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B
Exercise 1 For M > 0, define Ay, = ﬂ{ sup  —= > M}

1. Show that P(Ays) > P(N(0,1) > M).
2. Use the zero-one law to deduce that P(Aps) = 1.

3. For every M > 0, show that with probability one,

B
sup —t>M, Vn > 1.
0<t<t Vit
4. Show that with probability one,
B
sup =t = 400, Vn>1.
o<t<i Vit

Exercise 2 Let (By)ico,1) be the Brownian motion and define X; = B; — tBy, t € [0,1]. The pro-
cess X = (X¢)e[o,1] is called the “Brownian Bridge”.

1. Show that (X¢):>0 is a centered Gaussian process with covariance

EX, X, =s(1—1), Y0<s<t<l.
2. Lett > s> 581 >8>+ > s, > 0. Show that
1—t .
E(Xt — 1—XS)XSi —0, 1<i<n.
—s
1—-t . .
Deduce that X; — liXs is independent of (X,,..., Xs,)-
— 5

1—1¢
3. Let t > s. Show that X; — 17Xs is independent of ]-"Lf(.
— 5

4. Show that (X¢).e(o,1) is Markov.



