
 

Fora proofofthemultidimensional
version See Theorem3.4.2 in
GTM113

Pf Let sz F p be a completeprobability space onwhich a standardBrownian

motionWt to is defined LetÈ 5 Ws o s t to Let Ez G Q be the

product measure spaces t.ri rxiz.GE f f andQ Pxp Then let
r.F p be the completion of r.g.Q Also let I to be the usual

rgumentaton of Gt to whereGt ft 天 Morespeiifinally fort of Gur
where t is the collection of null Sets of Funder measure P Nor the stochastic
basis er F Fo P satisfies the usual condition Extend M and

W.tn via thedefinition foreach w̅ cw.io E EI rxfz.tt o.tn define
Mtcw.co Mt w Wtw w̅ Wtlw̅ Thenwe have that Wt to is a Brownian
motion on r F Ezo 15 independent of Mt to Definefor to that
Bt E1 aisizoylnd Mst F1 as oydws which means thatBDtsoisacl.mnr F 天 20 P And foreach to BE f assoyckMslknt.ttoLaess oydkW7s f1saisszoy 器 dstfIgaisoyds f1ds t

t

3gleiy's characterization Bt to is also a standardB.M.oncri.J.IEto 15
lsofortofiaTdBs fiaTika.sioydBst FT1 as 07dBsfnsliasoy.lidMstfotiaTIsaisizoynaa.si oydWs fleas oydMs 0 Tofinish theproof
t suffices to show that Elias oydMs o fort 0 Actually Since this process is



c.l.m and SoIsaisloydMs7 Elsais oydMis Eliassoya'S ds 0 for to
len the proof isdone byProp 5.7.1 oftheNOTE orProp4.12ofGTM274 ⼝

T T

个

T

T

Proof Define for t E o T Zt e likeT 0Bold0 and Y Uㄒ t Bt It Since

the function It ix 1 u Ft x is C
2
0 TI.IR then by Itò's formula we obtain

du T t.BtIE dtUIT t.BA dt JxU T t Bt dBt 主 U1ㄒ t Bt dt

⼆ ⼀ dtu 专2xxu T t Bt dt 2xu ㄒ t Bt dBt

By integrationByparts we have that for t E oㄒ Y Y

ftZsxuㄒ s Bs7dBs fZ5 2tut xxu ㄒ s BsIds

EllTs Bs Zs kㄒ s BsDds 0 Since dtut Ǐdxxu ku o

in lo TI x IR thus we have for t tEO T Yt Y fZs2 u ㄒ s Bs dBs
which implies that Ythitoi is a cl.m For ntlnt set in infitE.TT11351 n
Thenfor tt ToT 0 Ytnn
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Ytnnf is a uniformly integrable martingale Thefoe for tt To T XEIR
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But Mean

es for all tf o T Letting t T andby D.C.T we obtain that foreach nt Nt
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Since ealBsiseo.is an nonnegative submartingale thenbyDoob
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