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Exercise 1 (Transformation of BM)

1. Prove the equivalency of the following two conditions: for 0 = t0 ≤ t1 < · · · < tm,

L(Bt1 , Bt2 −Bt1 , . . . , Btm −Btm−1) = N (0,diag{ti+1 − ti}0≤i≤m−1)

⇔ (Bt1 , Bt2 , . . . , Btm) is a centered Gaussian vector with covariance EBtiBtj = ti ∧ tj .
(1)

2. Suppose that (Bt)t≥0 has f.d.d. Eq. (1). Show that all the following processes have the same
f.d.d. Eq. (1).

a) (−Bt)t≥0.

b) (Bλ
t )t≥0 := (

1

λ
Bλ2t)t≥0. (Fix λ > 0.)

c) (B
(s)
t )t≥0 := (Bt+s −Bs)t≥0. (Fix s > 0.)

d) (tB1/t)t≥0 (with the convention 0 ·B1/0 = 0).

Hint: You can find some basic properties of Gaussian vectors in Section 2.1. This exercise is basically
about covariance computation.

Exercise 2 Let (Xn)n≥1 and X∞ be r.v.’s on (Ω,F ,P). Show that

{ω : lim
n→∞

Xn(ω) = X∞(ω)} =
∞⋂

m=1

∞⋃
N=1

∞⋂
n=N

{ω : |Xn(ω)−X∞(ω)| < 1

m
}

Conclude that the left hand side belongs to F .

Exercise 3 Let X = (Xt)t≥0 be a stochastic process on (Ω,F ,P) such that t 7→ Xt(ω) is continuous
for almost every ω ∈ Ω. Let τ be a continuous r.v. on (Ω,F ,P) and Y = (Yt)t≥0 be defined as

Yt(ω) =

{
Xt(ω), t ̸= τ(ω),

Xt(ω) + 1, t = τ(ω).

Show that Y is a stochastic process which is a modification of X, but t 7→ Yt(ω) is NOT continuous
for almost every ω ∈ Ω.

Exercise 4 Use the Abel transformation (summation by parts)

n∑
k=1

uk(vk+1 − vk) = un+1vn+1 − u1v1 −
n∑

k=1

vk+1(uk+1 − uk)

to show that integration by parts holds for Riemann–Stieltjes integrals for functions f and g of bounded
variation.
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