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May 15, 2024
Exercise 1 Let ¢ : R — [—1,1] be defined as

6(z) x — 4k, x € (4k — 1,4k + 1],
€Tr) =
4k +2 -z, x€ (4k+ 1,4k + 3].

That is, on the real line, if two mirrors are placed at 1 and z € [~1, 1], then ¢~ ({x}) is the location
of the images of x.
Let B; be a Brownian motion and X; = ¢(B;) be the Brownian motion reflected at +1.
e Let f € C*(—1,1) NC*[~1,1]. Show that there exists f, € C(R) such that
E*f(Xy) = E fy(By), Vze[-1,1].

e Show that f'(£1) = 0 if and only if fs € C*(R).
Remark: The first two parts in fact give that X; has generator

LY =0, D(LY)={geC[-1,1]:¢,¢" €C[-1,1],¢'(£1) = 0}.
e Let u be a classical solution to the heat equation with Neumann boundary condition:

uult,x) — %amu(t, 1), t>0,z¢€(=1,1),
Ozu(t,£1) =0,
u(0,z) = f(x), x € (—1,1),

where f € D(L£X). Show that we have the representation
u(t,z) = E* f(Xy).

e By separation of variables, solution to the PDE can be written as

ch e e, (t)

where e, (t) are some trigonometric functions. Use this to show that

thmutac /f



e Show that starting from any initial condition u € M[—1, 1], we have the convergence in distri-
bution

L(X;) = PH(X; € ) — Unif[-1,1].
Exercise 2 Recall that we have construct the Bessel-3 process

1
dX; =dW, + —dt
t t+Xt

as Brownian motion conditioned on never hitting 0 via the Doob’s h-transform. The diffusion X has

1 1
generator £ = =0,z + —0p.
2 T

o For 0 <e <R, let
ue r(x) = P*(1. < 7R), =€ (&, R).

Find the exact form of u, gy by solve the ODE Lu = 0 with boundary condition u. g(e) = 1,
u&R(R) =0.

e Find P¥(7: < =0).
e Find a positive function h(z) such that Lh = 0 and

h(zx) . P*(r. < )

h(y) e50 PY(1. < 00)’

e Compute the generator
1

h(z)
This corresponds to the Bessel-3 process conditioned on hitting 0 in finite time. What is the
conditioned process?

(L"f)(x) (Lhf) ().



