HW9

April 17, 2024

Exercise 1 Let (B¢)i>0 be Brownian motion defined on (€2, F,P). Let X; = |By|.

e Show that (X;);>0 is a Markov process on Ry. Namely, for every 0 < t; < --- <t, =t <t+s
and A € B(R+),
P(Xt+s cA | th,Xt2, . ,th) = P(XtJrs cA ‘ Xt)

e Show that the Markov semi-group (P¢f)(z) = E* f(X}) can be written as

PN = [ o0+ ol + 0l s 9l = e

e Denote by £ the generator of (P;)i>o. Let f € C3(R.) be such that f/(0) = 0. Show that
1
feD(L) and £ = 3 f"

Hint: if f'(0) = 0, then f can be extended to an even function g € Ca(R) such that g(z) = f(|z|).
Now apply Ito’s formula to g(By).

e (Optional) Show that f & D(L) if f'(0) # 0.
Exercise 2 Give strong solutions to the following SDEs.

1. By applying [t6’s formula to log X}, solve
dXt = O‘Xt dBt + T‘Xt dt.
2. By applying Itd’s formula to e X}, solve

dX; =dBy — A\ X, dt.

X
3. By applying It6’s formula to ﬁ, solve

I
e

X
Xy =~ ttdt+dBt, 0<t<T, X,



