HW3

October 10, 2025

In what follows,  C R? will be a bounded domain, 7' > 0, and the parabolic interior Q7 and
boundary 9,7 are given by

Qr=(0,T] xQ, 8,07 = ([0,T] x 99Q) U ({0} x Q).
Exercise 1 Consider the differential operator
(Lu)(t,z) = —Au(t, z) 4+ c(x)u(z),

where ¢ :  — [-M, 400) is continuous, M > 0. The goal is to establish the following weak maximum
principle: if u € C*(Q7) N C(Q7) and

(O + L)u>0in Qp, minu >0 = minu > 0. (0.1)
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1. Prove (0.1) under the condition Lu > 0 in Qp and M = 0.
2. Prove (0.1) under the condition Lu > 0 in Q7 and M = 0.
Hint: consider uc(t,z) = u(t, ) — te.
3. Prove (0.1) under the condition Lu > 0 in Q7 and M > 0.
Hint: consider v(t,x) = e u(t,z) for an appropriate .
Exercise 2 Let 2 = (0, ¢).
1. Let u € CH*(Qr) NCHY(9,Qr) satisty
U — Ugy >0, (t,x) € Qp,
“‘t:o >0, z€qQ,
u(t,0) >0, t>0,
ug(t,0) >0, t>0.
Show that u > 0 on Q7.
Hint: you may consider uc(t,z) = u(t,z) + ex.
2. Let u € CH3(Qr) N CH0(9,Q7) satisty
Ut*ul‘x:f’ (t,l') GQT7
u‘t:o =, x €,
u(t,0) =0, t >0,
ug(t,€) = g(t), t>0,



where f, ¢, g are bounded, continuous functions in their domains. Show that

max u| < C(|T|+1)(F+G+ @)

T

for some constant C' depending only on ¢, where F' = sup |f|, G = sup |g| and ® = sup |y]|.
Hint: consider v(t,x) = tF + Gz + ® £ u(t,z) and use part 1.

Exercise 3 Let Q = (0,¢). Suppose that v € C1*(Q7) N C% (Qr) solves

Ut — Ugy = f(t,ﬂj‘), (t7x) € QTa

u(0,z) =0, z € [0,4],
—Uy +au =0, t>0, x=0,
Uy + Pu =0, t>0, x=14,

where «, 8 > 0 are constants. Show that

¢ T L T L
sup / u?(t, ) dx —|—/ / ul(t, r) dedt < C’/ / fA(t, x) dadt,
0<t<T Jo o Jo 0o Jo

for some constant C' depending only on T'.
Hint: multiply the equation by u on both sides, perform suitable integration by parts in x, then
integrate in t; use |2ab| < a? +b% and Gronwall at some point.

Exercise 4 Let Q = (0,¢) and b, ¢ € C(Qr). Suppose that u € C*(Q7) N C% (Qr) solves
Ut — Ugy + b(t, 2)uy + c(t,z)u=0, (tz)eQr,
u(0,2) = (), ze 0,4,
u(t,0) = u(t,f) =0, t €10,7).

Show that

¢ T ot ¢
sup / u?(t, ) da:—i—/ / ul(t, z) dedt < C/ ©?(z) da,
0 o Jo 0

0<t<T

for some constant C' depending only on T', 5 and -, where

B =sup[b(t,z)|, v =sup|c(t, z)
QT QT



