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Exercise 1 Consider the one-dimensional SDE

dXt = b(t,Xt)dt+ σ(t,Xt) dBt

where b, σ satisfy:

• b is bounded, measurable, and

|b(t, x)− b(t, y)| ≤ g(|x− y|)

for some continuous, strictly increasing, concave function g : R+ → R+ with g(0) = 0 and∫ 1

0

du

g(u)
= ∞.

• σ is bounded, measurable and

|σ(t, x)− σ(t, y)| ≤ h(|x− y|)

for some continuous, strictly increasing function h : R+ → R+ with h(0) = 0 and

∫ 1

0

du

h2(u)
= ∞.

Show that pathwise uniqueness holds for this SDE.

Hint: You may use the following result: for g given above, if f is a non-negative continuous
function, then

f(t) ≤
∫ t

0
g
(
f(s)

)
ds, t ≥ 0 ⇒ f(t) ≡ 0, t ≥ 0.

If X(j), j = 1, 2 are two weak solutions, you are aiming at f(t) = E|X(1)
t −X

(2)
t | satisfying the above

integral inequality.

Exercise 2 Let d ≥ 2 and let W = (W
(1)
t , · · · ,W (d)

t ) be a d-dimensional Brownian motion starting
from x ̸= 0. Let τ = inf{t : |Wt| = 0}. Recall that Px(τ = ∞) = 1.

1. Show that (|Wt|, βt) where βt =
d∑

i=1

∫ t

0

W
(i)
s

|Ws|
ds is a weak solution to

dXt =
d− 1

2

dt

Xt
+ dBt, X0 = |x| > 0. (1)

2. Show that if (Xt, Bt) is a weak solution to Eq. (1), then (|Xt|2, Bt) is a weak solution to

dYt = 2
√

|Yt| dBt + d · dt (2)
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3. Explain why pathwise uniqueness holds for Eq. (1) and Eq. (2).

Exercise 3 Let b1,2(t, x), a(t, x) : R+ × R2 be locally bounded measurable functions. Let Xt =

(X
(1)
t , X

(2)
t ) be a progressively measurable process in R2, such that

M
(j)
t = X

(j)
t −X

(j)
0 −

∫ t

0
bj(s,Xs) ds, j = 1, 2,

and

M
(12)
t = X

(1)
t X

(2)
t −X

(1)
0 X

(2)
0 −

∫ t

0

[
X(1)

s b2(s,Xs) +X(2)
s b1(s,Xs) + a(s,Xs)

]
ds

are all c.l.m.’s.
Show that

⟨M (1),M (2)⟩t =
∫ t

0
a(s,Xs) ds.
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