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December 10, 2025

Exercise 1 (Conservation law) Assume that H(0) = 0 and u € C.([0,00) x R) is a weak solution to

that is, for every v € C2°([0,00) x R)

A dx/0 dt [uvt + H(u)vx} + /Rg(a:)v(o,x) dx = 0.

Show that o
/ u(+,t) dx = constant,

and identify the constant.
Hint: take v(t,r) = ¢(t)x(x) where x(z) = L_g gr)(z) for sufficiently large R.

Exercise 2 1. Use the Hopf-Lax formula to solve the Burgers equation
wtu-u, =0, u0,z)=g(),

with the initial condition

1, < -1,

)0, —1<z<0,

9() = 2, 0<z<l,
0, z>1.

2. Draw a picture of the characteristics and verify the Rankine-Hugoniot condition along the shocks.



