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Exercise 1 Let Ω be a bounded C1-domain. Show that there is at most one solution u ∈ C1,2((0,∞)×
Ω) ∩ C0,1([0,∞)× Ω̄) that solves

∂tu(t, x) = ∆u(t, x) + f(t, x), t > 0, x ∈ Ω,

∂u(t, x)

∂n
= g(x), x ∈ ∂Ω,

u(0, x) = h(x), x ∈ Ω.

Hint: for two solutions u1, u2, compute ϕ′(t) where ϕ(t) =
∫
Ω|∇(u1 − u2)|2 dx.

Exercise 2 Compute the Fourier transform of the following functions defined on R.

1.

f1(x) =

{
1, |x| ≤ A,

0, |x| > A,
A > 0.

2.

f2(x) =

{
e−ax, x > 0,

0, x < 0,
a > 0.

3. f3(x) = e−a|x|, a > 0.

4. f4(x) =
1

a2+x2 , a > 0.

Exercise 3 Let f ∈ L1(Rd). Use Fourier transform to solve the equation

−∆u(x) + u(x) = f(x), x ∈ Rd.

Exercise 4 1. Show that [1
2

1(−t,t)(x)
]∧

=
sin(2πξt)

2πξ
.

2. Show that [
δ(x− t) + δ(x+ t)

]∧
= 2 cos(2πξt).

You can treat δ(x) as a function such that
∫
δ(x)f(x) dx = f(0) for any continuous f .

3. Use Fourier transform to solve the wave equation in R1:
∂ttu = ∂xxu, t > 0, x ∈ R,

u(0, x) = ϕ(x), x ∈ R,
∂t(0, x) = ψ(x), x ∈ R.
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