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Exercise 1 For Q = B,(0) € R?, let u € C*(Q) NC(Q) solve

—Au=f x€,
u=g, x €.

where f, g are continuous. Show that u satisfies

1 1
u(0) = 377 oo g(x)dS(z) + or /Q(lnr — In|z|) f(x) dz.
Hint: consider

o(t) = — o) dS(x) + / (Int — Infz]) f(z) d,
B¢(0)

N 277Tt 8B4 (0) 27
and show that ¢'(t) = 0, lim o(t) = u(0).
t—0+

Exercise 2 Let v € C%(Q). We say that  is subharmonic if —Av < 0 in Q.
1. Show that if v is subharmonic, then for any B, (z) C €2,

o(w) < ]{3 R

Hint: let o(r) :][ v(y) dy and consider cp’(r).
By (x)

2. Show that if v € C*(Q) NC(Q) and v is subharmonic, then

max v(x) = max v(x).

3. Let ¢ : R — R be a smooth convex function. Show that if w is harmonic, then v = ¢(u) is
subharmonic.

4. Show that v = |Vu|? is subharmonic if u is harmonic.

Exercise 3 Let ¢ R? be a bounded domain. Let u(z) € C2(Q) N C(Q) solve

—Au=1, €,
u=0, 0.

Show that for any zg € €2,

L in |z — 20 < u(zo) < —— max|z — ol
— IMIN (T — & u\xr — max|r — & .
2d xcoQ o= 0) = 2n o 0

1
Hint: consider v(z) = u(x) — ﬁ]az — z0]2.



Exercise 4 Let Qg € R? be a bounded domain, and Q := R?\ Q. Let u € C?(Q) NC(JN) satisfy

—Au + c(x)u =0, Q,
U = g(ﬂf), 897
lim u(z) =/ €R,
|x|—o00

where ¢(z) > 0 is bounded on any bounded subset of Q. Show that
< 14 .
suplu(z)| < max{|¢], maxlg(z)|}

Hint: obtain an L -estimate on Br \ Qo for any R > 0, and then take R — cc.
Exercise 5 Let Q ¢ R? be bounded. Let u € C%(Q2) N C(Q) solve

—Au+ud—u=0, Q,
u =g, 9.

Show that if I%%X|g(:c)\ <1, then max|u(z)| < 1.
Q

Hint: let xo = argmax u(x); use the fact that
e

3

u>1 = u>—u>0,

to get a contradiction.

Exercise 6 Let u € C*(Q) N C'(Q) solve

where a(z) > 0 and ¢(x) > ¢p > 0. Show that there exists a constant M = M(c),

co
/QVU(:L‘)Fd:L‘jL2/Q|u(x)|2d:1:+/80a(:n)u2(x) dS(x) gM/Q|f(x)|2dx.



