢eR

Here, - denotes the inner/dot product in R%: &2 := & a1+ - -+E&4z4. We have a version of Theorem 5.13
in R%.

Theorem 5.27 Let X,,, Xoo be random vectors in RE. Then X,, = Xo if and only if ¢x, (£) —
ox.. (&) for every € € RY.

Proof: The “only if” part follows from the definition of weak convergence and that x +— e®% is
bounded continuous.

For the “if” part, similar to the proof of Theorem 5.13, it suffices to show that (u, = px, ) is tight,
and we can use a subsequence argument to finish the proof.

Let ey, be the unit vector in the k-th direction. Then (ej - X}, )n>1 is a family of r.v.s, with ch.f:s

(k)

M) () = B Xn = ox (nex) — vx.. (ner),

where the limit is the ch.f. of e;- X and hence continuous at = 0. By Theorem 5.13, the distribution
of e - Xy, is tight, namely, for £/d > 0, there exists L; > 0 such that

pofer Xn @ [FLi L} < 5, Vn> 1.

Do this for every k € {1,...,d}, and let L = max{L1,...,Lg}, we have

d
X € (L LYY <3 pafer- Xo ¢ [~Ln Ly <d- S =,
k=1

and hence (fi)n>1 is tight. O

In fact in the proof we have characterize weak convergence in R¢ via weak convergence in R.

Proposition 5.28 The weak convergence X, = X holds for random vectors in R® if and only
if0-X, = 0-X as r.v.s for every 6 € R%.

We are ready to give a multidimensional version of CLT.

Theorem 5.29 (CLT in RY) Let X,, be i.i.d. random vectors in R, with EX; = u € R?, and
covariance matriz T = E(Xy — p) - (XT — ), that is,

Ljp = Cov(Xyj, X1k), 1<4,k<d.

Then

iSn—np 1,7
Ee' Ve © o3t € ¢eRr,

where ¢35 T¢ s the ch.f. of the multi-variate normal distribution N'(0,T).
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Proof: Assume y = 0. Let N ~ N(0,T). Then 6 - N ~ N (0,07T6). We have

. 2
6157% -On \/‘Z 1(Xm-0) N 6—777~9TF9

by Theorem 5.22 and
E(0-X1)2=E0T X, XT0=06"T0.
This and Proposition 5.28 prove the theorem. O

To allow possible degeneracy, the most convenient way to define the multi-variate normal N (p, T")
is to use the ch.f.:
T

ON () (&)

Note that the covariance matrix I' is always semi-positive definite symmetric. If all eigenvalues of T'
are positive, then N (0,T") has a density given by

1 (e Tr Y@y
2

(V2r)d/det(D)

In general, one can diagonalize I to get I' = Zi:l )\kvavk where ¥, form an orthonormal basis in R?
and A > 0. Then N(0,T") can be realized as

d

N = Z )\kskﬁk,
k=1

where ¢, are i.i.d. A'(0,1) r.v.s. Another way to define multi-variate normal is by projection: we say

that N ~ N (u,0) if - N ~ N(0 - 1, 607T0) for every 6 € R%.

6 Weak convergence on general spaces and functional CLT

6.1 Preliminaries for probability measures on metric spaces
Let (M,d) be a generic metric space, where d : M x M — [0,00) is the metric. Examples include:
e M =RY, the d-dimensional Euclidean space, with d(z,y) = |z — yl,, p € [1, o0].
Here, all £, norms are equivalent, that is, they generate the same open sets.
e M =CI[0,1], the space of continuous function on [0,1], with d(x,y) = supcjo ]x(t) —y(t)|.
o M = LP(Q, F, ), the space of LP-functions, with dpr(f —g) = [|f(x) P p(dx).
We first recall some basic concepts for metric spaces.

e Open sets. A set G C M is open if G contains an e-ball around every x € GG, that is, Va € G,
Je > 0 s.t. y € G whenever d(y,z) < ¢

e Closed set. A set ' C M is closed if F is open.

e Completeness. The space M is said to be complete if every Cauchy sequence (z,) C M has
a limit point in M, that is, if imy e SUP,, 1> N d(Tn, Tm) = 0, then there exists zo, € M such
that lim,,—yo0 Tn, = Too-

Most metric spaces are complete, like R%, LP and Cla, b]. If starting from a non-complete metric
space, one can always complete it using Cauchy sequences, as one did in completing Q to get R.
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e Compact sets. A set K C M is compact, if every open cover |J;c; G; D K contains a finite
subcover G, U---UG;, D K.

e Separable. The space M is called separable if there exists a countable dense subset D. We say
that D is dense in M, if for every € > 0 and x € M, there exists y € D such that d(z,y) < €.
The Euclidean space R? is separable by taking D = Q%.

The space C[0, 1] is separable by taking D = |J;2 | D, where

D, = {x € C[0,1] - z(t) € lZ, te lZ, and linear on [i/n, (i + 1)/n]}
n n

The space LP(R?) is separable when p # oo.

Another class of non-separable spaces are linear operators on Banach spaces. For example, all the
bounded linear map from LP(R) (p € [1,00)) into itself, equipped with the operator norm, is non-
separable, even if LP(R) is separable. To see this, the translation operators (7sf)(x) = f(s + x)
are bounded and linear on LP(R), while |75 — 7¢|| = 1 whenever s # s, so (75)ser cannot be
close to a countable set.

One way to use compactness and separability is as follows: if M is a complete, separable, compact
metric space, then C(M) is compact.

e Sequentially compact. A set K is sequentially compact, if every sequence (z,) C K has a
subsequence (x, ) such that x,, — x, for some z, € K.

On separable metric spaces, compactness is equivalent to sequentially compactness, so we do not
distinguish between them hereafter.

On R%, compact sets are bounded, closed sets.

On C[0, 1], by Arzela—Ascoli, (zy)ner are sequentially compact if and only if they are uniformly

bounded,
3C > 0, s.t. sup sup |z, (t)] < C, (6.1)
nel te(0,1]
and equi-continuous,
Ve >0, 30 >0, s.t. |zn(t1) —zn(t2)| <&, Vnel, V|ty —ta] <6. (6.2)

Assuming (6.2), (6.1) can also be replaced by

AC > 0, s.t. sup|z,(0)| < C, (6.3)
nel

Let fin, ftoo be probability measures on (M, d). We say that u, converges to po, weakly, denoted
by iy, = oo, if for every bounded continuous function g : M — R,

/ gdpn — / gd.
M M

We say that (un)ner is tight, if for every € > 0, there exists a compact set K C M such that
pn(K) <e, mel.
We have seen these definitions for M = R. For general metric spaces we have the following result.

Theorem 6.1 (Prohorov Theorem) Let (M, d) be a separable and complete metric space (a.k.a. Polish
space). Let (fn)n>1 be probability measures on (M, d). If (un) is tight, then there exists a subseqeucne
(ftny,) and poo such that fin, = foo.
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6.2 Donsker invariance principle

Let X,, be i.i.d. r.v.s with EX7; = 0 and EX12 = 1. We can extend the partial sum S,, = X7 +---+ X,
to a continuous function on [0, 1] by defining

~ S, t=2 m=0,1,...,n,
Sn(t = .m " 1
linear, 7+ <t < mtl

Then % is a random element in C[0, 1].

Theorem 6.2 (Donsker’s Invariance Principle/functional CLT) The law of %, as a probility distri-

bution on C[0,1], converges weakly to the Wiener measure, the law of the Brownian motion.

In this section we will not rigorously define what is the Brownian motion, or the Wiener measure,
as it is a large subject studied in details in stochastic analysis. We will be content with establishing

the tightness of the law of j%, and have a better understanding of the central limit theorem.

First we want to reformulate the equi-continuity condition (6.2). For z € C[0,1] and § > 0, we
define the modules of continuity of x at § by

@6y = sup [e(tr) — a(ts)].
|t1—t2‘<5

Then (6.2) is equivalent to
lim sup w(zy,d) = 0. (6.4)

—0 pn

Proposition 6.3 Let p,, be the law of random elements x,, € C[0,1]. The (pn)n>1 s tight if and only
if for every € > 0, there exists C' > 0 such that

nf{lzn(0)| > C} <e, VYn>1, (6.5)
and for every n > 0, there exists 6 > 0 such that
pn{w(zn,d) >nt <e, Vn>1. (6.6)

Proof: The “only if” part is simple. We will prove the “if” part.
Let € > 0. By (6.5), there exists C' > 0 such that

pn(Ao) >1—¢/2, n>1, Ay={z:|z(0)] <C}.

By (6.6), there exist 0 for all £ > 1 such that
1
pn(Ap) >1—¢/28 n>1, Ay ={z:wxd) < %}

Now let A = (72, A and let A be its closure. By subadditivity, for all n > 1 we have
pn(A) > pn(A) > 1= (A7) > 1 <.
k=0

We will estabilish the tightness, by showing that A is a compact set in C[0, 1].

71



It suffices to check the two conditions (6.3) and (6.4) on A. Let 2z € A. We have |2(0)| < C since
x € Ap. Since z € A, w(zx, ) < % for all k. Since w(z,d) is decreasing in J, we have

1
lim sup w(zx,d) < limsup — = 0.

00 cA k—o0
i U
Now we will use Proposition 6.3 to show that u, = K(S\’}%)) is tight.
(6.5) holds since S,,(0) = 0.
For (6.6), let 1,6 > 0, and let m be such that g < § < 7t. We claim that
[n/m]
St — Skm
weo(@,8) =0} < 37 jun |22k > y3). 6.7
pniw(z,0) > np < 2 N ey (6.7)
Indeed, let us decompose [0, 1] into intervals [0, m/n], [m/n,2m/n],...,[(n —1)/n,1]. Then for |t; —

ta| < 6 < m/n, the points t; and ¢ either fall into the same interval, or into two adjacent intervals,
or otherwise their distance will be larger than m/n which is impossible. On the union of the events
at the RHS of (6.7), if t1,t2 € [km, (k + 1)/n], then

~ ~ ~ ~ 2
50(t) = §(t2)] < 8a(t) — el + 19 (t2) — 85 < 207

[\

orif km <ty < (k4+1)m <ty < (k+

1S (t1) — S(t2)| < [Sn(t1) — Skl + [Skx — Skl + |Sn(t2) — Skt1| < V.

)m7

Now let us continue (6.7). Since X; are i.i.d.; all the summmands in the sum are the same and
equal to the first one. We have

(max@ < n/S)

€<wz\/ﬁ -

IN

SRS
=
S

pn{w(z,0) > n}

IN
SRS

> Q

P<maX|Sg| > )\\/E),
<m
where A =1/ 3v/6. It remains to show for every & > 0, there exists A > 0 such that

lim sup )\QP(I&aX\SA > A\/ﬁ) <e. (6.8)

m—o0

Note that by Kolmogorov’s maximal inequality Proposition 4.17, at best we have
)\2P<Ieriax|5£| > )\\/ﬁ) < Var(S,,)/m = EXZ,
<m

which cannot be made arbitrarily small.
We will use the following improvement of Proposition 4.17.

Lemma 6.4 Let X, be independent with EX,, = 0 and D? = Var(S,). Then

P( max |Sy| > )\Dn> < 2P<|Sn| > (A — \/§)Dn>. (6.9)

1<k<n
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Let us postpone the proof of Lemma 6.4 and see first why it is helpful. If applying Chebyshev’s
inequality on the RHS of (6.9), it is not better than Kolmogorov’s inequality. However, if X, are
i.i.d., then by the central limit thoerem, S, /y/n = N(0, 1), and hence

1 2 [ 1 a2 1 _o-v2?
li —P(|Sn| = (A — V2 == T2 dx < .
im sup 15 <\S | > ( \[)\/ﬁ) 32 /(/\\/5) \/Te ? dx C)\2 2

And (6.8) follows.
Proof of Lemma 6.4: Let T = inf{T : |Sx| > A\\/nD,,}. Then we have

n—1
P(T <n) <P(Sp>(A=v2)Dy)+ > P(T =k, Sy<(A=V2)Dy)
k=1
k=1

Since {T = k} € o(X1,...,Xy) and |S, — Sk| € 0(Xk41,...,Xn), they are independent, so we can
continue to get

P(T <n) <P(S, > (A—V2)D +ZPT k)P(|S, — Si| > v2D,,)
P(S, > (A —V2)D +ZPT ) 5ps Var(S — Sk)

<P(S, > (A—+v2)D +ZPT k

P(S, > (A —V2)D,) + 5P(T <n).

Rearranging the terms, we obtain (6.9). O

Finally, let us mention that any sequential limit of p, has the same finite dimensional distribution,
and hence the limit point is unique. Indeed, consider the bounded, continuous function

F(z) i= exp(i(1(t) + & (ats) — 2(01)) + -+ m((tm) = 2(tm 1)) )

where §; € Rand 0 < ¢; < --- < t,, < 1. Then by the functional CLT, [ F(z)du, converge. On the
other hand, by CLT, [ F(z)dp, as the ch.f. of the random vector (xn(tl), Tp(ta)—xn(t1), ..oy xn(tm) —

xn(tm,l)) will converge to the ch.f. of N(0,diag{t1,t2 — t1,...,tm — t;m—1}). The charaterizes the
f.d.d. of the Brownian motion.

6.3 *Tightness and weak-* convergence

(to be completed)
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7 Poisson limit theorem and stable laws

After studying the CLT, one may wonder why is the normal distribution is so special, and what will
happen if the i.i.d. r.v.s do not have second moment. In this section, we will investigate this problem.

As a prototype, we consider X,, i.i.d. with P(|X1| > x) ~ 2™ for some a < 2. Note that a < 2
implies that E|X;|? = oo since

EIX, [ = / 2P(1X1] > y) dy.
0

We want to study the weak limit of #2=ts  where ay,,b, are properly chosen so that the limiting
distribution is non-degenerate. Motlvated by the functional CLT, we can be more ambitious by asking
what is the function limit

[ap—
L(t) = lim 27"

n— 00 A,

as a random function of ¢.

The answer is that when E|X;|?> = oo, the function L(t) is no longer continuous. If we record
the locations, ¢, and the sizes, ¢, of all the jumps, then we get a random point process in the (t,¢)-
plane. This point process is a so-called Poisson Point Process, which enjoys the maximal degree of
independence of all point processes.

7.1 Poisson limit theorem and Poisson point processes

Recall that X ~ Poi()) if P(X = k) = ),‘C—Te_k, k > 0. Here, the probabilities sum up to one thanks to
A oo AP

the Taylor expansion e* = ) ;= 7+. The ch.f. of X is then given by
1.6 = i€ k>\k Y e —1)
Ee's* = Z(e ) e =e . (7.1)
k=0

The Poisson distribution models the cumulative effect of many rare events, as the following result
shows.

Theorem 7.1 (Poisson Limit Theorem) Let X, ,,, ~ Ber(ppm) be independent. Assume that

an,m—>)\, n — 00,

and

ax |Dnm| = 0, n — oo. (7.2)

Then Sy, = Xp1+ -+ Xpn = Poi(A).

Proof: We will prove this by computing the ch.f.
By independence, we have

n

n
EeifSn = H [(1 - pn,m) +pn,me H 1 + Dn, m - 1)] .
m=1

m=1

By (7.2), [pnm(e® — 1)] < 1/2 for large n. Using Lemma 5.20, we have

n

n n
. . . 2
log Eet¢5n — Z Prm (e — 1)‘ < Z |Pnm (e — 1)|” < max|ppm| - Z Dn.m — 0.
m=1

m=1 m=1
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This completes the proof. O

Next we define the Poisson point process on the measurable space (H,H) = (R% B(R%)). In the
sequal the cases d = 1 or 2 are most relevant to us.

A Poisson point process (PPP) on (H,H) is a random counting measure v on H, that is, for every
C € H,v(C)is ar.v. taking values in {0,1,2,... }U{oo}. The quantity v(C) counts how many points
fall into the set C, since the location of points are random, v(C') is also random. In addition, the
distribution of all v(C) is characterized by the following.

1. For every C € H, either Ev(C) = oo, or v(C) ~ Poi(Ev(C)). We define A\(C) := Ev(C'). Then
A(C) is a deterministic measure. We call A the intensity of the PPP v.

2. For disjoint C4,...,Cy € H, the r.v.s v(Ch),...,v(C,) are independent.

Example 7.1 (Poisson process) Let H = R and A be the Lebesgue measure on R. The process N; = v/(0, 1]
contains all the information of the PPP v, and we call N; is a Poisson process. The point process models the
arrival times of customers, where the waiting time for the next customer are i.i.d. Exp(1) r.v.s.

Example 7.2 (Compound Poisson) Let Y,, be i.i.d. and N; be the Poisson process, independent of all Y,,. The

r.v.
Ny
Z, = Z Y,,
m=1

is called a compound Poisson. Note that Z; can be represented as an integral against a PPP on R?:

7, = / Cv(dtde),
[0,t]xR

where v is a PPP on R? with intensity A = Leb ® uy:.

Example 7.3 We can further generalize the compound Poisson as follows. Let v be a PPP with intensity A, and
let f be a measurable function such that [ |f(z)| A(dz) < co. Then we can study the r.v.

Z:/f(z)l/(dz). (7.3)

7.2 stable law limit theorem
Let X, > 0 be i.i.d. with P(X; > z) ~ 27 where a < 2.
Proposition 7.2 Let 0 < a < b. Then
#{1<m<n:Xn/n'* e (a,b)} = Poi(a™ —b™%). (7.4)

Proof: The LHS of (7.4) can be written as sum of i.i.d. Bernoulli random variables, > " _; &,m,
where

gn,m = 1{Xm/n1/a6(a,b)} ~ Ber(pn),

and
pn = P(X1/nY* € (a,b)) ~ (a™® — b~ *)n" .

The conclusion then follows from Theorem 7.1. O

In fact, a much stronger statement holds. Consider the rescaled point process given by
n
Vp = Z 5(
m=1
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Proposition 7.2 says that for every rectangle R = (a,b) x [0, 1], v,(R) = Poi(A(R)), where
A(dtdl) = Leb @ (Lysoal™ Tt ade). (7.6)

One can show that the v, = a PPP with intensity A given in (7.6).
St
nl/o

With the representation (7.5), we can express as

S
. /” = / v (dtde).
n/ [0,¢] xR

In particular, the limit of \/:ILT should be related to

/ (u(dtde), (7.7)
[0,1]xR

where v is the PPP with intensity (7.6). This is a r.v. taking the form (7.3).
If we consider a more general tail condition

P(X1 >z)~0z7% PXi<—-z)~(1-60)z° (7.8)
then the intensity of the corresponding PPP will be A = Leb ® A\, ¢ where
Ao = (1{,_;<0}a(1 — gyl 4 1{z>0}a9w*1) . (7.9)
Theorem 7.3 (Stable law limit theorem) Let X, be i.i.d. that satisfy the tail condition (7.8). Let
ap = inf{z : P(|X1| > 2) < n_l} ~ nl/o‘, bn = nEX1141x,|<an}-

Then S2=tn = Y where Y is a non-degenerate r.v. with ch.f.

an

ey , = ige _ g _ K
Ee's' = exp(zfc—i— /Oo(e 1 o xQ)/\a’e(dw)) (7.10)

where ¢ € R and Ay g is given by (7.9).

The proof of Theorem 7.3 is quite technical and we will try to understand the statement rather
than prove it. The connection between (7.10) and (7.7) can be seen through the following computation.

Proposition 7.4 Let v be a PPP with intensity A, and let f be a measurable function such that
J1fldX < co. Then

Ee’ /S — exp (/(eigf(x) -1) A(dx)). (7.11)

Proof: We will prove (7.11) for f an indicator function, a simple function, and then a general
function in L!(d\).
First, let f =14. Then [ fdv = v(A) ~ Poi(A(A)) by the definition of PPP. Hence, by (7.1),

Ee ) fdv — e><;p()\(A)(ei5 -1)) = exp(/(eiglf‘(z) -1) A(dz)),
since ¢$14(2) — 1 =0 14(2) =0.
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Next, let f(x) = > p_; cxla,(x) to be a simple function. We can assume that Ay, are disjoint. By
definition of PPP, v(Ay) are independent Poi(A(Ag)) r.v.s, so we have

n
Eei€ Yot crv(Ax) H (ei€eh—1)

It is easy to check that
(1) — 1) \(d2).

.=

D AAR)(e* —1) =
k=1

Finally, for a general function f, we can approximate it by f, simple, with |f,| < |f| and f,(z) —
f(z) for every z. It suffices to show that we can pass the limit on both sides of (7.11).
Note that [|f]d\ < oo implies that

e [Iflav = [If1r < o

so [|f|dv < oo for almost every v, and hence by DCT on such v,

lim [ fu(2)v(dz) / f(z

n—o0

Then by BCT,
lim Eezéffn(z v(dz) _ Eezﬁff 2)v dz)

n—oQ

For the right hand side, since

€7 — 1] < el fu(2)] < 1E] - ()],
it follows from the DCT that

n—o0

lim [ (%) — 1) A(dz) = / (5 — 1) \(dz).

From Proposition 7.2, in (7.10) the term

/00 (eiéx — 1) Aa,0(dx)

—00
will correspond to
/ (v (dtdl) ~ S, /n'/?,
[0,1]xR
where v is PPP with intensity A, ¢. The extra term lfx
X1; in the symmetric case § = 1/2, the term can be dropped, since it is odd and A, ¢ is even.

How do we understand the index a? In the proof of Theorem 7.3, one needs to the contribution
from small jumps and from big jumps. In (7.10) only contribution from big jumps matters; they
appear in the limiting PPP. We can compare the contribution from small jumps and big jumps from
the form of A\, ¢. For simplicity, let us say the law of X is symmetric, and thus § = 1/2. When a < 1,
the sum of small jumps are negligible compared to large jumps, since

E’ €Vd£ /z 2l < oo, (7.12)
—€
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while the large jumps contribute much more since

/ Y dl = .
3

When o € (1,2], the RHS of (7.12) is also oo, but if we consider the cancellation of positive and
negative jumps, as the Kolmogorov’s one-series theorem suggest, we should integrate ¢? rather than
£. Since

&€
/ et dl < oo, (7.13)
0

the sum of small jumps still converges, while the sum of large jumps diverges since
oo
/ oot = . (7.14)
g

But when o > 2, the integral (7.13) will diverge, while the integral (7.14) is finite, so the main
contribution to the sum S, is from small jumps, and since all jumps are small, we see a continuous
distribution as the limit; this intuition agrees with the Linderburg’s condition (5.24) and the equi-
continuity estimate (6.2) when we derive the functional CLT.

7.3 Stable laws and infinite divisible laws

Random variables with ch.f.s of the form (7.10) are called stable laws. Besides the ch.f., an “official”
definition for the stable law is the following.

Definition 7.1 A r.v. Y has stable law if for every k, there exist ai, by such that

Yi+-+Ye—bp a
ag N

Y,

where Y; are i.i.d. and Y 4 Y. Here, X, dist Xo means that X| and Xo have the same distribution.
The next theorem explains the word “stable”.

Theorem 7.5 A r.v. Y has stable law if and only if there exist i.i.d. r.v. X,, constants a, and b,

such that
X1++Xn_bn

an

=Y.

Proof: The “only if” part follows from the definition with X, dy.
For the “if” part, we only explain the intuition.
If X,,, a,, and b, exist, then for each k,

d . X1+"'+an_bkn
Y = lim
n—oo QAlen,
Xi+4+Xn—b; Xk—1nt1t+Xkn=bn | kb, —brn,
N T an T o
= lim
n—oo akn/an
d Yi+---+Y,—ay
b ’
where 1 b
- . = . — Ok
ar = lim agp,/a,, by = lim ———7, (7.15)
n—o0 n—o00 Akn
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So after we show that the two limits in (7.15) indeed exist, we know that Y has stable law. O

A closely related concept is infinitely divisible law. A r.v. Y has infinitely divisible law if for every

n > 1, there exists X, 1,..., X, ii.d. such that ¥ 4 Xn1 + -+ Xppo Clearly, a stable law is

infinitely divisible, by taking X, ; = Yk%ﬁ:‘/n. Also, Y is infinitely divisible if and only if for every
n > 1, the n-th root of its ch.f. is also a ch.f. for some r.v. (X, 1). There is a characterization of

infinitely divisible laws similar to Theorem 7.5.

Theorem 7.6 A r.v. Y has infinitely divisible law if and only if there exist i.i.d. X, such that
Xn,1+"'+Xn,n:>Y-

The celebrated Levy—Khinchin Theorem completely characterized the ch.f.s for infinitely divisible
law.

Theorem 7.7 [Levy—Khinchin] A r.v. Y has infinitely divisible law if and only if its ch.f. takes the
form

1+ 22

2 .
log () = ic = G+ (5 — 1= 150 uaa),

where ¢,o € R and p is a measure with p{0} =0 and [ 1_?% p(dr) < oco.

We conclude by some examples of infinite divisible laws.
Example 7.4 1. Normal distribution. The ch.f. is eiré=37°€",
2. Stable laws. The ch.f. is given in (7.10).

3. Poisson distribution. The ch.f. is e*e*=1),

4. Compound Poisson or integral against a PPP. The ch.f. is given in Proposition 7.4.

8 Martingales

8.1 Conditional expectation
8.1.1 Definition

Let (2, F,P) be a probability space and G C F be a sub-o-algebra. Let X be a r.v. with E|X| < co.
The conditional expectation Y = E[X | G] is a r.v. that satisfies the following two properties:

Y is G-measurable,

EY1l4=EX1,, VAcg. (8.1a)

Such r.v.s Y are not unique. We call each of them a version of E[X | G].
Let us look at a simple o-algebra G = {@, B, B¢, Q} and take X = 14. It is not hard to show that
any G-measurable map is a linear combination of 1g and 1g.. Therefore,

E[14|G](w) = c1lp(w) + c2lp(w),
And we need to determine ¢; and ¢o. Since B and B¢ are in G, by (8.1a) we have
Elalp = E(c113 + clec) 1p = \P(B), Elslpe = E(cllB + C213c)1Bc — &»P(BO).

So
a1P(B) =P(AB), P (B°) =P(AB°).

There are three cases.

79



1. If P(B),P(B¢) # 0, then ¢; = PAB) P[A|B], ca = PP((ABE;) = P[A| B€] are the classical
conditional probabilties.

2. If P(B) = 0 (and hence P(B¢) = 1), then ¢; can be arbitrary and ¢z = P(A), but the conditional
expectation is only undetermined on a zero measure set B.

3. If P(B°) =0 (and hence P(B) = 1), then ¢y can be arbitrary and ¢; = P(A), and this is similar
to the previous case.

Note that from elementary probability, we also avoid P[A| B] if P(B) = 0.

As a generalization of the previous example, suppose we can partition the sample space €2 into
disjoint union of at most countably many sets ) = Uf:[:l Qy,, where P(2,,) >0 and 1 < N < oco. Let
G =0(Qy, n>1). Then we have

E[X | G)(w) = i

In particular, when X = 1,4, we define the conditional probability of A w.r.t. G to be

P(AQ,)

PIA4]6](w) = PIA| 2] = 57,

w € N,.

8.1.2 Uniqueness and Existence

Since r.v.s are indistinguishable up to modification on zero measure sets, our best hope is that condi-
tional expection is unique in the almost sure sense.”We start with a simple lemma.

Lemma 8.1 Let Y be a version of E[X |G]. Then E|Y| < E|X].
Proof: Since Y € G, we have A ={Y >0} € G. By (8.1a), we have
EYt =EY14=EX1,4 < E|X|14.
Similarly, A¢ € G and we have
EY~ = EYl = —EX1ue < E[X|L4e.

0

Proof of a.s. uniqueness of conditional expectation: Let Y and Y’ be two versions of E[X | G].
For every € > 0,let A. ={Y — Y’ > ¢} € G. By (8.1a), we have

P(Ae) <E(Y — Y,)]-AE =EX14 —EX14 =0.

Therefore,
oo
P(Y -Y'>0) <> P4, =0.
=1
By symmetry we also have P(Y' —Y > 0) = 0. Hence, P(Y’' =Y) = 1, as desired. O

For the existence of conditional expectation, we need the Radon—Nikodym Theorem, Theorem 1.17.
Let
vi(A) =EX*1,, Aeg.
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For any disjoint A, € G, since E|X| < oo and |X| > SN X*1, , by DCT, we have

N 00
UA y=E lgnOOZXilA :J?M;Exilfln:;yim)

n=1

Also, v4(Q) < E|X| < 00. So vy are finite measures. Clearly, v1 < P. By Theorem 1.17, there exist
r.v.s Y+ € G such that ve(A) = EY*14. Let Y =Y+ —Y~. Then Y is a version of E[X |G].

Let X € L' and Y be an arbitrary r.v. We write E[X |o(Y)] as E[X|Y], since any o(Y)-
measurable map has the form h(Y') where h is a Borel measurable function. As another example, let
(X,Y) be 2d random vector with density f(x,%), that is, for any B € B(R?),

P((X, Y) e B) = /Bf(:n,y) dxdy.

Proposition 8.2 Let g be bounded measurable. Then E[g(X) ’Y] = h(Y), where

S 9(z)f(zy) dz
h(y)={ff”d1’" Jf@y)do 20 (8.2)
c, [ f(z,y)dx =0,

where ¢ € R is arbitrary.
This means that the conditional law “L[-|Y]” has density

fz,y)
[ fa,y)dz"”

Proof: Since o(Y) = {Y"}B) : B € B(R?)}, for any A € o(Y), there exists some By such that
A=Y "YBy), and 14(w) = 1p,(Y(w)). We have

px|y (zly) =

[ 1 @)1 Plda) = [ 1Y ()L, (Y () Pld)
=/ (¥)1B,(y) f(z,y) dady

/130 y/h xydx]
:/130 dy/g

- / 9(2) 15y (1) f (., y) drdy = / 9(X (@) 14 (Y (w)) P(d).

That is, Eh(Y)14 = Eg(X)14. In the fourth line, we have used

/ h(y)f(z,y) do = / g(2)f (e, y)dz, V,

which follows from (8.2). Therefore, h(Y) = E[X | Y]. This completes the proof. O
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8.1.3 Properties of conditional expectation

Proposition 8.3 Let E|X|,E|Y| < 0.

1. (linearity) For all a,b € R

E[aX + Y |G] = aE[X | ] + bE[Y | G].

2. (order preserving) If X <Y, then

E[X|G] <E[Y|G], a.s.

3. (conditional MCT) Let X,, >0, X,, T X and EX < co. Then

E[X,.|G] TE[X|G], a.s.

Proof: For Item 1, we have for every A € G,
E(lA . E[CLX +bY ‘ Q]) = ElA(CLX —l—bY) =aElaX +DEL,Y
= aE(14 - E[X |G)) +bE(14-E[Y|G]) = E(lA- (aE[X | G] +bE[Y\Q])>.

For Item 2, consider A, = {E[X | G] — E[Y | G] > €} and proceed as in the proof of uniqueness.
For Ttem 3, let Y;, = E[X,, | G]. Then by Item 2, Y;, 1 almost surely. Let Y be the a.s. limit of Y.
For any A € G, since Y14 T Y14 a.s., by MCT we have

lim EY, 14 =EY1y4.
n—o0
Since X;,14 T X14, by MCT we have

lim EX,14 =EX1,4.

n—o0

But EX,,14 = EY,,14 by definition. Therefore, EX14 = EY14 for every A € G, so Y =E[X |G]. O

Using Item 3, it is not hard to establish Fatou’s lemma and DCT for conditional expectations.

Proposition 8.4 (Jensen inequality for conditional expectation) Let ¢ be convez. Suppose that E|X| <
oo and Ep(X) < co. Then

E[p(X)|g) = p(EIX |G]), as. (8:3)

Remark 8.1 Recall that in proving the unconditional version Proposition 1.29, we took expectation of the
inequality ¢(x) > ax 4 b, where we chose a and b so that ax +b is a tangent line at x = EX. For the conditional
expectation, such strategy has a measurability problem. To take the conditional expectation of the inequality
o(z) > ax + b, the numbers a and b will vary with the choice of E[X | G], which is not a fixed number and can
take values in an uncountable set such as R. The resulting inequality E[p(X)|G] > «E[X | G] 4+ b only holds
outside a zero measure set depending on a and b, and since the uncountable union of negligible sets can fail to
be negligible (or even measurable), we cannot argue (8.3) holds a.s.
The idea of actual proof is deal with this issue.

Proof: All the straight lines below a convex function ¢ fully characterize it We can do better by
using a countable number of them, that is,

o(x) =sup{ax +b:a,beQ, o(t) > at+0b, Vt}. (8.4)
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For every (a,b) in (8.4), by Proposition 8.3 there is a Ny with P(N, ) = 0 such that
E[¢(X)]|G](w) > E[aX +b|G] = aE[X |G](w) + b, Vw € NS, (8.5)
Hence, when x ¢ N =, ;, Nap, by (8.4) and (8.5) we have

(8.
E[¢(X) |G](w) > p(E[X |G](w)). (8.6)
On the other hand, by o-subadditiviy, P(N) < >, P(Nap) = 0, and hence (8.6) holds a.s. O

Below we prove some other useful properties for conditional expectation.
Proposition 8.5 E(E[X |G]) = EX.
Proof: It follows from (8.1a) by taking A = Q. 0
Proposition 8.6 Let p > 1. Then E|X|P > E’E[X | g]]”.

When p = 1, this is contained in the proof of Lemma 8.1.
Proof: Since z +— |z|P is convex for p > 1, by Proposition 8.4 we have

E[IX[ 1G] > |ELX |G]|".
Taking expectation of both sides and using Proposition 8.5, we obtain the statement. ]

Proposition 8.7 If Y € G, then
E[XY |G] =YE[X|]]. (8.7)

Proof: Let H be the collection of Y’s such that (8.7) holds. Since we have linearity and MCT for
conditional expectation (Proposition 8.3), it suffices-to show that H contains all indicator functions.
Let Y = 1p where B € G. Let A € G and we need to check (8.1a). Indeed,

E(1a - E[XY |G]) = EXY14 = EXLanp = E(LansE[X |]) = E(La - (VE[X|G])).
This completes the proof. O
Proposition 8.8 If X is independent of G, then E[X |G] = EX, and if X € G, then E[X |G] =
Proof: Let A€ G. If X and G are indepedent, then
E(14 E[X|G]) = EX14 = EX -El, = E(14-EX).

This proves the first statement. The second statme is obvious.

O
Proposition 8.9 Let Gy C Gy. Then
E[E[X |G1] | G2] = E[E[X | Go] | G1] = E[X | G1].
Proof: Since E[X |G1] € Gi C Ga, we have E[E[X |G1]|Ga] = E[X | G1].
For the second one, let A € G, and we have
E(14-E[X|Ga]) = EE[14X |Go] = E14X = E(14-E[X|G1]),
and hence E[E[X |G,] | G1] = E[X |G1]. O

The conditional expectation can also be understood as a projection in a Hilbert space. This also
leads to a proof of Theorem 1.17 using Hilbert space theory. See LAX.
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Proposition 8.10 If EX? < oo, then
E(X —E[X|G])° :IynirglE(X—Y)Q. (8.8)
€

Proof: The space
H=1{Z:EZ* < o0}

is a Hilbert space, with the inner product EX - Y. The space Hy = {Z € H : Z € G} is a linear
subspace of H. By standard Hilbert space theory, the orthogonal projection Y = mp, (X) exists and
achieves the minimum in (8.8). In addition, the projection is characterized by

E(X -Y)Z=0, YZeH,.
In particular, taking Z = 14, A € G, we see that Y = E[X | G]. O

8.1.4 Regular conditional expectation

Let X : (Q, F) — (S, S) be a measurable map. One can take (5,S) = (R?, B(R?)), but we allow more
generality here. Let G C F be a sub-o-algebra.

We note that for every set A € F, the conditional probability P[X € A|G] exists a.s. We also
know the for any disjoint A,,,

P[X € G A,
n=1

where the zero measure exceptional set in (8.9) will depend on Aq, Ag, .. ..

It is tempting to say that P[X € -|G](w) defines a probability measure on F. However, the o-
additivity may not hold, since there are uncountably many ways of choosing A1, As, ..., so the union
of all exceptional sets in (8.9), may not be negligible. If one succeeds in finding a common negligible
set, it is called the regular conditional probability.

g] = i P[X € A,|G], as., (8.9)
n=1

Definition 8.1 (regular conditional probability) A map p: QxS — [0,1] is called a regular conditional
probability of P(X € -) with respect to G, if

1. for a.e. w, p(w,-) is a probability measure on (S,S);

2. for every A e S, u(w, A) is a version of P[1X € A|G].
Example 8.2 Let (X,Y") have density f(z,y) and G = o(Y). Then

i (z,Y(w)) dz
0, else,

Ja f(:c,Y(w)) dzx " w "
M(M’A):{, fi f (Y (@) do £ 0,

is a regular contional probabilty of px w.r.t. o(Y).

For existence of the regular conditional probability, the key is to find a common negligible set. This
is possible when, say, a measure can be determined by its value on countably many sets A, by more
generally, by countable many test functions. For example, a measure p on R is uniqueness determined
by p(—o0, q] where ¢ € Q; A measure p on a complete separable metric space M is uniquely determined
by [ fdp where f € C.(M), the space of continuous functions on M which have compact support.
Note that C.(M) is also separable, so this imposes countably many conditions.

The technical requirement for existence of regular conditional probability is for the space (5,S) to
be Borel, namely, there exists a map ¢ : (5,8) — ([O, 1], BJo, 1]) so that ¢ is 1-1 and both ¢, p~! are
measurable. Complete, separable metric spaces, like R and Cla, b], are Borel spaces.
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8.2 Basic martingale theory
A filtration (Fy)n>0 on (£, F,P) is an increasing sub—o-algebra of F.

Definition 8.2 A family of random variables (My,)n>1 is a (Fyp)-martingale if M, € F,, and E|M,| <
oo for all n, and
E(Mpt1 | Fn) = My, n>1. (8.10)

If “=7in (8.10) is replaced by “<” or “>7, then (M) is called a super-martingale or a sub-martingale.

If the filtration is not specified, we take the natural filtration F, = FM = o(My,..., M,). If

n

X, € F,, for all n > 1, we say that (X,,) is adapted to the filtration (F,,). We also note that (8.10)
can be replaced by
E[ n+m|]:] M,, n>1 m2>1,

since by Proposition 8.9 and the increasing property of (F,,),

E[Mn-HL ’fn] = E[E[Mn—i-m ’ }—n—&-m—l] }-’rn] = E[Mn-i-m—l ‘]:n] == E[Mn-i-l ‘]:n]

Example 8.3 Let X; be independent random variables with EX; = 0. Then the partial sum S, = X; +---+ X,
forms a martingale with respect to F,, = o(X1,...,X,), since by independence,

E[S7L+7n ‘]:n] = Xl + 4+ Xn + E(Xn—H + -0+ Xm) = Sn

13

We say that such process S, has “mean zero independent increment”.

Proposition 8.11 Let (X,,)n>0 has mean zero independent increments. Then
1. (Xn)n>0 is a martingale.

2. If X,, € L? for alln >0, then (X2 — EX2),>0 is a martingale.

AXnp

3. If for some X\ € R, Ee**n < 0o for all n > 0, then (% is a martingale.

)nZO
Proof:
1. This is obvious.

2. We have for all n > 1,

E[X2,, — X2 | Fn) —E[ nt1 — Xn +X) - X2 | 7]
E[(Xns1 — Xn)? | F] + 2X0E[Xps1 — X | Fol
= E(Xpnq1 - ) = E(Xpp1 — X)) (X1 + Xn) — 2EX, (X1 — X)
=EX2,, - EX2.
3. We have for n > 1,
M Xn+1 e M Xn )\(X,H_l —Xn A Xn AMXnt1—Xn) _ A Xn EerXn+1

We can use convex/concave function to generate new super- or sup-martingales.

Proposition 8.12 If (My)n>1 is a martingale, and ¢ : R — R is a convex function, then (¢(M,))
s a sub-martingale.

n>1
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Proof: By Proposition 8.4, we have for all n > 1 and m > 1,

E[(»O(Mn-i-m) |Fn] > @(E[Xn-‘rm ‘ fn]) = @(Xn) (8‘11)

g

The function |z|P (p > 1) is convex. So if (M,,) is a martingale, then |M,|P is a sub-martingale.

Proposition 8.13 If (M, ),>1 is a sub-martingale and ¢ : R — R is conver and increasing, then (p(My))
1s also a sub-martingale.

n>1

Proof: Since p is increasing and (M,,),>1 is a sub-martingale, the last equality in (8.11) will become

@(E[Xner |]:n]) > o(Xn),

and this completes the proof. U

The functions z V a (a € R) and in particular 27 = z V 0 are convex and increasing. So if (M,,) is
a sub-martingale, then M, V a and M, are also sub-martingales.
Another way to create new smartingales is to use stopping times.

Definition 8.3 (stopping time) We say that a r.v. T € {0,1,... }U{oo} is a stopping time w.r.t. (Fy)
if {T <n} e F, for everyn > 1.

Proposition 8.14 If (My,)n>1 is a sub-martingale and T is a stopping time which is almost surely
finite, then (Mpar)n>1 1S a also sub-martingale.
In particular, if (My)n>1 is a martingale, then (Myar)n>1 is also a martingale.

Proof: By definition we have
n
Mynr = Z Lir—ky My + 1 ironi1y Mn.
k=0

Therefore,

EM(nr0ar — Munt | Fol = E[Lir g0y Mut1 + Lir—pg iy M1 — Lirs g1y Mo | Fo (8.12)
= E[Lir>nt13Mn+1 — Lirspi1y Mn | Fal-

But {T'>n+ 1} = {T < n}¢ e F,, so the last line of (8.12) is
Yirons13 E[Mny1 — My | Fu] > Lirspg1y - 0=0.

For the last statement, note that if (M,,) if and only if (M,,) and (—M,,) are both sub-martingales.
g

A more general way to generate new sub-martingales is to use a (discrete) martingale integration.
We say that a process (H,,) is predictable if H,, € F,,_1 for all n. We define

n
(H-X)n=> Hu(Xm — Xm-1), (8.13)
m=1
which can be thought of as the discrete Riemann—Steiljes integration fg H;dX;. Clearly, (H-X), € F,

for all n.
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Proposition 8.15 If (H,,) is predictable and non-negative, and (X,,) is a sub-martingale, then (H-X),
s a sub-martingale.
If (H,,) is predictable and (X,,) is a martingale, then (H - X),, is a martingale.

Proof: By (8.13), we have
E[(H : X)n+1 - (H ’ X)n ‘ fn] = E[Hn+1(Xn+1 - Xn) ‘}—n] = HnE[Xn+1 - Xn | }—n] >0, (8-14)

if H, > 0 and (X,,) is a sub-martingale. If instead (X,,) is martingale, then the RHS of (8.14) is 0
regardless of the sign of H,, so (H - X),, is a marginale. O

Example 8.4 If T' is a stopping time, then Let H,, = 1{p>,} where T'is a stopping time. Since {T' > n} = {T' <
n—1}¢ € F,_1, the process (H,,) is predictable. Now

n
(H-X)n =Y Lrsm}(Xm — Xm_1) = Xt — Xo,
m=1
so by Proposition 8.15, the process (H - X,,) is a sub-martingale if (X,,) is a sub-martingale, and we recover
Proposition 8.14.

8.3 Convergence of martingales

In this section we discuss the almost sure and L!'-limits of martingales. The main tools are Doob’s
Up-crossing Theorem and uniform integrability.
Let (X,,) be (F,)-adapted and a < b. Consider the following stopping times: Tb(o) = —o0,

7O —inf{t > T X, <a}, TP =if{t>TO: X, >b}, £>1. (8.15)

In every interval [Téé), Tb(é)], the process (X, ) completes an up-crossing of [a, b]. The total number of
up-crossing in a given time interval [0, n] is defined by

UX[0,n] = max{k : T\® < n}.

Theorem 8.16 (Doob’s up-crossing inequality) Let (X,)n>1 be a sub-martingale, then

1
EUX[0,n] <
(lb[’n]—b_a

<HXﬁ—@+—EQb—@+)

Proof: Let Y, = (X, —a);+ If (X,,) is a sub-martingale, then (Y,) is also a sub-martingale since
x + (x—a)4 is convex and increasing. In addition, X,, and (Y;,) have the same number of up-crossing,
that is

UX[0,n] =UY[0,n], ¥n>1, Va<b. (8.16)

Let us define TCEK)

Let

and Tb(f) using (Y,,) in (8.15), and estimate U} [0,n].

(8.17)

m =

- _?,ﬂ@<m§ﬁq

0, else.

Since all Ty) and Tb(é) are stopping times, we have

{(Hp=1=JITO <myn{m < T} = (T <m—1}n{m - 1> TV € Fror.
/=1 /=1
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Hence (H,,) is predictable.
Let K,, = 1 — Hy,. By Proposition 8.15, both (H -Y), and (K -Y), are sub-martingales, so
E(K-Y),>E(K -Y)o=0. On the other hand, H, + K,, = 1. Combining these, we have

E(H-Y), <E(H-Y),+E(K-Y), = zn: E(Yp — Yino1) = E(Xp —a)4 — E(Xo—a)y.  (8.18)

m=1

Note that by (8.17),
E(H-Y),>U}Y[0,n]-(b—a). (8.19)

The conclusion follows from (8.16), (8.18) and (8.19). O

An important observation is that there must be infinitely many up-crossing for a divergent se-
quence.

Proposition 8.17 If (X,,) is a sub-martingale, and sup, EX,) < oo. Then there exists X such that
X, — X a.s.

Proof: The up-crossing number is increasing in n, and hence by assumption and Theorem 8.16,

sup, EX;f +a ___
b—a

EUG[0,00) = lim EUZ[0,n] <

This implies that U [0,00) is a.s. finite r.v., with probability one, any interval [a,b] is being up-
crossed by at most finitely many times. As a consequence, for any fixed a and b, there exists N, with
P(Nap) = 0 such that

liminf X, (w) < a < b < limsup X, (w), (8.20)

n—o0 n—00

cannot happen on NS ,.
Then, on N¢ where N = Ua,beQ Nap, (8.20) does not happen for all a,b € Q, and hence

limsup X, (w) = liminf X, (w), VYw € N°.

n—o00 n—oo

Note that P(N) < 3_, 1.0 P(Nap) = 0. This shows that limy, 0 X, exists a.s. O

Example 8.5 If a martingale (X,),>0 is non-negative, then EX = EX,, = EXy, and hence lim,,_,+, X,, exists
by Proposition 8.17.

Next we will discuss the L!-convergence of smartingales. Recall the definition of uniform inte-
grability Definition 2.1, which gives a sufficient and necessary condition of L'-convergence for a.s.
convergence r.v.s ( Theorem 2.11).

Proposition 8.18 Let Z € L'(Q, F,P). Then the collection of r.v.s
E[Z|G], G is a sub—o-field of F,

18 uniformly integrable.

Proof: Since Z € L'(Q2, F,P), for every ¢ > 0, there exists § > 0 such that E|Z|14 < & when-
ever P(A) < 4.
We write Y = E[Z | G]. By Jensen inequality, we have |Y| < E[|Z| | G], and hence for every A € G,

EL4|Y] <E(1a-E[Z]|G]) = E|Z|1a.
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When A = ), the above inequality gives E|Y| < E|Z| (or this is Proposition 8.6). Then by Chebyshev’s
inequality,

E|Z]

M

uniformly for all sub-o-field G. Combining all these together we prove the statement. g

PlY| > M) < — <
(’|— )— M =

Proposition 8.19 A martingale (X,,) is uniformly integrable, if and only if there exists Xoo € L
such that X, = E[X | Fp).

Proof: The “only if” direction. Uniform integrability implies that sup,, E|X,| < oo, hence
Proposition 8.17 implies that there exists X such that X,, — X a.s. But (X,,) is also uniformly
integrable, so the limit is also in L' by Theorem 2.11.

For any A € F,, since E[Xo | Fn] € Fn and X, 1m1a — Xoola in L, we have

E(E[Xoo \]—"n]lA) =EX, 14 = n%gnoo EXnimla = n}gnoo E(E[Xn+m | fn}lA) =EX,l4.
Since X, € F,, by the definition of the conditional expectation, we have
EXx | Frn] = Xn, as.

The “if” direction. It follows from Proposition 8.18. O

8.4 Optional Sampling Theorem

In this section, we assume all stopping times are a.s. finite.
Recall from Proposition 8.14 that if (X,,) is a martingale and 7' is a stopping time, then (X,a7)n>1
is also a martingale. In particular,

EXnnr = EXopar = EXo. (8.21)

Assume that X, is bounded, then as n — oo, by BCT the LHS of (8.21) converges to EX7. Thus we
obtain the simplest form of the optional sampling theorem

Theorem 8.20 (optional sampling theorem) Let X,, be a (F,)-martingale and T an (F,)-stopping
time. Assume that X, is bounded,
EXr = EXj.

The optional sampling theorem says that no strategy can guarantee profit in a fair game.
To prove a more general form of optional sampling theorem, let us introduce the stopping o-algebra.

Definition 8.4 Let T be a stopping time. The stopping o-algebra is
Fr={AeF:An{T <n} e F,, Vn}.
Intuitively, Fr contains the information before a stopping time 7.
Example 8.6 Let m > 0 and consider T'= m (a constant time). Then T is a stopping time and Fp = F,,.

We can compare the stopping o-algebras for different stopping time, or extract information from
the stopping o-algebra.

Proposition 8.21 If S < T are two stopping times, then Fg C Fr.
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Remark 8.7 Since S < T, “information before S” is less than “information before 7.
Proof: If A C Fg, then for every n,
AN{T <n}=(An{S<n})n{T <n} e F,.
So A C Fp. This completes the proof. O

Proposition 8.22 If T is a stopping time and S > T is random time such that S is Fr-measurable,
then S is also a stopping time.

Proof: For each n > 0, since {S < n} € Fr,
{S<n}={S<n}n{T <n}eF,.
This completes the proof. O
Remark 8.8 The stopping time S will take the form S = f(T') for some function f: N — N with f(m) > m.
Theorem 8.23 Let (X,,)n>0 be a martingale, and S <T be two stopping times. Suppose that either
1. S, T are bounded, that is, there is a constant N > 0 such that S, T < N, or
2. (Xy)n>1 is uniformly integrable.

Then
Xs = E[ X7 | Fg].
In particular, EXg = EX7p = EXj.

Remark 8.9 The first condition implies that X,, = E[Xxn|F,], and the second condition by Proposition 8.19
implies that

¥ _ {E[Xm | Fuls n< oo (522)

Xeos n = oo.
So both conditions implies that there is a r.v. Z € L! such that X,, = E[Z | F,,] for all n that we care about.

Proof: Let Z = Xy if the first condition holds and Z = X, if the second condition holds. Then
(8.22) holds with Xo = Z. It suffices to show

Xr =E[Z|Fr]. (8.23)
Indeed, if (8.23) holds, since Fg C Fr, we have
E[Xr|Fs] = E[E[Z| Fr] | Fs| = E[Z | Fs] = Xs.
Now let us prove (8.23). For all A € Fg, we have

E(E[Z| Fs]la) = EZ1a =Y EZLsnrop) + EZ1pn(r—c0)

n=1

= Z E(lAﬂ{Tzn} . E[Z ‘ fn]) + EZlAI"l{T:oo}

n=1

o
= Z ELsnir=n}Xn + EZL jn(1—cc}
n=1

= EXT1A7

where in the second line we use that AN{T =n} € F, since T is a stopping time. O
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Example 8.10 We can recover Proposition 8.14. If T is a stopping time, (M, ),>1 is a martingale, then
(Myar)n>1 is also a martingale, since

E[Mn/\T|-Fm/\T] = Mm/\T7 Vn > m,
by Theorem 8.23 and the boundedness of the stopping time n AT, m A T.

Note: convert this example to simple random walk.We will also mention the Optional Sampling
Theorem for sub-/super-martingales.

Definition 8.5 A smartingale (X,,)n>1 has a last element/is closed by Xoo, if there exists Xoo € L1
such that (X, )o<t<oo forms a smartingale.

Example 8.11 If (M,,),>1 is a martingale, then by Proposition 8.19, it has a last element if and only if it is
uniformly integrable. In addition, M, is the a.s. and L' limit of M,,.

Example 8.12 If (X,,),>1 is a non-negative super-martingale, then it always has a last element X, = 0, since
it is trivially true that
Xn > 0=E[Xx|Fn], Vn>1.

But having a last element is weaker than uniform integrability. Consider X,, = 1 + S,A7r_, which is a
martingale and hence super-martingale. It is non-negative. It is easy to see that

Xeoo = tli)rroloXn =14+5r, =0,
but 1 = limy_, EX,, # EX =0, so it cannot be uniformly integrable.
Theorem 8.24 Let (X,,)n>1 is a sub-martingale and S < T be two stopping times. If either
1. S, T are bounded, or
2. (Xn)n>1 has a last element X € L,

then
E[XT ‘ fs] > Xg. (8.24)

A similar statement also holds for super-martingale.

Remark 8.13 The argument in Theorem 8.23 no longer works since the conclusion of the theorem cannot be
derived from E[X, | Fr] > Xr.

Proof: Let A € Fg and
Hn — 1A . 1{S<n§T}'

Then (H,,) is predictable since
{Hy=1}=(An{S<n—-1})n{T>n—-1}€ Frq, Vn>1

By Proposition 8.15,

n
(H-X)o=0, (H-X)n=> Hp(Xp—Xp1), n>1,
k=1

is a sub-martingale. In particular, for all n > 1

0=E(H -X)o<E(H: X)n=EXrrn— Xsrn)lan{s<ry}-
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But X7an, = Xgan on {S =T}, so we obtain
E(X7an — Xsan)la >0, Vn>1, A€ Fs. (8.25)
If T is bounded, then there exists N such that T'< N a.s., and taking n = N + 1 in (8.25) gives
E(Xr — Xg)1a > 0.

and this proves (8.24).
If (X,,) has a last element, without loss of generality we can assume X, = 0, otherwise we can
consider X/ = X,, — E[X | F»], and (8.24) is equivalent to

E[X7 | Fs] = X,

by Theorem 8.23, and (X)) has a last element 0.
If T is unbounded but S < N is bounded, then since —X,, > 0, by Fatou we have

—EXgqly = _EXS/\(N+1)1A > liminf E(—X7pp)1a > E(_XT)lAﬂ{T<oo}‘

n—oo
By adding 0 = E — Xoo1gn{7—oc) to both sides, we obtain
—EXgla > —EX7p14. (8.26)

This proves (8.24).
Now we need to treat the case where S is unbounded. For every m > 1, S A m is a bounded
stopping time. In addition, {S =m} N A € Fgan, since

={S=m}nAecF,CF, m<n,

({S:m}ﬂA)ﬁ{S/\mfn}{zge}—m m>n+1.

From what we have proven, we have

—EXslis—myna = “EXsamlis—mina > —EX11l{5_m)na- (8.27)

Summing (8.27) over m € {0,1,...}, we have

—EXgl{s<co}na = —EX1lisc0)na-
Noting that Xo = 0, and S = oo implies T' = oo, we can remove {S < oo} on both sides to obtain

(8.26). This completes the proof. O

8.5 Doob’s Maximal inequality

We will state the maximal inequality for sub-martingales. Similar statements also hold for super-
martingales.

Theorem 8.25 Let (X,,)n>1 be a sub-martingale and X > 0. Then

<EX,' .
)\P(Og}rz}gn X > \) <EX, (8.28)
AP( inf Xy < -)) < EX; — EXo. (8.29)
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Proof: Write the event in (8.28) as A and let T = min{m : X,;, > A}. Then A = {T < n}. Since X
is a sub-martingale, X" is also a sub-martingale. By Theorem 8.24 we have

EXy > EX, o > X pLir<ny = AP(A).

This proves (8.28).
Write the event in (8.29) by B and let S = min{m : X,,, < A\}. Then B = {S < n}. Again by
Theorem 8.24, we have

EXo < EXpns = EXnlipany + EXTli7<y

and (8.29) follows. O
Proposition 8.26 Let (My,)n>1 be a continuous martingale. Then for every A > 0,
P M| > \) < E|X,|.
AP( max [Mm| > X) < E|Xn|
Proof: We apply (8.28) in Theorem 8.25 to the sub-martingale (|Mpy|)n>1. O

For martingales, we also have the control on the maximum of L? norm.

Theorem 8.27 Let (My,)n>1 be a martingale. Then for every p > 1,

P \p
E M, IP < (——)"E|X,|P.
22X, Mml” < (7—7) Bl

Proof: Let Y = maxo<m<n|My|. Since (|My|)n>1ds a sub-martingale, we have
AP(Y > A) + E[Mp|Ly<ny < E[My),

and hence 1
PY >\ < XE‘Mnll{YzA}-

Now

EY? = p/ MNPTIP(Y > \)dA
0
: p/ AP2E(|Mnl1y2xy)
0

Y
:E(|Mn|/ PAP2d))
0
__r .ypr-1
= L E(My Y7
_p p\1/P gy p\P/(P—1)
< p—1 (E|Mn| ) (EY ) ’

The last line is Holder’s inequality. Hence, if EY? < oo, then we can divide both sides by (EYp)p /p=1)
and then take the p-th power to get EY? < (%)pE]MnV’. To treat the general case where EY? < oo
is not known, we use truncation, that is, we first get the estimate

p P \p D

for the bounded r.v. (Y A m) with any m > 0. Then we let m — oo and get the desired conclusion.
O
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9 Examples of martingales

9.1 Radon—Nikodym derivatives
Proposition 9.1 Let N € NU {o0}.

1. Let P and P be two probability measures on (2, F) and (Fp)o<n<n a filtration Let Py, and P, be
the restriction of P and P on F,. Suppose that P < P. Then P,, < P, and the Rydon—Nikodym
derivatives are

dP dP
Zn:—":E—‘ 1. o<n<n, 1
dP,, 5| 7] 0<ns 6.

which form a martingale.
2. Let (Zp)o<n<n be a (Fp)-martingale on (0, F,P) with F = o(Fp, n>0). Then
P(A) = El4(w)Zp(w), VA€ F,, 0<n<N, (9.2)

defines a probability measure P on (Q,F).

In addmon zf( n)o<n<N 18 u.i. and thus Zy = lim,_,N Z, ezists in L' and a.s., then P<P
and Zn = dP

Proof: Part 1. Let A € F,,. We have
P.(A)=0 = PA=0 = PA=0 = P,(4)=0

Hence, P < P implies that P,, < P,,.
To show that (Z,),>0 is a martingale, it suffices to show the second equality in (9.1). Let A € F,,.
Then by the definition of Radon—-Nikodym derivatives,

_ dP, - dpP
Hence, for all A € F,, - N
dP, dP
“lage, =Hlagp

Therefore, the second equality in (9.1) follows from the definition of conditional expectation.
Part 2. First, we need to check that P is well-defined: for m < n, (9.2) gives two definitions
for P(A) if A € Fp C F,
P(A) = E14Z,, P(A)=E1,4Z,;

they are equal since Z,, is (F,)-martingale.
Suppose now that Z, exists. For any A € F,, {14Z,,, m > n} is u.i. since Z,, are u.i. Then,

P(A) = lim E14Z,, = E142Zy.
m—N

Since |5(f~1) = E14Zx holds for any A € F,,, n > 0, it holds for any A € F = o(F,, n > 0). Therefore,
we have P < P and Zy is the Radon—Nikodym derivative.
O

Specialized to the case of product measures (2, F) = (RN, B(RY)), we have the following Kakutani’s
dichotomy.
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Let us consider two product measures on (Q, F) = (RN, B(RY)):

P=G19G20G3R -, P=FQoRoFRk®- .
Assume that F,, < G, and ¢, = 352 > 0, Gp-a.s. Then,
dP,
X = — = oo
n dPn 41492 Adn

is a (F,)-martingale. Since P and P, the r.v.s ¢, are independent. By Proposition 9.1, (X,) is a
martingale. Since X, > 0, by Proposition 8.17 there exists an almost sure limit X of X,,. What’s
more,

D
{lim X5 >0} ={} loggn > —oo}

n=1

is a tail event and has probability 0 or 1 by Kolmogorov’s zero-one law Theorem 4.16.
Theorem 9.2 P < P or P L P, according as [[ o1 [ /@m dGm > 0 or = 0.

See | , Theorem 4.3.8] for a proof.

9.2 Simple random walks on R?

Let &, be i.id. with P(§, = £1) = 1/2. For = € Z, we call
Xo=z, X, =x+&+ " +&, n>1, (9.3)

a simple random walk on Z starting from x.
For y € Z, the hitting time of y is

Ty =inf{n > 0: X,y} € NU {co}.

The hitting times T}, are stopping times. We ask two questions about the stopping times T},: what
is the hitting probability P(T}, < co), and what is the distribution of T}, if it is finite a.s.?

We can also define the simple random walk on Z%. Let e;, 1 < i < d, be the unit vectors in Z.
For a simple random walk X,, in Z¢, in (9.3) & will be i.i.d. random vectors with distribution

P(&k = *e;) = L

1<i<d.
2 TS

We say that X, is recurrent if
P(T, <o) =1, VaeZ

and transient if
P(T, =00) >0, VacZ\{z}.

We will show that the simple random walks is recurrent if d < 2, and transient if d > 3.

We first investigate the case of dimension one. Let z = 0 and a < 0 < b. Since X, is a martingale,
by Theorem 8.23 applied to the bounded stopping time T, A Ty A n, we have

EXTa/\Tb/\n - EX() - 0 (94)

To take the limit n — oo in (9.4), we need to show first P(T, A T < 00) = 1.
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Proposition 9.3 There exists p < 1 such that
P(To AT, > k(b—a)) < p".
In particular, P(T, ATy < 00) = 1.

Proof: Let M = b — a. For every z € [a, b], we have

1
P[Xn+M ¢ (a,b) } Xn = x] > oM
Writing T' = T, A Ty, we have

P[T>(k+1)M|T >kM] < m{a;g}P[X(kH)M € (a,b) | Xer =] <(1-2"")=p<1.
reE|a,

Therefore,
P(T >kM)=P[T>kM|T > (k—1)M|-P[T > (k—1)M|T > (k—2)M]-----P(T > M) < p".

O

Assume that the random walk X, starts from x = 0. Applying Theorem 8.23 to the martingale
(9.3) and the bounded stopping time Tj A Ty A n, we obtain

EX7 A1,An = EXo = 0. (9.5)
Since T, A Ty is finite a.s. by Proposition 9.3, we have

lim X7, amyan = X103, Q.S
n—oo

Using the trivial bound | X7, aryan| < |a] Vb, by BCT we can take the limit n — oo in (9.5) to obtain

0=E I;m XTa/\Tb/\n = EXTa/\Tb = aP(Ta < Tb) + bP(Ta > Tb). (96)

The event {T, = T} can is possible, if T,, = T;, = 0o, but it has zero probability due to Proposition 9.3
again. Since the two probabilities on the RHS of (9.6) sum up to one, we have from solving a linear
equation

—a

b—a

P(Ta < Tb) = P(Ta > Tb) = (97)

b—a’

In (9.7) taking b 1 oo, since T}, > b, we have Tj T oo and hence

= 1.

P(T, < 00) = l%rono P(T, <Tp) = ll)#léno bEa

Similarlly P(7} < oc0) = 1.
We can use the martingale (X2 —n) (see Proposition 8.11) to compute expectation of hitting times.
As before we start with an identity obtained from the optional sampling theroem:
EX? arynn — (Ta ATy Am) =0. (9.8)

Since T, A Ty A n is bounded we can rewrite (9.8) to obtain

EX7, aryan = E(Tu ATy Am).
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We can pass the limit n — oo into the expectation, using MCT on the LHS, and BCT on the right
hand side. Combining the resulting equation with (9.7) we get

baZ — ab? —
—a

Taking a | —oo or b1 oo, by MCT we have ET,, = ET} = oo.

E(T. ATy) = EX7, pp, =

Next we investigate the recurrence of simple random walks in dimensions d > 2. The goal is to use
optional sampling theorem to show that the random walk is recurrent in d = 2 and transient in d > 3.

To mimic the case of dimension one, we need to define certain hitting times and find a proper
function f so that f(X,) is a martingale to apply the optional sampling theorem. Let |x|o, =
maxj<;<gq|ri| be £°-norm of x = (z1,...,74) € Z%. Let

Br={x€Z: |z|;~ < R}

be the ¢*>°-ball of radius R, and
O0BRr = {X € Zd : |x|goo = R}

be its boundary. For 0 < a < |Xy| < b, we define
T,=inf{n>0: X, € By} =inf{n>0: X,, € 9B}, Ty =inf{n >0: X,, € By} =inf{n > 0: X,, € 9B,}.

Here, we can choose other ¢P-norm, but then the boundary of balls and the hitting times will have a
less cleaner form.
What makes f(X,,) a martingale? A direct computation gives

d
1
E[f(XTH-l)_f(Xn) ‘ -/rn] = E[f(Xn-i-l)_f(Xn) ‘ Xn] = ﬁ [Z f(Xn+ei)+f(Xn_6i)] _f(Xn) = (Af)(Xn)v
i=1
where e; is the unit vector in the i-th direction. We call A the discrete Laplacian. The name comes
from the following computation. Let f € C3. Then by Taylor expansion with the Lagrange remainder,

for h > 0,

d d

3a 22 o hes) o = he) = 212)] = 5 (D@ + 575 S (0160 + I 09)

This means that the difference between 2—1dA f and Af is of higher order, hence the name of A.

The computation (9.9) suggests that Af should be close to 0. In fact, functions with Af = 0
is harmonic functions, and radially symmetric harmonic functions in R? is the so-called fundamental
solutions for the Laplace equation whose explicit forms are known:

|z, d=1,
O(z) =< clog|z|, d=2,
clx[?>=4, d>3.
Here |z| is the Euclidean norm (that is, the #2-norm).

Assume for a moment that ®(X,,) is a martingale, and that ®(0B,) = ®(a) and ®(0By) = ®(b).
Similar to (9.6), we obtain

E®(x) = E®(X1,a1,) = ®(0)P(T, < Tp) + (b)P(Ty > T,),

97



where x = Xy € By \ B,. Again, from Proposition 9.3 we have T, < co almost surely. Then

O(x) — (b) ®(a) — o(x)

R 0} o) 2(0)

P(Ta > Tb) =

When taking the limit b — oo, depending on the form of ®, there are two cases. When d = 2,
since ®(b) 1 oo, we have

o D(x) - o(b)
P(Ta < o0) = im0 —30)

This means that the random walk will return to a ball almost surely, which implies recurrence.
When d > 3, since ®(b) | 0, we have

=1 (9.10)

P(T, < o0) = ZEE; < 1. (9.11)
This means that there is positive probability that the random walk escape to oo, which is transience.
In conclusion, the key difference between d = 2 and d > 3, is that the fundamental solutions have
different asymptotic behaviour at oc.
Now let us give a more rigorous argument, in which we need to control the difference between f
and ®. We want to find f = f,; defined on By, \ B, such that

Af=0, By\ By, f=®, 0B,UJB,. (9.12)
Writing f(x) = ®(x) + v(x), we need to find v(x) that satisfies the discrete Laplace equation

Av(z) = —Ad(x) = g(a), z € By \ Ba,
v(z) =0, x € 0B, U 0B,.

A direct computation gives
— Ol
3
for some constant Cq > 0.
Next, we perform the argument of comparison principle/maximum principle, which is common in

studying elliptic PDEs. Let v(z) = m% + v(z) with M to be chosen. A direct computation gives

— 1 Cy
A ’.’L‘|d_1 Z |.’E|d+1

for some constant Co > 0. Then, by choosing M sufficiently large, we have A% > 0 in By \ B,. For
such v, the maximum of the function must be achieved on the boundary, since for an interior point z,

0(x0) < max{v(zo £ €;)}.

Hence,
3(a0) < (20) < -
max 0(x max o(x
Bb\éi 0 —aBbuaXBa 0/ = a1
and we have
|®(x) — f(x)] < Ca™ 4L (9.13)

If f solves (9.12), then f(X,) is a martingale. By optional sampling theorem we have

f(z) = E®(X7,) 17, <13} + ®(X1,) L1757} (9.14)
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Concerning the discrepency between the £2-norm and the /*°-norm, we define
T (R) = Jnax o(z), P (R)= xre%igR O (z).
From (9.14) we obtain
O (a)P(T, < Ty) + @~ (b)P(Ty, > Ty) < f(x) < T (a)P(To < Tp) + T (b)P(Ty > Tp).
Using P(T, < Tp) + P(Ty, > Tp) = 1, we have
o~ (b) — f(=) 7 (b) - f(=)

&)~ d-(a) =T = G ot a) (9.15)
when d = 2 (and thus ®*(b) > ®*(a)), and

O (b) — f(x o= (b) — f(x

<I>+(§)))—<I>+(@)L) SP(Ta<T) < (I)—(é))_q)—(@)b) (9.16)

when d > 3. We obtain (9.10) and (9.11) from (9.13), (9.15) and (9.16).

9.3 Random walks on R

In this section we consider random walks in R. As our state space is simpler, we can consider random
walks that take more general jumps. To model it, let &, be i.i.d. r.v.s, and we define

Xp=&+8&+ - +&. (9.17)
Our goal is to prove the following.
Theorem 9.4 Consider X,, in (9.17). One of the four scenarios will happen.
1. Almost surely, X, =0 for all n > 0.

2. Almost surely, X,, — 0o as n — o0.
3. Almost surely, X, —» —o0 as n — oco.

4. Almost surely,
limsup X,, = 0o, liminf X, = —o0. (9.18)
n—00 n——00

Recall that the SLLN says, if E{; € [—00, 0o] makes sense, then

Xo _ Gt +n
mn n

E¢, (9.19)

almost surely. If E€; > 0 or E€; < 0, then (9.19) means that Item 2 or Item 3 holds; if P(§; = 0) =1,
then Item 1 holds. The most complicate case Item 4 happens when E&; = 0 or E&; undefined.

We will give two proofs of (9.18). The first proof is based on the Hewitt—Savage zero-one law, and
the second on analysis of a bounded increment martingale.

Let F = 0(&1,&2,...). We say that an event A € F is permutable if it is no changed under any
finite permuation w of £1,&s, ..., that is,

A= f(&1,80,--.) = f(&r1),6n2),---) = Ao

where 7 : N — N is a bijection so that (i) = 4, i > ig for some iy > 1. We define the exchangeable o-
algebra to be
E = o(A; A permutable).
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Example 9.1 1. The tail o-algebra is contained in &£.

To see this, let A € T and 7 be a finite permutation. Since A € T, we know A € o(&;,,&iq+1,--.). Since 7
does not exchange &; after ig, we have A = A o 7. Since this is true for all 7, we conclude that A € £.

2. The inclusion T C & is strict. In fact, let ¢(w) = limsup,,_,, X, (w), then
{c(w) >a} € ENT.

The Hewitt—Savage zero-one law guarantees that £ is trivial if &, are i.i.d.; see | , Thereom
2.5.4] Hence, there exists a constant ¢, such that

lim sup X, (w) = ¢,
n—oo

since any £-measurable r.v.s are constant. To see that ¢, € {—o0, 00} almost surely, let us consider

Xn(w) =L+ 8+ =Xn(w) - & (9.20)

By Hewitt-Savage, there exists a constant ¢, such that lim sup,,_,., Xy (w) = ¢ almost surely. Since &,
are i.i.d., (&1,&2,...) and (&2,&3,...) have the same law, so ¢, and ¢, have the same law as r.v.s., and
hence ¢, = é. Using (9.20), we obtain ¢, = &1 + ¢« almost surely. Since £; is not identically zero, this
can happen only if ¢, € {—o0, 00}.

For the second proof, we will impose a stronger condition that |&,| < M for some M > 0. Then X,
is a martingale with | X,,+1 — X,,| < M. We say that X, is a martingale with bounded increments.

Proposition 9.5 If (X,,) is a martingale with bounded increment, then almost surely, either

lim X, € (—o0,00) ezists, (9.21)
n—oo
or
limsup X, = o0, liminf X, = —o0. (9.22)
n—oo n—00

As an application, if X,, = & +& +---+&, where & are i.i.d. and not identical, then (9.21) cannot
happen since for some € > 0,
P(|X,| > e, i0.) =1,

by the second Borel-Cantelli lemma. Hence (9.22) will happen which is (9.18).
Proof: Fixing K > 0, let

Tk =inf{n: X, <-K} €{0,1,...} U{oo}.
Then X7,, is a martingale. In addition, when T < oo,
Xr>Xr1—K—M,

and hence X7p, > —K — M. Since X7, is bounded from below, it has an almost sure limit.
We write T' = Tk for the dependence on K. On {Tx = oo}, X;, = X7an, S0

lim X, = lim Xpp, € (—K,00) exists.
n—o0 n—oo

Hence,
o
{liminf X,, > —o0} C U {Tx = oo} C { lim X, exists and is finite}. (9.23)
n— oo n—o0

K=1
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Similarly,

{limsup X,, < oo} C { lim X,, exists and is finite}. (9.24)
n—00 n—oo
Combining (9.23) and (9.24) we complete the proof. O

Here is another application of Proposition 9.5.

Theorem 9.6 (Borel-Cantelli) Let Fy = @ C Fy C be a filtration, and let B,, € F,, be a sequence of
events. Then

{Bn, i.0.} ={) _P[By|Fn-1] = o0} (9.25)

n=1

As conseqeunces of Theorem 9.6, when B,, are independent and F,, = o(By,k < n), the condi-
tion Y 7, P(B,) = oo implies that P(B,, i.0.) =1 and we recover the second Borel-Cantelli lemma,;
when Y >° | P(B,) < 0o, by Jensen’s inequality,

Z P[Bn | 'Fn—l] < Z P(Bn) < 00,
n=1 n=1

so P(B,, i.0.) = 0 and we recover the first Borel-Cantelli lemma.
Proof: Let

n
M, =Y 1p, — E[lp, | Fe1l. (9.26)
k=1
Then (M,) is a martingale and |M,, — M,,_;| < 1.-By Proposition 9.5, almost surely one of (9.21)

and (9.22) will happen.
We note that

o
Z 1p, =00 <& DBy happens infinitely often.
k=1

When lim,,_,o, M, exists, then by (9.26)

o0 o0
Z lp, =0 & Z Ellg, | Fr-1]s
k=1 k=1

on the other hand,

oo oo
llrrgsolipM =00 = ;18’“:00’ hnlgngn:—oo = kZlE[lBk|.7:k_1]:oo.

So in both cases, the conditions insides the events of (9.25) are equivalent and this completes the
proof. O

9.4 Branching process

The branching process Z,, models the number of individuals at the n-th generation of a family tree.
We define Z,, recursively by Zy = 1,

T tt 7, >0,
Zn+1 = "
0, Zn = 0.
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The r.v.s fg“ models the number of offsprings from the k-th individual at the n-th generation. We
assume that &, n > 1,k > 1 are i.i.d. with finite expectation p = E¢ € (0,00). We also introduce the
filtration F,, = o(&",i > 1, 1 <m < n).

(2
To produce a martingale, we have the following observation.

Proposition 9.7 The process Z,,/u"™ is a (Fy)-martingale.
Proof: We have
E[Zn-i-l ’fn] = E[ IH—I +"'+§g:1 ’Fn]

= B[ Ly €+ )
k=0

]-'n]
= EL (g (G )| R
k=0

=D Lz—iyk B = pZn.
k=0

g

Since Z,/p" is a non-negative martingale, there exists a r.v. a(w) such that Z,/u" — a almost
surely.

An important question concerning the branching process is the probability of distinction, the event
where Z, = 0 for all n > ng. If u < 1, the almost surely,

limsup Z,, < lim p"-a=0-a=0.
n—o0 N30

Since Z,, € Z, this implies that the distinction probability is 1.
Theorem 9.8 If p =1 and P(§ = 1) < 1, then the distincation probability is 1.

Proof: Since Z, € Z and Z,, — a, there exists ng = no(w) such that Z,, = a for all n > ny. The
goal is to show a has to be 0.
Indeed, the conditions E{ = 1 and P(§ = 1) < 1 implies that P(§ = 0) > 0, and hence

P(Zmsir = k| Zm =k] <1 —=P[Zms1 =0|Zn =k] <1—P(£ =0).
Hence, for all k £ 0,ng > 0,

P(Zy =k, ¥n > no) < P(Zng = k)P[Zngst = k | Zng = k] - P[Zngam =k | Zngpm—1 = k] < P(Zny = k)-p"",

(9.27)
for some p < 1. Since m > 1 is arbitrary, the LHS of (9.27) is 0. Therefore,
Pla#0)< > P(Zy=k ¥n>ng) =0,
k#0,n0>0
and this completes the proof. O

For the case u > 1, we set p := P(Z, = 0 for some n) to be the distinction probability.

Theorem 9.9 The number p is less than 1, and is the solution of ¢(p) = p where
o(s) =Y ms’, pr=P(E=k).
k=0
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Proof: By differentiation under summation, we have

= pks* @(s) = prk(k —1)s*7
k=1 k=2

Since Ep = > 77 prk < oo, the power series ¢/(s) is uniformly convergent on [0,1]; also ¢”(s) is
convergent on [0,1). Since ¢” > 0, the function ¢ is convex.

The point s = 1 is one fixed point of . Since ¢'(1) > 1 and ¢(0) > 0, by convexity there exists
another fixed point in [0,1), and we call it p. We will show that it is the disctinction probability.

Let 0,, = P(Z,, = 0). Noting that Z,, = 0 implies that Z,,+; = 0, we have

Om T P(Z,, = 0 for some n).

We have
0m+1 = P( m—+1 —0 :ZP m—+1 —0|Z1 —k Zl —k Zpk = Qm) (928)
k=0

We have 6y = 0 < p. By induction we can show that 6,, < p for all p. Hence, lim;, o0 0m < p.
By (9.28) the limit of 6, must be a fixed point of ¢. This completes the proof. O

10 Markov process

10.1 Markov property

Let X,, be r.v.s on (2, F,P) with a filtration (F,,).” We say that (X,,) is a Markov chain, if
1. X,, € F, for all n,

2. the Markov property holds, that is,

P[Xn+1 € | Fn] = P[Xpt1 € | X (10.1)

The range of X, is the state space, denoted by S. For simplicity, most of the time we work on a
countable state space. We write S = B(S). When S is countable, S is the collection of all subsets
of S.

To construct Markov chains, we introduce the notion of Markov kernel. We say that p(-,): S x S
is a Markov kernel if

1. for every = € S, the set function p(z,-) is a probability measure on (S,S);
2. for every A € S, the map x — p(x, A) is measurable.
We say that (X,,) is a Markov chain with kernel p, if
PXy11 € A| Fo(w) = p(Xn(w), 4). (10.2)
The Markov property (10.1) follows from (10.2), since X,, € F,, implies

Elp(Xn, A) | Fa] = p(Xn, A).
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In fact (10.1) and (10.2) are equivalent, since from (10.1) we can construct p using the regular condi-
tional probability. In this note, all Markov chains are homogeneous, meaning that the kernel p does
not depend on n.

When S is countable, the Markov kernel is determined by the transitional probability

p(i,7) = p(i,{j}), i,j€S.

The transitional probability is any non-negative function p : S x S satisfying Zje gp(i,5) = 1 for
all ¢ € S. If S is finite, then p is a non-negative matrix with constant row sum 1.

Example 10.1 SRW on Z is a Markov chain, with

0, else.

The branching process is a Markov chain, with
plig) = P(Y & =) = ()™ ).
k=1

where p¢ is the offspring distribution and *i denotes the i-th fold convolution.

Let 1 be a probability measure on (S,S). Let P* be a probability measure on (S°°,8%), with
finite-dimensional distribution

P“(Xjij,0<j<n):/
B

u(deto) / plo, dr) / pla1, de)

o B B2 (10.3)

/ p(xn—dexn—l)p(xn—laBn)-
Bn—l

One can check that (10.3) satisfies the consistency condition. Hence by the Kolmogorov’s Extension
Theorem, the probability measure P* exists.

Proposition 10.1 (Existence of Markov chain) Under P* given in (10.3), the process Xy (w) = wy, is
a Markov chain with kernel p, with initial condition p.

When p = 6, is a Dirac measure, we write P? instead of P%=.

The Markov property (10.1) says that the status at time n + 1, conditioned on F,, the past, is
the same as conditioned on X,,, the present. The information of X, 11 is part of the future. We can
generalize this notion to include all the times after n, not only n + 1.

We define the shift operator on S to be

0™ (W0, w1, -+ .) = (Wns Wt 1s - - - ). (10.4)

In other words, 0™w is the future after time n. The next theorem generalizes (10.1).

Theorem 10.2 (Markov property) Let F': (5°°,58%) — R be bounded measurable. Then
EFF(0"w) | Fn] = o(Xn), e(x) =E*F(0).
The non-random function x — @(x) is measurable. We also write (X,,) as

p(Xn) = B F(0) = [E"F(0)],_x. -
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Example 10.2 When F(w) = 14(w;), we have

EX[F(0"w) | Fo] = ELF(@nt1) | Fol = PAXs1 € A| Fl = p(Xn, A) = EX» 15 (). (10.5)
This is (10.1).
Sketch of the proof: We can establish (10.5) for F' taking more and more general forms.

1. F(w) =14,(w1)1la,(wse)---14, (wm). For this step, the proof will be similar to the verifying

10.2 Strong Markov property

Theorem 10.2 says that conditioned on X, the present, the future ”w is independent of the past JF,.
Similar to the optional sampling theorem, we can use a stopping time to define the “past” and “future”.
This leads to the strong Markov property.

Theorem 10.3 Let T be an almost finite stopping time and F : (S,S) — R be bounded measurable.

Then
EF[F(0Tw)| Fr] = [E°F(0)]

x:XT'

Proof: Let A € Fr. Then

EYF(0Tw)la = E* ) Lanproiy F(0"w)
k=0

— E‘u Z 1AQ{T:k}F(9k(4U)
k=0

= E'langr—iy F(0'w)
k=0

= Z E*Lan(r—k} EX[F(0"w) | Fi]
=0

— Z EFLanir—i) EYF F(w)
k=0
= EF(LAEXT F(w)).

105



Example 10.3 Let X,, be the SRW on Z. For a € Z,
T,(w) = min{n >0: X,, = a}.

The stopping time T, is almost surely finite from our discussion in Section 9.2.
Let

Fw) = L) -1 @) <m)-
Applying Theorem 10.3 to the stopping time 77 and p = d,, where x < 0, we obtain

E*[F(60"'w) | Fr,] = E'F(w).
Since x < 0, the RW is below 1 before T, and hence
F(0"w) = F(w).
When the RW starting from 1, that is, wg = 1 we have T; (w) = 0, and hence

E'F(w) = E'Linyw)<m) = E'Lmiw)<mys

(10.6)

(10.7)

where the last equality is due to the translation invariance of the RW. Combining (10.6) and (10.7), we obtain

Paj[Tg —T1 S m‘le] = PO(Tl S m)

Since the RHS is independent of Fr,, we conclude that T5 — T3 is independent of Fr, ; moreover it has the same

distribution of 77 when the RW starting from 0.

The proof of Theorem 10.3 is similar to that of the optional sampling theorem for martingales.
In fact, using martingales we can characterize the Markov property and give another proof of Theo-

rem 10.3. Such characterization is known as the martingale problem.

Proposition 10.4 (Martingale problem) Let f be bounded measurable. Then

M =3 (F(Xm) = F(Xm-1) = ELf (Xm) = (Xm-1) | Fn-i])-

m=1
18 a martingale.

Introducing
(Lf)(x) = / pla, dy) (f(y) — (),

we can rewrite (10.8) as
n—1

M = f(Xp) = f(X0) = Y (L) (Xm)-

m=0

We point out that (10.9) depends only on the Markov kernel p.

Theorem 10.5 Let P be a probability measure on (S, 8%) and X, (w) = w,. Assume that

P(XO € ) = M,

(10.8)

(10.9)

and that M,{ given in (10.9) is a martingale under P for every bounded measurable f. Then P = P~
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Idea of the proof: From E[le | Fo] = MOf = 0, we obtain

ELF(X0) | Fol — £(Xo) = (Lf)(Xo) = / p(Xo, dy) () — F(Xo)),

and hence

ELF () | Fol = / p(Xody) ().

In particular, taking f = 14, we obtain

P[Xl S A‘./r()] :p(XQ,A).
O

Now we use Theorem 10.5 to give another proof of Theorem 10.3. For simplicity we assume that T’
is bounded.
Second proof of Theorem 10.3: For every bounded measurable f, by optional sampling theorem,

EX[Myr — My | Fr] = 0.

We have
n+T-1

M= ME= Y (X)) = F(Xim) = (L) (Xm) = M (07 w)
m=T

Hence, under the measure 3
Plwe:)=Polwe | Fr],

the process M#: is a martingale for every bounded measurable f. By Theorem 10.5, we have P=pr
where v(-) = P#(Xp € -) and this completes the proof. O

10.3 Invariant measures

Let i be a measure on (5,S). For n > 1, we define
uP™(A) = /,u(dx) P*(X, € A). (10.10)

If 44 is a probability measure, then pP™ is P#(X,, € -). The point of (10.10) is to allow the initial
condition to be an infinite measure.

We say that p is an invariant distribution if it is an invariant measure with total mass 1. Note
that if p is an invariant measure, then cy is also an invariant measure for all ¢ > 0. Hence, we can
obtain an invariant distribution through normalization whenever we have a finite invariant measure.

As another example, consider a finite state space S = {1,2,..., N}, and write the Markov kernel
as a matrix P = (pij)f-yjzl. Any measure p on (S,S) can be represented as a row vector, and

(/’LPn)’L = Z KjoPjoji " Pjn—14n> jn = ia
jOvjlv---vaLe{lv"'vN}

is matrix multiplication.

Next, let us compute the invariant measures for some Markov chains explicitly.
SRW on Z. The invariant measure p = (u;);cz satisfies

1
pi = (uP)i = 5(/%—1 + pit1)-
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So p; is an arithmetic sequence and p; = a + bi for some a,b € R. Since p; > 0 for all 4, the
common difference b must be 0. Hence, all invariant measures are constant, and there is no invariant
distribution.

Asymmetric RW on Z. Let p > 1/2 and consider a RW X, given by

PXpi1=Xn+1|X,]=p, PXpnt1=X,—-1|X,]=1-p.
Then invariant measures satisfies

i = (pP)i = piap + (1 — p)piy1. (10.11)

This is a second order difference equation, whose characteristic equation (1 —p)A%2 — A+ p = 0 has two
distinct roots A = 1 and A = p/(1 — p). Hence,

ui:a—i—b(i)z, 1E€Z
1—p

for some a,b € R. There will be two linearly independent invariant measures: one is a constant, the
other is u; = (p/ (1— p))z. None of them and their linear combinations are summable, so again, there
is no invariant distribution.
RW on the half line Z>q. Let p € (0,1) and consider a RW X, on Z>( with sticky reflecting
boundary at 0, that is,
PXpi1 =X, +1|X,]=p, PXpt1=X,—-1|X,]=1-p, X,>1,
PXpt1=1|X,=0=p, PXpt1=0|X,=0=1-p.

The invariant measure satisfies

ppi—1 + (1 = p)pi1 =i, i > 1, po = (1 —p)uo + ppa.
Similarly to (10.11), we obtain
pi=a+b(-="=) i1 o= .
1-p -

Then p; is summable only if @ = 0 and p < 1/2. Intuitively, the condition p < 1/2 means that the
RW will be pushed toward the origin, which is balanced by the reflecting boundary condition at 0,
and thus an invariant distribution exists.

It is important to understand the invariant measures/distribution of a Markov chain. In the rest of
the section, we study this question on a finite state space, which becomes a linear algebra problem. An
invariant distribution p satisfies uP = p, and thus it is a left eigenvector of the transitional matrix P
with eigenvalue 1.

Let v = (v1,...,vn)T be a row vector; its £!-norm is

N
vl = |vkl-
k=1

If £ > 0 and |u|; = 1, then p can be viewed as a probability measure on {1,2,..., N}. Moreover,
if u,v are two probability measures on {1,2,..., N}, then

ln—vlry =|pn—v.

The next theorem characterizes the invariant measure of a Markov chain on a finite state space.
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Theorem 10.6 (Perron—Frobenius) Let P = (pij)%-:l be the transitional matriz.
1. X =1 is an eigenvalue of P.

2. Let A € C be an eigenvalue of P. Then |\| < 1.

Assume additionally that
d = minp;; > 0. (10.12)
173

3. There exists an non-zero eigenvector u > 0 of P with eigenvalue 1, and the eigenspace has

dimension 1.

4. There exists p < 1 such that for any probability measure v on {1,2,...,N},

|[vP™ — u|1 < 2p". (10.13)

Proof: Since P has row sum 1, the column vector 1 = (1,...,1) satisfies P1 = 1. Hence A = 1 is an
eigenvalue of P.
Let v = (v1,...,vn) # 0 and Pv = A\v. Let

lvj| = max{|vi],. .., |on]|}.

By multiplying a factor e’ we can assume v; € R and v; > 0. Using that the row sum of P is 1 and
the triangle inequality for complex norms, we have

N N
| Avj| = ‘ijkvk' < ijk\vk\ < ;.
k=1 k=1

Hence |\ < 1.

By Item 1, there exists a non-trivial left eigenvector u with eigenvalue 1. The question is whether
all entries of p have the same sign. To solve this, we write p = pu4+ — pu— to decompose p into positive
and negative parts, and we need to show that py or pu_ is 0. We first establish the contraction
in £'-norm: for any u,

\nPl < |ul1.

Indeed, since p+ are non-negative vectors,
(WPl < |pp Pli+ [p-Pl = pe PL+p- Pl = pil + pe 1 = g+ |p-1 = |uh. (10.14)

If 4 = P, then the inequality in (10.14) must be equality. In particular, for all ¢, either of (u+P);
must be zero. On the other hand, under the assumption (10.12),

(uxP)i > 6|p+|1-

Hence one of ut must be zero.
For the uniqueness of u and the last part, we will prove a strong contraction in ¢*-norm. Let vy, 15
be two probability measures on {1,..., N}. Then for some p < 1.

’I/1P — I/QP‘l S p’l/l - Vg‘l. (1015)
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Indeed, by (10.12) we can write P = E + (1 — N§)P, where E is the N x N will all entries 1, and P

is Markov matrix (non-negative and has row sums 1). Since v;E = 17, we have

|V1P — 1/2P|1 = |5(I/1 — VQ)E+ (1 — N(;)(I/l — I/Q)Ph
= (1 — Né)’(yl — I/Q)P‘l S (1 — Nd)‘l/l — VQ’l,

where we apply the weak ¢!-contraction (10.14) to P on the second line. If u1 and po are two left
eigenvectors with |u;[1 = 1, then (10.15) implies

1 — p2lt = [P — pa Pl < plpn — pofr.
So p1 = pe and we show that the eigenspace has dimension 1. For (10.13), we have
[ —vP"y = |puP" —vP" 1 < p"lp—vfi < 2p".
O

Remark 10.4 Item 2 is a more general fact about matrices: the spectral norm of a matrix (the largest eigenvalue
in norm) is less than any of its fP-norm; here, a matrix with row sum 1 has ¢>°-norm 1.

10.4 Recurrence

In this section we consider a countable state space S = {1,2,...}. For every i € S, let

TV =T =inf{n>1: X, =i}, T =inf{n> 7" : X, =i}.

K3 (2

The time Ti(m) is the time of the m-th visit of the Markov chain to the state 3.
We classify any state ¢ € S as follows: ¢ is

e transient if P{(T; = o) > 0,
e null recurrent if PY(T; < 0o) = 1 but E'T; = oo,
e positive recurrent if E'T; < oo.

We write p;; = PY(T; < 00). We say that j is accessible from i, denoted by i — j, if there exists jo =

i, J1,725 - -+ Jm = Jj such that p(ji,jk+1) > 0. Note that ¢ — j if and only if p;; > 0. We say that i

and j commutes, denoted by 7 <> 7, if ¢ — j and 7 — i. The “<” relation is an equivalence relation.
The main result of this section is the following.

Theorem 10.7 Ifi <> j, then i and j have the same type (transient, null recurrent, positive recurrent).
We start from a lemma which follows from the strong Markov property.

Lemma 10.8 For alli,j € S,
PI(T™ < 00) = pijpp .

In particular,
PUT{™ < 00) = i
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Proof: We will prove by induction. The case m = 1 is definition.

Let m > 1. Since the condition Ti(mﬂ) < 0o implies Ti(m) < o0, by strong Markov property, we
have
j (n(m-+1) _ pjrp(m41) (m) (m)
P/(T; < o0) = P/[T; < oo | T < oo]P(T;™ < 00)
= PU(T{Y < 00)PITY" < 00) = pispl.
This is the induction step and the proof is complete. O

Let N (i) be the total number of visits to the state 4, that is,

N@) = Lix,—i-
n=1

Proposition 10.9 A state i is recurrent if and only if E'N (i) = oo.

Proof: By Lemma 10.8, we have
PN (i) > m) = P{T™ < o0) = pip.

So N (i) is a geometric r.v. under P?, and we have

EZN(Z) _ 1 =00, pi =1,
1 —pii <00, pi <l

By Fubini, we have
E'N(i) =Y PUXp=1) =) p"(i,9). (10.16)
n=1 n=1

We can use (10.16) to determine recurrence type of the SRW on Z<. Indeed, since by CLT,

Xn_i_£1+§2+"'+fn

NG NG —>N(0,02),

we have

PH(X, = i) ~ f,(0)(1/v/n)* = en~ Y2, (10.17)

where f, is the density of A(0,02), and (1/y/n)? is the volume of the d-dimensional box with
length 1/y/n. Then (10.17) is summable if and only if d < 2, and we recover our result on the
recurrence of the SRW. For SRW (10.17) can also follow from some combinatoric computation, but
the proof based on CLT can be generalized more easily.

Proposition 10.10 If i is recurrent and p;; > 0, then j is recurrent and pj; = 1.
Proof: Since p;; > 0, we have P'(T; < oo, Tj < T;) > 0. By strong Markov property, we have
0 = PYT; = 00) > PY(Tj < o0, Tj < T;)PY(T; = ).

Hence P/(T; = 0o) = 0 and pj; = 1.
Since p;j, pji > 0, there exists L, K > 0 such that
B K(j,1) > 0. (10.18)

p(i,j) >0, p
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Hence,
PP ) 2 PR (G, 0" (6 Pt (6, 5), Y > 1.
Using (10.16) and (10.18), we have

E'N(j) > p" () = p"(j, ) E N (i)p" (4, §) = oo.

n=1

This completes the proof. O

Using Proposition 10.10 we can show that ¢ and 7 must be simultaneously transient or recurrent
if i <> j. Next we will distinguish between positive and null recurrence.

Proposition 10.11 If E'T; < oo, then there exists an invariant distribution p such that (i) > 0.

Proof: Let
Ti—1

m=E) x5 (10.19)

n=0

Then m; = 1 and

T;—1
Y m=EY > Lx-j =FT <.

j€eS n=0 j€S

Then u(j) = mj/E'T; defines a probability measure and y(i) > 0.
We claim that 7 (and hence ) is invariant. Using Fibini, we can rewrite (10.19) as

o (©.9]
T =Y Elix,_j neri-1y = P (Xn=4j, n<Ti—1).
n=0 n—=0

Using Markov property, we have

Z?ij(j, k) = ZZ PZ(Xn :j> n < T’z - 1)p(ja k)

jes n=0jeSs

=Y P(Xpp1=k nt+1<T)

n=0

:ipi(xn:k, n <T;)

n=1

. L
=E') 1{x,=n-
n=1

To conclude that the RHS is 7, we use that

L, =) = Limk)y = Lixomny-

Proposition 10.12 If P4(T; < co) = 1 and P{(T; < c0). Then
1 1
v 2 Mx—y = g Ploas. (10.20)
n=1 ¢
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Proof: By strong Markov property, the r.v.s

™, @ W 8 @ (10.21)
are independent; moreover, for k£ > 1,
p#(Ti(kH) _ Tz‘(k) €)=PiT, ), (10.22)

so the r.v.s in (10.21) except for the first one all have the same distribution.
Let k be the integer such that
T( )< N < T(k+1)

Since Ti(kH) — 7™ are as. finite by (10.22) and the assumption, as N — oo, we have k — co. We

7

can estimate the LHS of (10.20) using

k 1 k
Tkﬂ) < N Z Lix,=i) < 7T(k)' (10.23)
n=1 i

On the other hand, by SLLN, P# almost surely,

7*) B 71 + (T-(Q) _ TA(I)) 4ot (T-(k) _ Tlgkil))

2

—ET® -1V = E'T, (10.24)

even when E'T; = co. Then (10.20) follows from (10.23) and (10.24), and we complete the proof. [J

We can now show that positive recurrence can be propagated. To have a clean setup, for a positive
recurrent state i, let
So={jeS:i—=jl={jeS:i+j}

The two definitions of Sy are equivalent by Proposition 10.10. Sometimes Sy is called the commuting
class containing A. Without loss of generality we can assume Sy = S, since we do not care about
states inaccessible from ¢ at this moment.

Proposition 10.13 Let i be positive recurrent. Suppose that i < j for all j € S. Then all j € S are
positive recurrent.

Proof: Since 7 is positive recurrent, Proposition 10.11 gives an invariant measure p. Examining the
construction (10.19), we see that u(j) > 0 if j is accessible from ; under our setting, we have u(j) > 0.
Let us fix a j € S. By the assumption, we have p;; = 1 for all £ € S. Hence,

PH(T; < o0) Zu )ok; = 1.

kesS
By Proposition 10.12, we have P* almost surely,
1 & 1
anll{xn_j} ~ BT (10.25)

The LHS of (10.25) is bounded by 1, and thus by BCT, we have

lim EF— Zl{Xn_]}

N—o0
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Using the invariance of 1, we have
EFlix,=jy = PH(Xn = j) = P*(Xo = j) = p(j).
Hence p(j) = 1/E?T; > 0, and j is positive recurrent. O
As a corollary, the invariant distribution on a commuting state space is unique if exists. Note

that at this point we have established Theorem 10.7, so we can talk about the “type” of the entire
commuting class, not just a single state.

Theorem 10.14 Suppose i <> j for all i,j € S (that is, S is irreducible). Then the Markov chain is
positive recurrent, if and only if there exists an invariant distribution. The invariant distribution p is
unique and given by

10.5 Ergodic theorem
To motivate, we start with a corollary of Proposition 10.13.

Proposition 10.15 Let S be irreducible and p be an invariant distribution for the Markov chain.
Let f: S — R be bounded, measurable. For all initial condition v, the limit

N
s = [ (10.26)
n=1

holds P”-a.s.

Proof: (10.26) is true when f(z) = 1y,—; by Proposition 10.12. Hence it is true for all f(z) =
> i f(i)1{z—; which is a (countable) linear combination of indicator functions. O

Proposition 10.15 is a example of ergodic theorem, which says that the time average of certain
statistic, f, of a dynamics, X,,, converges to the ensemble average. “Ensemble average” is a term in
statistical mechanics, which means average over the probability space in our context; the sample space
will be the “ensemble”.

The LHS of (10.26) is similar to what appears in the SLLN. In fact, ergodic theorem answers the
question under what general condition, the almost sure limit

X1+ Xot+ -+ Xy
lim
N—oo N

exists. We already know some sufficient conditions, for example, X, being i.i.d., or X, from an
irreducible positive recurrent Markov chain. The ergodic theorem generalizes the condition to include
stationary sequences.

Let us introduce some definitions. We say that A € S is invariant if
p(i,A)=1,i€ A, p(i,A) =0, idA. (10.27)

The sets S and @ are always invariant, and if the Markov chain is irreducible, then these are the only
invariant sets. The condition (10.27) can also be written as

(P14)(i) = 14(i), Vi. (10.28)

It is convenient to allow exceptional points where (10.28) fails. We measure “exceptional” point using
measure: we say that A is p-almost invariant, or just almost invariant, if P14 = 14 holds p-a.s.
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Definition 10.1 An invariant distribution p is ergodic, if p(A) € {0,1} for every (almost) invariant
set A.

To motivate the definition of stationary sequence, let us consider the measure P* on (5°°,8%)
where g is an invariant distribution. Then P* is stationary, in the sense that for every n > 0 and k£ > 0,

PM(XO €Ay, X1 €A,..., X € Ak) = PM(Xn S Ao,Xn+1 € Aq,.. 'aXn—i-k S Ak) (10.29)

Recall that the shift operator #” in (10.4) (with the convention # = 6'). (10.29) can be rephrased
as P# o 07" = P for all n > 1. The definition of stationarity does not depend on the Markov chain,
and it can be stated for any probability measure P on (5°°,§°°). We will consider general stationary
sequence and use P instead of P#* when the Markov chain structure is irrelevant.

We also introduce a notion of invariant set on S®. We say that B € S is invariant if 0~'B = B,
and B is almost invariant if 0~!B = B P-a.s., that is P(BA§™1B) = 0, or 15 = 1515 almost surely.
Let

Z={B € S8 : B invariant}, Z,={B € S : B almost invariant}.

Both 7 and Z, are o-algebras. The next result characterizes the relation between Z and Z,.

Proposition 10.16 If B € Z,, then there ezists C € T such that P(BAC) = 0.

Proof: Let o o
C =liminf "B = U1 ()6 "B.
n=1k=n
We have o = N o
o-lc=J o B=|J 0 "B=C,
n=1k=n n=2k=n
soC el

Since the map 0 preserves P, we have

PO~V BAYT"B) = Po§~"(0' BAB) = P(0"'BAB) =0,

and hence .
P(O""BAB) <Y PO *1BAs*B)=0. (10.30)
k=1
We have
o o¢] oo e}
B\C:Bm(ﬂ U(G""B)C>CUBH( - JB\67*B), (10.31)
n=1k=n k=1 k=1
and -
C\B= U ﬂ “*B\B)c | J(67"B\B). (10.32)
n=1k=n n=1
By (10.30) to (10.32), we have P(BAC) = 0 and this completes the proof. O

Theorem 10.17 (Birkhoff ergodic theorem) Let P be a probability measure on (S°°,8°°) such that Po
=1 =P. Let f: S =R be L'(P). Then P-a.s.,

1 &~ o

NZf(G w) — E[f|T] = E[f | Z.]. (10.33)

n=1
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We postpone the proof of Theorem 10.17 to the end of this section. First we point out the relation
of Theorem 10.17 to Proposition 10.15.

Proposition 10.18 If u is ergodic, then T (and Z,) is trivial under P*.

Proof: Let B € Z. We consider
A= {wo €S (wo,wl,wg,...) S B}

Then
0_1Bais.{(w07 n0s 11,725 - - - ) : (nOa m,..- ) € B, p(w07 770) > 0} (1034)

Noting that 19 € A on the RHS of (10.34), since B = §~1B, we have wy on the RHS almost surely
belongs to A, that is, we have for P#-a.s. wp,

p(w(]:A) = 17 wo € Av p(wOaA) - 07 wo € A.
So A is almost invariant. By ergodicity of u, we have pu(A) € {0,1}. If u(A) = 0, then
PHB) <PHAxSxSx--)=0,

and if pu(A4) =1,
PHB)>PFAXx AXxAXx---)=1.

Therefore, we show that P#(B) € {0,1} if B € Z, and this completes the proof. O

Let us look at some examples.

Markov chain. Consider an irreducible, positive recurrent Markov chain. Then the only invariant
sets are @ and S by irreducibility, so Z is trivial.” Hence, any invariant distribution is ergodic. We
know that invariant distribution exists since the Markov chain is positive recurrent. As 7 is trivial, the
conditional expectation in (10.33) becomes expectation, and we recover Proposition 10.15 for v being
the invariant distribution. Proposition 10.15 is stronger as we can start from any initial condition;
this is the mixing property.

SLLN. Consider the infinite product measure P = ;®> on (S*°,8%*). If B € Z, then B=0""B €
F>n for every n, and hence B belongs to the tail o-algebra. By Kolmogorov’s zero-one law, the
tail o-algebra is trivial, so Z is trivial. Then Theorem 10.17 recovers the SLLN.

Irrational rotation on the circle. We look at a “deterministic” example. Let S be the circle,
parametrized by S = {2 w € R}. The Markov kernel is deterministic, given by

p(l’, ) == 5$+p7

that is, X,, = Xo+np. The Lebesgue measure is invariant, since 8 is a rotation of the circle by angle p.
We will show that this measure is ergodic.
Indeed, let A be an invariant set. Since 14 € L%([0,1]), it has a Fourier series expansion

La(w)= Z e
keZ

The invariance of A under rotation implies that 14(w) = 14(w + p), and hence

I ) . )
§ :Ck€27rzkw 1.8 § :CkGZﬂ'zk(erp) — § :ck627rzkp . e27rzkw'

keZ keZ keZ
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Since Fourier series expansion is unique, we have
cp = cpe’™ke Yk e 7.

Recall that p is irrational, so e?™** =£ 0 unless k = 0. Hence ¢, = 0 for all k # 0, and 14(w)=co.
So 14(w)=1 or 0, and thus Leb(A) € {0,1} (the total length of circle is 1 by our parametrization).
As a consequence of Theorem 10.17, if f(w) = 1(4)(w), then for Lebesgue almost every x € S, we

have
#1<n<N:z,=zx+npE€ [a,b]}

N
This says that irrational rotation tries to evenly distribute points in the limit.

—b—a.

There are more than one proofs of Theorem 10.17, but none of them is easy, as one may expect
from the simplicity of the theorem. We include the following proof for the completeness of this note.
Proof of Theorem 10.17:  Without loss of generality we can assume f > 0. Let us write (Ay f)(w) =
SN | f(67w) and define

f(w) =limsup(A, f)(w), [f(w) = liminf(A, f)(w).

n—o0

First, both f and f are measurable with respect to Z,. Indeed, from the structure of Cesaro sums,
we have

(Anf)() — (Anf)(O)] < - () + - F(B"w). (10.35)

For fixed w, the first term goes to 0. Since Ef < oo, we have

ZP >5n ZP >5n < 00,

and hence by Borel-Cantelli, the second term in (10.35) also goes to zero.
In the rest of the proof, we will show that

Eflp <Eflp <Eflp, VBeT. (10.36)

If (10.36) holds, then P(f = f) =1, and f = E[f|Z]; this proves (10.33).
Fix M > 0 and let fy;(w) = f(w) A M. Since f € Z,, we have fy; € T,, that is, fa7(0)= far(6w).
Let n(w) =inf{n > 0: fir < A, f(w) +}. We have

)—1 n(w)—1

Fu@w)yEn(w) fuw) < Y f(07w) + n(w)e. (10.37)

j=0

n(

E

I
=)

J

If (10.37) holds for arbitrary large n, we can take expectation and obtain (10.36); but n is fixed here.
Since P(n(w) < oo) = 1 by the definition of limsup, we can make a further truncation: let N > 1 be
such that

P(n(w) < N) >1—¢/M.

Let C = {n(w) < N} and define

e = flo+ (fVM)lee, n(w)=n(w)lc(w)+ lee. (10.38)
We have
n(w)—1 B ' B (w)—1 '
Do ful@w) = i) fuw) < Y fue(BPw) + fi(w)e, (10.39)
j=0 Jj=0
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Let
’I’LO(LL)) = O, nk(w) = nk—l(w) + ﬁ(@”’“—l(“)w),

For ng(w) < L < ng41(w), applying (10.39) to w = ™1k =1,2,..., K and summing up, we have

L—l ng(w)—1
) < Z Z fM(HJ Z fur < Z fare(69w) + Le + N M. (10.40)
j:(] k=1 j=ng_1( Jj=nk

Multiplying 15 to both sides, integrating and dividing by L, we have

L-1
_ 1 Z ; NM

Since B=0~J B, we have

Efare(0?w)liuepy = Efare(W)liueo-iny = Efsre(w)ls. (10.42)
From (10.38) we have
EfMﬁlB <Efulp+ MP(CC) <Efylp+e. (10.43)
Combining (10.41) to (10.43) and sending L — oo, we obtain

EfMlB § EfMlB + 2¢.

The first inequality in (10.36) follows by letting M 1 oc and € | 0.
The other inequality follows from a similar argument, where we do not need to truncate f from

above since the last sum in (10.40) is bounded from below by 0 as f > 0. This completes the proof.
O

10.6 Ergodic measures for Markov chains

In this section we will use the general result on ergodic theorem from last section to have a better
understanding of invariant measures of the Markov chain.

Theorem 10.19 let i and i be different ergodic measures. Then p and i are mutally singular.
Proof: Since p # fi, there exists a bounded measurable function f such that [ fdu # [ fdf. Let

By ergodicity of u and fi, the invariant o-algebra Z is trivial, and hence Theorem 10.17 implies P#(B) =
1 and PA(B) = 0. Let A = 7, ' B be the projection of B onto the zero-th coordinate. Then u(A) = 1
and fi(A) = 0. This completes the proof. O

If py and pgo are invariant distributions, then their convex combinations ap + (1 —a)ug, o € (0,1)
are also invariant distribution, due to the linearity of the condition P = p for invariance. In other
words, the space of invariant distribution, denoted by P, is a convex set. We say that u € Py is
extremal, if there is no non-trivial convex combination to represent p, that is, if « € (0,1) and vy, 19 €
Pr are such that

w=oav + (1 —a),

then u = v = vs.
The next result gives geometric meaning to ergodic measures.
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Theorem 10.20 A probability measure i € Py is ergodic, if and only if p is an extremal point of Pr.

Proof: The “if” part. Suppose that u is not ergodic, then there exists an invariant set A such
that u(A) € (0,1). Let
p(CNA) p(CN A%
p(4) p(A°)
Then p = avy + (1 — a)ve where v = pu(A) € (0,1). We will show that v; € Py and thus arrive at a

contradiction that u is extremal.
For C € S, we have

n(C) = plClA] = va(C) = plC] A] =

(11P)(C) = / vi(da)p(z, C) = / “(dzzz‘(x) p(z,C). (10.44)
We claim that
1a(z)p(z,C) =p(x, ANC). (10.45)

Indeed, if z € A, then by invariance of A, p(x, A) = 1, so p(z,C) = p(x,CNA); ifx ¢ A, then p(z, A) =
0 = p(z, AN C), so both sides of (10.45) is 0. Using (10.44), we can continue (10.44) to obtain

1 / 1
—— | pldx)p(z,ANC)= ——u(ANC) =v1(C).
7 | Ha(@. A0 €)= —Zou(An €)= m(C)
Similarly, we can show that 1o is invariant. This proves the “if” direction.

The “only if” part. Let p be ergodic and p = av; + (1 — a)ve where v; € Pr and « € (0,1).
Then v; < p, and hence P¥ <« P#. By Theorem 10.17, for every bounded measurable f, we have

(1P)(C) =

N
%Zf(Xn) — /fdu, PH-a.s.
n=1

The limit is a constant since p is ergodic. Applying Theorem 10.17 to v;, we obtain

N
1 » »
NZf(Xn) — EY[f|ZI] PY-as.
n=1
Since P#-a.s. limit impies P¥i-a.s. limit by absolute continuity, we have

E”i[f|Z]:/fdu, PYi-a.s.

[ tavi= [ san

As this holds for arbitrary f, we see that y = v; = 5. So p is extremal. g

Taking another expectation, we have

Now let us consider an irreducible, positive recurrent Markov chain. From a fixed state ¢, by
Proposition 10.11 we obtain an invariant distribution g, with u. (i) > 0. Note that

Pr(i) = {p € Pr: u(i) > 0}

is also a convex set, and its extremal points, denoted by Pg(i), by a similar argument to Theorem 10.20,
are ergodic. But ergodic measures are mutually singular due to Theorem 10.19, so there can be at
most one ergodic measure y such that (i) > 0. Since p. € Pr(i), we know that Pr(4) is non-empty; a
non-empty convex set has one extremal point, if and only if the convex set contains only one points.
Therefore, Pr(i) = {u«} = Pr(i), and we arrive at the conclusion that the Markov chain has a unique
invariant measures, which is also ergodic.
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11 Notation

11.1 Abbreviations

i.i.d. independent, identically distributed
r.v. random variable

p.m. probability measure

c.d.f. cumulative distribution function
f.d.d. finite-dimensional distribution

ch.f. characteristic function

U.i. uniformly integrable

11.2 Relations

=4 Or = convergence in distribution/law

4 equal in law

11.3 Functional spaces

Cla,b] continuous function defined on the interval [a, b]
C%a, b] a-Hélder continuous function defined on the interval [a, b]
M(E) probability measures on a metric space F

11.4 Miscellaneous

L(X) distribution/law of a random variable/element X
N(p,0?) normal distribution

Exp(A) exponential distribution

Poi(\) Poisson distribution
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Index

additivity Monotone (MCT), 15
countable, o-, 1 cumulative distribution function/c.d.f., 5
finite, 2
sub-, 2 distribution
algebra, 5 ofar.v.,5b
o-, or o-field, 3 distribution function
Borel o-, 4 cumulative (c.d.f.), 1
semi-, 5 empirical, 38
Borel Fatou’s Lemma, 16
o-algebra, 4 finite-dimensional distribution, 35

Fourier transform, 58
Fubini’s Theorem, 29
for complete measure spaces, 31

(measurable) function, 12
(measurable) set, 12

space, 39
Borel—.Cantelh Lemma generalized inverse, 26
First, 19
Brownian motion, 11, 35 Hausdorff distance, 58
Helly selection theorem, 54
Cantor

Hoélder’s inequality, 17
function, 10

set, 9 independence
Carathéodory’s for o-algebras, 24
condition, 8 for a collection of r.v.s, 25
Extension Theorem, 7 for events/sets, 24
characteristic functions (ch.f.), 58 for r.v.s, 24
Chebyshev’s inequality, 21 pairwise, 25
consistency condition, 33, 35 independent and identically distributed, 25
continuity inequality
absolute (for functions), 9 Chebyshev’s, 21
absolute (for measures), 10 Holder’s, 17
at @, 7 Jensen, 16
from above (fom measures), 2 Young’s, 17
from below (for measures), 2 infinitely often, 19
continuous
absolutely, 9, 10 Jensen inequality, 16
convséililﬂjjy’ ) Kolmogorov’s
Extension Theorem, 33
almost sure, 18 Extension Theorm for general spaces, 35
in LP, 18 ’
in distribution, 18 law of large nubmers
in probability, 18 weak, 37
weak, 53 law of large numbers
weak, weak-*, 23 strong (SLLN), 35
Convergence Theorem Lévy distance, 57
Bounded (BCT), 16
Dominated (DCT), 16 measurable
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Borel-, 12 singularity (for measures), 11

map, 12 space
space, 3 Borel, 35
measure, 1 complete measure, 8
Dirac, 10 dual, 23
Lebesgue, 8 measurable, 3
outer, 8 measure, 3
product, 27 probability, 3
reference, 11 stochastic process, 35
signed, 23 stopping time, 48
monotone class, 5 system
Monotone Class Theorem, 5 -, 6
functional, 17 Dynkin, d-system, A-class, 6
normal number, 38 tightness, 54

total variation

principle of appropriate sets, 6 )
distance, 52

random variable, 3 of functions, 53
continuous, 11
simple, 14 uncorrelated r.v.s, 36
singular, 11 uniform integrability, 22

random vector, 12
vague convergence, 55

set
Cantor, 9 weak convergence
cylinder, 33 in R%, 68
i.o., 19

simple r.v./function, 14 Young’s inequality, 17
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