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Exercise 1 Let B = (B;)i>0 and B = (Bt)tzo be two independent (F;)-adapted Brownian motion
on (2, F, (Ft)t>0,P). Let T' be an a.s. finite stopping time. Define

By(w), t< T(w),
Briw + (Biw) = Bry(®)), t>T(w).

1. Show that (W)¢>0 is a continuous, (F¢)-adapted stochastic process.

Wt(w) = {

2. Prove that W = (W;)>0 is a standard Brownian motion by showing that W and B have the
same finite dimensional distribution, namely, for all 0 < t; < to < --- < t,, and all Borel
sets A1, Ag, ..., Ay,

PWi, € Av,--- Wy, € Ap) =P(By, € Av,-++, By, € Ap).
Exercise 2 Let B = (B¢):>0 be the standard Brownian motion. For a > 0,let T;, = inf{t > 0: B; = a}

be the first hitting time of a. For A > 0, define the Laplace transform of T: e ¥ = Ee= e Tt is
not hard to show that ¢ is a continuous function and we will assume that.

1. Use the strong Markov property to show that T}, To, —T4, T3 —Tog, - . . are i.i.d. random variables.

2. Show that
e(A,na) =np(Aa), n=1,
and use continuity to conclude that (A, a) = ¢(A, 1)a, a > 0.
3. Use the fact that (ABy-2;):>0 is also a standard Brownian motion for every A > 0 to show
that T,, and A\?T,, have the same distribution.
4. Show that p(A\%,a) = ¢(1, Aa) and conclude that there is a constant ¢ > 0 such that
Ee o = ¢=cVAa,

Exercise 3 Let (By):>0 be a standard Brownian motion defined on (2, F, (F¢)¢>0, P). Let 0 = to, 1, - - -
be a sequence increasing to oo and let (&;);>0 be a sequence of bounded r.v.’s such that & € F;,. Define

M, = Zfz (B(ti+1/\t) - B(ti/\t))‘
1=0

1. Show that (M;):>0 is a martingale.
Hint: it suffices to show that E[M; | Fs] = Ms for all s <t in every interval [t;,t;y1].

2. Show that

[e.9]

EME = Z(ti_;_l ANt —1; N\ t) . E|§i’2.
=0



