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Exercise 1 Let (Mt)t≥0 be a c.l.m. on (Ω,F , (Ft)t≥0,P) with

⟨M⟩t =
∫ t

0
a(s) ds

for some progressively measurable process a ≥ 0. Show that there exists an extended probability space
(Ω̃, F̃ , (F̃t)t≥0, P̃) and a standard Brownian motion B on it such that

Mt =

∫ t

0

√
a(s) dBs.

Hint: consider

Bt :=

∫ t

0
1{a(s)>0}

1√
a(s)

dMs +

∫ t

0
1{a(s)=0} dWs

where W is a standard Brownian motion independent of everything else.

Exercise 2 Suppose that u(t, x) ∈ C([0, t]× R) ∩ C1,2
(
(0, t]× R

)
solves the heat equation∂tu(t, x) =

1

2
∂xxu(t, x)− k(t, x)u(t, x), (t, x) ∈ (0, t]× R,

u(0, x) = f(x), x ∈ R,

where k(t, x) is a bounded continuous function. Suppose that u satisfies the growth condition

sup
0≤s≤t

|u(s, x)| ≤ Mea|x|
2

for some 0 < a <
1

2t
and M > 0. Show that u admits the Feynman–Kac representation

u(t, x) = Exf(Bt)e
−

∫ t
0 k(t− s,Bs) ds.

Hint: consider Ys = u(t−s,Bs)e
−

∫ s
0 k(t−θ,Bθ) dθ; apply the Optional Sampling Theorem with respect

to the stopping times τn = inf{s ≥ 0 : |Bs| ≥ n} and pass to the limit carefully.
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