HW5

Total Points: 100

1. [10 points] Let Q@ = {(x1,x2) : x1,22 > 0} be the first quadrant. Use reflection
symmetry to construct a Green’s function in €2, i.e., for each y € €, solve

—AG(z)=0(x —y), ©e€Q,
G(z) =0, x € 0L
[Total for Question 1: 10 points]

2. [10 points] Let Q be a bounded domain with C Lboundary. Show that if there exists
a solution u € C?(Q) N CH) to the Neumann problem

—AU:f, era
ou _
8n_gv

/Qfdx:—/aﬂgdS.

Hint: use integration by parts on [,(Au)vdx with v = 1.
[Total for Question 2: 10 points]

x € 092,

where f, g are bounded, then

3. [20 points] For Q = B,(0) C R?, let u € C*(Q) NC(L) solve

—Au=f xe€,
u=g, x €.
where f, g are bounded and continuous. Show that u satisfies
0)= 5 [ o@dsta)+ 5 [ (= Infel)f(2)d
= — —_— nr —iimn .
u - an x T)+ 5o g r x|) f(x)dz

Hint: consider
0 =5 | w@ds@)+ 5o [ (el fe)d
o(t) = — u(x x)+ — nt — Inlz|) f(x) de,
27Tt 8Bt(0) 277' Bt(O)
and show that ¢'(t) = 0, lim;_,o4 ©(t) = u(0).
[Total for Question 3: 20 points]



4. Let v € C*(Q2). We say that v is subharmonic in Q if —Av <0 in Q.

(a) [10 points] Show that if v is subharmonic, then for any B,(x) C €,
OES
By (z)

Hint: let p(r) = fBT(x) v(y) dy and consider ¢'(r).
(b) [5 points] Let © be a bounded domain. Show that if v € C2(2) N C(Q) and v is

subharmonic, then
max v(z) = I%%X’U(l‘).

(c) [5 points] Let ¢ : R — R be a smooth convex function. Show that if u is
harmonic, then v = ¢(u) is subharmonic.

[Total for Question 4: 20 points]

5. [20 points] Let Q C R be a bounded domain. Let u(x) € C%(Q) NC(Q) solve

—Au=1, €,
u=0, 0N.
Show that for any xq € 2,

L infe — @l < ul(wo) < — maxle — o
9d sepn)” Ol = WT0) = 5 g TRESIT T rol

Hint: apply weak mazimum principle to v(x) = u(z) + 53| — xo[*.
[Total for Question 5: 20 points]

6. [10 points] Let u be harmonic in RY, d > 2. Suppose there exists a constant C' > 0
such that
lu(z)] < C(1 4+ |z|), zeR%

Show that 9;;u = 0 and hence u(x) = a -z + b for some a € R, b € R.
[Total for Question 6: 10 points]

7. [10 points] Let € be a bounded domain with C!'-boundary. Let u € C*(Q) N CY()
solve

— 4+ a(z)u =0, o0,

where a(z) > 0 and ¢(z) > ¢y > 0. Assume that f € L*(Q).
Show that there exists a constant M = M(co),

/Q|Vu(x)|2dx+%/Q|u(x)\2da:+/ma(x)u2(x) dS(x) < M/Q|f(x)|2dx.

[Total for Question 7: 10 points]
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