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(17.1) THEOREM. Suppose that f:R* x R¢> R is C!'2, and that there exists
a constant K such that, for all t > 0, xeRY,

d

(172) |f(t, X)l +l%§(t,X) Z t x) + Z Z f (t,X) sKeK(H-lxl)
j= i=1j=1 _,
Then the process
(17.3) Cl:= f(t,B)— f(0,B,)— f tg f(s,B,)ds is a martingale,
where .
d 2
(17.4) Gf(t,x)= (atf . Z )(t X).

Remarks. The class C*? is, of course, the class of functions f(t,x). with
continuous partial derivatives of all orders up to 1 in ¢ and up to 2 in x. The
exponential growth condition (17.2) will be seen to be unnecessary provided we
relax the statement (17.3) to say that C’ is a local martingale. We shall not
digress to define this now. In dimension d = 1, the only functions of x for which
f(B,) is a martingale are the linear functions, but in dimension d > 2 we shall
see that there is a very rich family of f for which f(B,) is a martingale.

Proof. We must prove that, for 0 <s <,

E[C!-C/|#,]1=0,
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for which, by the independent-increments property of B, it will suffice to prove
that, for any xeR? and t>0

(17.5) E*[C]]=0,

where P* is the law of Brownian motion started at x. Without loss of generality,
we can take x =0 (and write P for P°), and we shall prove that, for 0 <z <t,

(17.6) E[C/-C/]=0.

Using the assumption (17.2), the fact that P[sup,.,|B.| >a] < cP[|B,| > a/\/?]
(see (13.4)), and dominated convergence, (17.6) implies (17.5).

Letting p,(x):= (2mt)~%2exp(— |x|?/2t) denote the d-dimensional Brownian
transition density, we observe that, for t >0, xeRY,

op, I & ap,
7.7 et (x)== ¥ ——(x);
(l ) ot (x) 2;21 6x2 (JC)
Hence

E[C! - C{]= E[f(r, B)—f(e,B)— f'gf(s, B) ds]

- J [pdx)f (6, %) — p.(x)f (6, )] dx

_J'dsIp,(x)[g{(s,x)+-;-Af(s,x)]dx.

But
Jps(x)% Af(s,x)dx = I%Apix) f(s, x)dx,
(integrating twice by parts and using (17.2))
- [2s60s
ot

using (17.7). Thus

E[C{-C]]= Jb.(X)f (2,%) — p(x)f (e, x)] dx

1 )
= J‘ ds I[p,(x) %t{ (8,%) + f(5,%) % (x)] dx

= J [pdx)f (2, x) — p.(x)f (&, x) ] dx — J ds j% (Py(x)f(s, x)) dx

J.[P,(X)f (2, x) = pu(x)f (&, )] dx — J. { J'ds (%[PS(X)f (s,x)] } dx
0.
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N
6. 85 s 'fm'mulo, Byl = |Ba| + zi_f’ 5'0{3’;

| (Bs| -
T+ = f.( 3 ol<B > L (N lle
i fl%l stl

= x|+ + ~w-n[ T

7 By 5 we know that G-S. o (w) =+, D&fmg

T, - T-’- N4 as. 0s n=>+0  Gizce -fu*r-t;-/o

lB-e/\'r,. ,< bounded T'n each ne//t/"‘ Lz, ond we eold
Shew as Tn 4 {hat C[Bm-r,,()*w s o martpeole  This
(lB+| )%7/0 is a hkcal mmfﬂjak Gince itis non-negative

tha 7t 's an nonna]’a'b'l/e ﬂ?cmarh)jate (Lj Fotou’s Lemnm
(And -Htfuc'{ +hat 'B"P- ” "‘,2 N s :n-tcjraéle) Bj Marh‘hja[e
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Foreach +20
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Then we Obtem that  (IBe)™ Yo i L* bounded int

which mplies +that ((Btl-’).tw 15 UT contwous focal
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