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Exercise 1 Let (M;);>0 be a c.lm. on (2, F, (F)i>0, P) with

(M) = /Ot a(s)ds

for some progressively measurable process a > 0. Show that there exists an extended probability space
(Q, F, (Ft)t>0,P) and a standard Brownian motion B on it such that

Mt:/Ot\/@st.
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where W is a standard Brownian motion independent of everything else.

Reg. L (52, 7, P be o compleie probebility spa on sich 0 stondad Brwrion

metion (Wy),,o s defined Lt ?t::o'(ws,oss 5t £20. Let (23_,'5/:\@) be e
Pne\u:t Measul Space st. §-= _c)_xﬁ’,vg-'-'—' f@f amlﬂﬁszP Then lot
(S F,B) be the completion of (,G. Q) Al let (F),,,, be He usul
onqumertztion of (@bt o , Where = £.® ?,; - Me Tf*“f“'"] , frtoo ]'Z’: SQ(Z]:UI ).
whe £ is th Collee(:,?:ﬂ °j( null Setg of 'f tneler mecsuse '}5 Mov e Shchostic
basis (ﬁ/_,']f, (f;)ﬁ/oﬁ) saﬁﬁﬁes—l-k wuol Conditin . Exiendd M, ond

W, 40 & via He Jf]q,.;gm,z -f;r each Wi=(w, W)€ O = Qx| 4e[o,40) , olefine.
/\/\tcw,(b)siﬂ\gm 2 wt(w,v’i}= Weti9) | Thon o hove that (UL, is & Brewmiom
e B F Raao ) ool of My Defie for 40 tht

By:= L 1(,0“»07 ,ﬁ‘\\(,n‘cw\s -+ fi{OCS)::o‘I d W , which means thal (Bt>-b7,o isachm

on (ﬁ"\') ("') ~ -
Fr Gan, PY. A foresch 420 <B = gifam»y'c%-kms (”Z;f(‘i‘;io
W=

+ —_(t
E1{0¢S>=°‘I d<h>, “Li{ws)?z‘l'%c%ds + J;ti{ag):d] ds = fk 1ds =+t
Py loy’s chuactrization, (B,),,,, is olso a stondrd B.M. on (E.3, Z), B

A‘S'o '67 'IZZU’ EJO(T) JBS = ﬁ@i{o(s)>o‘\ld85 + OJOF).i{a(S):Q'jJBS :(‘Em

—_ + ots) = =(t
o5y (M'\S {o 1{&(’5)'70‘] N{ocsy=oy JWS Ei{as,’ >a’]°'m5 +0 . TO ‘6"‘55 e me

: %
t swifies tp Shov! thet Lifmn:o‘des o Pt A—cl':uo-{y Shee this prcess )




a c.dm. ond <§;i{ac53=07 dMS>{ = S:tifacg):b}(KM?s :fi{atf)zoj acs)ds = o 'fl;r'(.?q
Hen +h ‘Pm-f is Jone l'j[%fs.m o-f-ekN(ﬂ]:_ OY‘B“’P4"'7—°fGTTM274-, 0

Exercise 2 Suppose that u(Z2) € C([O,ﬁ x R) N C2((07F] x R) solves the heat equation

Dpult, ) = % et 7) — k(L oyt ), (L)€ (O] xR,
u(0,z) = f(x), z €R,

where k(t, x) is a bounded continuous function. Suppose that w satisfies the growth condition

sup |u(s,z)| < Melol
<s<
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for some 0 < a < —and M > 0. Show that u admits the Feynman-Kac representation

u(t,z) = E*f(By)e~ Jok(t — s, By) ds.

Hint: consider Yy = u(t—s, Bs)e™ Jo k(t=0.B5) do. apply the Optional Sampling Theorem with respect
to the stopping times 7, = inf{s > 0: |Bs| > n} and pass to the limit carefully.
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