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1. Let u ∈ C
(
(0,∞)×Rd

)
∩C∞(

[0,∞)×Rd
)

be a classical solution to the heat equation, with
initial condition satisfying ∫

Rd

u0(x) dx = 1.

In this problem you may assume that all derivatives of u decays rapidly:

sup
x∈Rd

|x|m|∂α
t ∂

β1
x1

· · · ∂βd
xd
u(t, x)| ≤ Cm,α,β,t, ∀m,α, β, t.

so differentiation under the integral sign and all integration by parts can be justified.
Let

Mk(t) =

∫
Rd

|x|ku(t, x) dx, k ≥ 0.

(a) [5 points] By differentiating M0(t) in t, show that M0(t) ≡ 1.
(b) [5 points] Show that M2(t) = M2(0) + 2dt.

Remark: this can be interpreted as the root-mean-square displacement of the diffusion
particle is O(

√
t).

2. [10 points] Let u ∈ Cc(Rd) with u ≥ 0 and u ̸≡ 0. Let ρ ∈ L1(Rd) ∩ C(Rd) with ρ > 0.
Show that

(ρ ∗ u)(x) > 0, ∀x ∈ Rd.

Remark: in particular, ρ = Gt satisfies the hypothesis, and this means that heat equation
has infinite speed of propagation.

3. [5 points] Let f(x) = 1[−a,a](x) where a > 0. Compute f̂(ξ).

4. (a) [2 points] Let f(x) = e−a|x|, x ∈ R. Compute f̂(ξ).

Next we consider f(x) = e−a|x|, x ∈ R3. Here, |x| :=
√
x2
1 + x2

2 + x2
3 is the Euclidean

norm.
(b) [3 points] Use the radial symmetry of f to show that f̂(ξ) is also radially symmetric,

that is, a function of |ξ|.
(c) [10 points] Let ξ = (0, 0, ρ) where ρ = |ξ|. Using spherical coordinates, show that

f̂(ξ) = 2π

∫ ∞

0

r2e−ar

∫ π

0

e−2πiρr cos θ sin θ dθdr.
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Evaluate the two integrals and conclude that

f̂(ξ) =
8πa(

a2 + 4π2|ξ|2
)2 .

5. In this problem you can use the Young’s inequality

∥f ∗ g∥Lr ≤ ∥f∥Lp∥g∥Lq ,
1

r
+ 1 =

1

p
+

1

q
, p, q, r ∈ [1,∞].

Recall the 1D heat kernel Gt(x) =
1√
4πt

e−
x2

4t . Let u(t, x) = (Gt ∗ u0)(x).
(a) [5 points] Show that

∥Gt∥Lp = Cpt
− 1

2
(1−1/p), p ∈ [1,∞].

(b) [5 points] For 1 ≤ p ≤ q ≤ ∞, find the exponent β ≥ 0 such that

∥u(t)∥Lq ≤ Ct−β∥u0∥Lp .

For which p, q is β > 0?
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