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Exercise 1 Let (B;);>p be Brownian motion defined on (2, F,P). Let X; = |By|.

e Show that (X¢);>0 is a Markov process on Ry. Namely, for every 0 < t; < --- <t, =t <t+s
and A € B(R}),
P(Xt+5 € A | th./XtQ,. . .,th) - P(Xt+5 S A | Xt)

P™F . For b0, kt Fi =X, 08553) Then
P (Xass €A | % > ZP(XHS‘A , By >0 I‘ﬁ)—l-P(Xms"A, B: <o £ )
=P ORastA | Be»o. £)P(Be>o | ) +PUXeseA| B, SENCRTY

Now note thgt -fur wmj oSt <-<ti< <=t | a<) € [o,+%) | endl
| N
Y= 2t LIR ! 'S of th B want.
F{“ (27\,()-;6 S KEIR Bj 7”"‘"’7 f rt. 0, W have

‘(V" ieqn-ny that F(X-}i e[a,b),By70)= F( B-l-_i €[a,1),8,>0)

b
= R dt =Cp o dn = ([T wde+ TR0 dx)
=P (Be>0)- ( P(Bel0.hd) + P(=Br ela b))
=P (Ber o) P18 e1e:b)) =P (Buro)P(Xes €165 . Tha by

hootme cless lemma | we hove Hat § By > o7 is inde pedrt of ]{,-’_ _ S.‘»-lwb.{a,sa‘i
is olso indepedent of £ Thus we codl comthue the calculation - FCKes6A |#A)

=P (Xaes tA[Br>0, £)-P(Be>0) + P(Xews €Al <0, £) P By <0
ZJE-[P(XL«\-S tA|Bi>o, £) + F(Xt.l-g eAlR; <o, £ )] | (%)

Note thut {B, 7o) NG(B;) E—{B‘n]nﬁ , then e conlol keep gring on ()
=J£U>(>g+se/.\:&>o,s,,,ﬁ>+ P(Xers €A | B0, B, )]

BB LTP(KesehA|Bero, B> + P Xest A Bi<0, B
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“z(P(XmeAllBu Bi>0) + P(Xess€A [ 1Bl ,Bes0)

- —'l[ P(XHSC‘A»BJJO | B ) + P(XiseA,By<o(IBe] )
P(Be>o|1Bul) P(Bi<o | 181D

(By :mlcrendfmc of {B: >0, {B. =0y whh £

_,I_(P()(f+geA,B+>OlXt-) . P(Xess €A ,Be<0] Xa )J
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> =

= P(XHSGA le).
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e Show that the Markov semi-group (P:f)(z) = E*f(X}) can be written as

1
V2t

me Under ’Pnl’al’m? Px> IBo| = Ko =% &S,
Uk Bo=% 0., then frsvo, Be~ Momal (x,4)  Then we houe

Rfo = i) = EX 0B = € [f O lea s oy [ +E [ f1-B0 115, <03 |
- rf«ya-%cx-\}) dy + rfo‘om?mmrlj (Mnte that {Busvy = {-Buz0Y ond He densey
o 0 of -B, is Gulx-¢§0) =Gulxryd)
'—'-g;(gflx-yH 9w<+~p)fl5>c\j _
@ If Br=-%x as., then -ﬁr-bo B+~/Vomal(-><a"r). Thn ue hoe
R_(m = E*{(IB%I VY= E%[f(&)l{&>oy]+usx[f(-9f )1{&“7]
_ e +00
f; fup-g tyrdy + (a ffﬂ)-%("‘j"‘“"j
= (Mgt + qusey ) fipay

(Pef) (@) = A T loe )+ a9 F@dy, g() = e



e Denote by £ the generator of (Py);>o. Let f € C3(Ry) be such that f/(0) = 0. Show that

1
feDL)and Lf = §f”'
Hint: if f'(0) =0, then f can be extended to an even function g € Ca(R) such that g(z) = f(|z]).
Now apply 1té’s formula to g(By).

PrOL . Defae 3:,0:{ E"’)x;; Hon gro=fiix)) fr oll xeIR ond 9eCRY
Bj T s -ﬁnwlq , 9B = 9(")_‘_("9;(35)&35 ‘Lc‘j‘”’B Sds Then -For

o, fefw = le) =[E9(Be) = E [9m+5‘ 9°B)d B +-'-j'+ "tBs)als]
=g+ 0 +5 E([9"8ods =0 + L “(*qipsds  Then we hme
ll:c(l’tf ~Fr-3f"ll = sup L. zEfﬁ"(Bc)ds - 30|
— = 3\4’@ { E [-,gf 9(Bs>ds - f(x)]l _—9“ (::C-fo?g”lag— f1x) Js”
SEIPEw kN ljfega—fm]as].::ﬂ,f;f E19®n-ftolds,

[e{'bhg o0+ - by fordowetal Heorm of Colrulug, we hote that

. ¢ .
fim " cRf-£- zf = l;mof‘;']{; os;ujoﬂiﬁj tBe) - {'t00] ds

.g>+

=< “F E198,-{to| = ?,{.‘;g " fxo-fm| =0 .
The proof s done

e (Optional) Show that f & D(L) if f'(0) # 0.
P"““f For K20, Jfﬁ“ ﬂ"“ = f"" fm* Ther +e henke g€ Ci(Ry) with 3(0) 0. Bj
resutts abodg , e obtain thet 9673(1-’) ,ul\uh means “that »Q““ t(Ptj ﬂ) exisfg in C,

norm. We howe «ﬁr*’xv,o, thn-ﬂ(x) = H__‘_j()gt) =40

—-q = Rty - f?“Equ,."T” = Ffo&)-f(;\) —(ff»E’Xt"ffo)x) hich ‘.mF"'p" Bhet
R‘f““ - flo = Ry =g + TOEX, Since EX, = ¢t T {or Some cmstan
C>0 , we hove i)nm *’f“’”f"’)) an :E(Rﬂm -—7co)+ft’o>E %)
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lohich implies the resuly thot ¢ DL) Snce Co (omwrfente implies
Pﬁiﬁw"se C””""f]eme’ .

Exercise 2 Give strong solutions to the following SDEs.
1. By applying It6’s formula to log X;, solve

(F"""“M)" f“f’th = L)QrJV)(Jc - "X:zokxn

:‘X‘]:@‘X-bolB-z-“’ FXedt) — "7(: X dt

= odBy +rdt — 10t = (F-Lohdt+ ~dBe
Me = %o Q"f(fo-i(:r-"'ﬂ“)o's + (a8, )
= Yo erp (-0t +0B: )
Itis casy b verfy (X+2»ois the unigue s-hmj SoJutiov b this SDE

2. By applying It6’s formula to e* X, solve

dXi = dB; — A X dt.

(Fomolly): ol €% = A€ Kl + "X+
— Ae™X, At + eMdpy — AX+@"Hb
= o™MBe
AS

eMXe - KXo = g‘te dBs

=> K¢ = e-%(Xo §+€ c}Bs
It is cacy Wﬁj (XJCt is the 'un?‘hl g‘“"”j Solutiv o this SPE



X
3. By applying It6’s formula to L , solve

X
dXL:—T L

tdt—l—dB,,, 0<t<T,

Xo=0.

(Forma]b) . d%’) = (_-r)%;zd{_ ’ AX‘E

It is casy '\mq-ﬁj (X&) fs the Uni gl s-hm7 Sojutivv o this SPE
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