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Exercise 1 Let ¢ : R — [—1,1] be defined as

o) x — 4k, z € (4k — 1,4k +1],
€Tr) =
4k +2—x, x € (4k+1,4k+ 3.

That is, on the real line, if two mirrors are placed at +1 and z € [—1,1], then ¢~!({z}) is the location
of the images of x.
Let B; be a Brownian motion and X; = ¢(B;) be the Brownian motion reflected at 1. mw

e Let f € C%—1,1)NCY~1,1]. Show that there exists fs € C(R) such that
— ~

E*f(X¢) = E"fs(By), Vre[-1,1].

S

°f By "‘*’f”"ﬁ'" ?‘" € C(lﬂ . 1]) o fé //\\)/o ;
CENCTLI] £ CTHT) g fogeCRY . And
fr xelil, Ef(Xt) =Ef°l“3+ Y 'ffz'f"?{ , T pf s done

o Show that f/(£1) = 0 if and only if f4 € C*(R).
Remark: The first two parts in fact give that X; has generator

X =to, DY) ={gecl-11]: ¢ ¢" € Cl-1,1],¢/(+1) = 0}.
2 —

P’wf' F\'f Suppose f(:t‘]_) =0 Bj pariod: cl'lj of ¢ pre -ﬁ,ecum it seffices
to show thet fyiw) exsts * %ae[1,3) For % €(=10, lim T# M{x’)_ ,fm\-f f(x) - fogixd

*’m o % 5 Yo X xﬁ

T ({ O B (9455)) o)-ft .
= Lm f__’_J_l/ v fim w = f(ﬂ,m) -95()(.,):: -f (?(Xﬂ)-l ersts Snee

Po-fie) 2ok, K—%e

Py 4% o
-(— 3 C‘[—l,l] . Simi\avl,] ,'f"' Ko € (1,3), lj;"x:(:"“;_ﬁ o f’(ftxo)-y"ﬁm :-f’(p(xn)-(—&).
Tho fr e il g = fim fpoo-fiod _p, fran-fitoen o, 05

K= Yo ore K=o
Simi '”j we hove fr %€ (,3), ‘c foxe) exists ,“4 (uu‘nuous
[Uswo Comsider He cose that %Kot {1,1y. We celaim ‘ff(i) =0. Since

(1)l < .2' Mf“ {ffl&)"fﬂi) mev]?l-l: Pxy - f ’(1_-, l: l;m uﬂﬁ)—fcf(h) f{x)_P(
Hf X-1 | f(xwfm Poo - $id> :T, X~ |9)

A=>1
imswp|P(x) =il
A\ ffS‘(i)) {_:EWS 7;(_?1_(,) {(1)-1:0 Sih;oylj e hove ,('m Pbo-—fpc-hf

f (fixo)) exists since féec (-M)
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Jl.m fpeo . Ths {56 Cary

\Q;u @ Swmlar’j we hove f?(-j_)_.
R

(Note thet Sowe &S olove hoe uSed e fa,J‘ thol, & is Syrmttric Wrt. X=Xo In Some
V\Q-?LL»;NJ Of Ko, vhae Xo ¢ §-1 '11) ) Coqvgysc% Qu'ﬂ)w;e -Fﬁ f % ¢C (‘[Q)

Then {51y exists | hich inplics 4hat fcto = .yhf¢c1+h)+j¢c[ hy -2fgcdy
_ (t+h) - T (13) . (r+hy = Fs 11 h*
h{”zﬁf 1t = Jind. focremsy -yt htch meons 1452 fim ot -
" h>o h o h hoo !
= f3e) =F 9ty Lim ®-
Then 0 f;( EED) );_’WPL-L- fci) ‘3.»,».\@»{7 we have -f(.i) =0 The profrs

e Let u be a classical solution to the heat equation with Neumann boundary condition: J One

dpult, 1) =0,

{ Ou(t, z) = % ezu(t, x), t>0,2€(—1,1),
“(03'7:) = f(T)a x € (717 1)7

where f € D(£Y). Show that we have the representation

u(t,z) = E* f(Xy).

l%"f. Fbr af’m,l +vo, A«(M-(n» S ¢[o,%] ‘thet Yg;-.:uws.)(s):u({-s,f(sm‘ g) Cmditin
Jult,tl)=o ,+ %0 (s:ncg uis & classicod Solubion U couMd Le ca-bmwfy oderded -to {t=0) B’
ksults olove e hmow that lpe Mop (S,%) > Uik-5, §1%)) 15 in C"*(T0,4),R) | B'j HEs 'fomulq,

\{s =ult-5 ,Xs\ =u ('(:,xo) + EG{U('&'I ;X—J de + ff&,ﬂt‘t-'t 'X'l)%EBt"i{tf-l-m-k. 3+¢HAB-¢ +
S ’
YLZ 3 ¥ =T, Ko ) (f (B0 Lgraran, s+amy d<By = uet, oy + fsbx(u(t-t.{t&ﬁ) dBr , which meons

(Y 2-“ ﬂ's G marl-fn?ak under P* ’ Xé]:-],l'] . Tha Exf( N’) =E*“(°’Xt) = EXY& _.:E‘Yo =
E"u(t,)(n') = uttx), The pro is done |

e By separation of variables, solution to the PDE can be written as

u(t,z) = enlt)e M en(t)

where e,,(t) are some trigonometric functions. Use this to show that

hmut1 / fly

vaf Acwrdm7 o separcton of voriabks _ GSsume OPHM UK = A(p-B(,q—(%y Some

. A('!:? B(%) = Some CGR
fum,ﬂo,, Aty and Be>. Thn AwBwo = LAwB ™) ,ie. 2 ™ C +

’ lar o
T}Qﬂ we ha‘ye Pé’, TCCBA Wh ieh ,p‘F['QS' A(‘l‘) = C.oe Co € t; B(x)_ C'—‘—c.")k r(" C=o

or Bz, cos [ TT % *C;_Sm.FE& f Cto , when CnCzEC Sinee o, ») ={tx) moy vt
be o Cinstewt; tve toke € #O gj Condition HxU(¥,11)=0, Le hme,c,_gosj_TC; =C,Sin --—c

which umPth thet, F A70 st ,‘-—-—-C, =P\R,nt & ﬂus C= —l(n"\"")<° 'f""\
to and C=0 for n=0.



Also Since S\n,J 1C = COS[—C, , wWe. coulco wrle By = C3 COSFc,x Cyek, Bj
the -focl -thc.t wsc-x)ﬁng and principle o-f Cuperpositdn, 4 could wnide e Salubion
ult, = Zc,e Mtcosnmx whae AER, An20 fm n3 1 ond 9\,‘. 0; ond Cn elR'ﬁ'r

n=o0
ne/N . Then olo'm'buslj Lim wexy = Co . And -(-'m U0, %) = Z.Cncos'\‘nx By &%)
o

we knov (1,10 7¢ o peviedic inberuad. Bj prperbies f*f Fawrier sertes we hove Ca‘-’?f’f(}plxj
The ‘Pmo-f 5 clone

e Show that starting from any initial condition p € M[—1,1], we have the convergence in distri-

bution
L(X;) = P*(X; € -) — Unif[-1,1].

P""f. B\j chefwition of P“ we hove for £%0 P#‘X# )—f P(x{e ),mm Am{
lJlj resutts obove , we hove {Ef()(&)_u(f x) ~‘>f1f‘3’4‘j .(,, all f € D(L) By
c)u\r\-l:j of D([_ ) in Co(l4,11) tmder He vawm wm ond DCT. we know that ex)
holds fr al\ f& Co(E1,21) Thus P Xy € )-—-——> Unf [-1, 1] veyuelj gj %) %@ have
'E’rae[l 11, P”(Xee[-i 0]) = J’ PK(X«“t'l a1 ) mldxo 225 on M(4.11) = a+

= Onif(1041) by BCT. ond Hefact thet Ke hog conimons Aistribition.  Thus
Or ve codd dolete 7t ond resbict "o in o dence Subset

PA(X*G') —> Umf [~1,11 uajwlj of [-1,1] , He seme recult holds

Exercise 2 Recall that we have construct the Bessel-3 process
dXy = dWy + ! dt
t= et
as Brownian motion conditioned on never hitting 0 via the Doob’s h-transform. The diffusion X has
1 1
generator £ = —0pp + —0,.
2 x

o For 0 <e <R, let
ue,r(z) = P*(17. < 7R), € (¢, R).

Find the exact form of u. gy by solve the ODE Lu = 0 with boundary condition u. r(e) = 1,

ue,r(R) = 0.
(annalb) d | d
1.7 AR - — We,R - r = _.. ue, == _I_
P"’f Cluegr =2¥en XUep =0 = T - R ULR UQ " dx

[03 We.r = -l9X +C£R"> Ue.r =G, x;_ﬁue,nm C;}k+c3 (C:C,Ca)Cr EIRD
Bj {ﬂi{k(‘-) 1| {oe }\ove{cl R*i ] ‘H\“g %R(‘)g —Rﬁ-'—l&- - xe[_l 11

Ug,R (RY=D, Cam —% -¢ R-<,
R—Z J
e Find P*(7. < oo)
en A £ _ %
Pm.f Px(‘ci<bo) :P (U {-Cf.<z"l1‘3 -'?""" Uz.nm-l?-g“-,,—": E ST

n=[elH n-



e Find a positive function h(x) such that £Lh = 0 and

h(x) — Iim P* (1. < 00)
h(l/) e—0 P¥(71, < o0)’

€
ow gy recully OLO\R 1w have -fuy XY EC1,1), fim P Te <o) T
| 3

-
—

+
€0 P"(TQ <ao)
e could Set hur =% And olw\ausb hes sobisfies | h=o,

e Compute the generator

(L"f) (@) = ()(th)()

This corresponds to the Bessel-3 process conditioned on hitting 0 in finite time. What is the
conditioned process?

me' Bj results aLWQ Oho‘ le,’s '\-hou:fom, e have

L';f x5 = TLG L“"POO = —1--(hf y (x) + X—&'m—)(hff)'m
= ?J\m (l\f+h-f Yy + (h-(-‘-»hf ) 00

2»\“ ( h':f S+ h-f ‘+hi7 )0 -I—(h’f-i-hf ) %)
=(f+ —-f 700 (K +hf 00

L o H B
=3+ 0 +0

)

which implies {hat

Wwhich means L": Ly, ond He conditoned proess is & Stomlord me

dimensional  Browowion mation,
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< cmcl v&m (X) exisks . Actwal
T fmact +o Show -(:’5() is cortinuous et %o & €1,1Y4 _€ lj
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