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Exercise 1 Consider the one-dimensional SDE
dX; =b(t, Xy)dt + o(t, Xy) dBy
where b, o satisfy:
e ) is bounded, measurable, and
[b(t, 2) = b(t, y)| < g(|lz —yl)
for some continuous, strictly increasing, concave function ¢ : Ry — R4 with ¢g(0) = 0 and

1 du
foﬁ:"o‘

e o is bounded, measurable and

|o(t,2) = o(t,y)| < h(lz —yl)

for some continuous, strictly increasing function i : Ry — Ry with A(0) = 0 and fol hglglu) = o0.

Show that pathwise uniqueness holds for this SDE.

Hint: You may use the following result: for g given above, if f is a non-negative continuous
function, then

f(t)g/otg(f(s))ds, t>0 = f(t)=0, t>0.

If XU j =1,2 are two weak solutions, you are aiming at f(t) = E|Xt(1) - Xt(2)| satisfying the above
integral inequality.

Exercise 2 Let (M;)i>0 be a c.lm. on (Q, F, (Ft)e>0, P) with

(M), = /0 t als) ds

fqr some progressively measurable process a > 0. Show that there exists an extended probability space
(Q, F, (Ft)t>0, P) and a standard Brownian motion B on it such that

t
Mt = / \ a(s) st
0
Hint: consider

t 1 t
B, = Liacs dMS+/1as dWy
t /0 {()>0}\/@ 0 {a(s)=0}

where W is a standard Brownian motion independent of everything else.



Exercise 3 Write y = (y(t)) >0 Suppose b(t,y) and o(t,y) are progressively measurable functionals

from [0, 00) x C[0, 00) into R satisfying
b(ty) 2+ ot y)? < K (14 max|y(s)), 0=t < o0, y €C[0,00),

where K is a positive constant. Let (X, W) be a weak solution on (€2, F, (F:)t>0, P) to the SDE

t t
X = Xo +/ b(s, X) ds+/ o(s,X)ds,
0 0
and E|X(|?™, oo for some m > 1. Show that for any finite 7' > 0,

E<max yXSPm) < C<1 + E]X0]2m>60t, 0<t<T,
0<s<t

and
EIX; — X" < C(A+E[Xo*)(t—s)™, 0<s<t<T,

where C = C(m, T, K) is a constant.

Exercise 4 Suppose that u(t,z) € C([0,t] x R) N 01’2((0, t] x R) solves the heat equation
1
Opu(t,x) = §8mu(t,x) — k(t,x)u(t,z), (t,z)€ (0,t] xR,
u(0,z) = f(z), z €R,
where k(t,x) is a bounded continuous function. Suppose that u satisfies the growth condition

alx|?

sup |u(s,x)| < Me
0<s<t

for some 0 < a < % and M > 0. Show that v admits the Feynman—Kac representation
u(t,z) = EXf(By)e~ Jok(t — s, Bs) ds.

Hint: consider Yy = u(t—s, Bs)e™ Io k(t=0.B0)d0 . yiyply the Optional Sampling Theorem with respect
to the stopping times 7, = inf{s > 0 : |Bs| > n} and pass to the limit carefully.



