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December 4, 2024

Exercise 1 Use separation of variables to solve the following wave equation.
Utt — Ugpy = O, x €
u(0,2) = ut(0,7) =0, x €
Uz (t,0) = t, ug(t,m) =2t, t>

(0,7), t >0,
[0, 7],
0.

Exercise 2 Use separation of variables to solve the following wave equation.

utt_uxxzoa CL’G(O,W), t>07
w(0,2) =1, w(0,m) =0, &0,
uz(t,0) = sin(wt), u(t,7) =1, t>0.

Hint: the cases w € Z\ {0} and w € Z\ {0} are different.

Exercise 3 Prove the following form of Gronwall’s inequality.
Let n(t) be non-negative and absolutely continuous on [0, 7']. Assume that the differential inequality

1'(t) < ¢()n(t) +¥(t), ae tel0,T],
holds, where ¢, are non-negative and integrable on [0, T]. Show that

n(t) < oJo ¢(s)ds [77(0) + /t »(s) ds], vt € [0,T].
0

Note: 1 being absolutely continuous means that 1’(t) exists for a.e. ¢t € [0,7] and

n(t) —n(0) = /0 n(s)ds, Vtel0,T].

If you are not comfortable with this part of real analysis, you can do this exercise assuming n € C!
and ignoring all the “a.e.” above.

Exercise 4 Let U be a bounded domain. Let u € C1?(Ur) solve the equation

d
Opult, z) — Au(t, ) + > b (t,2)d,u(t,x) = f(t,x), (t,x)€ Ur,
i=1
u(t,x) =0, xedl, t >0,
U(O,ZL‘):g(I‘), rzeU.

Let bi(t,z), f € C(Ur) and g € C(U).



1. For u,v € C5(U), let
d
Blu,v;t] = / Vu-Vou+ Zbiaziu - 0.
v i=1

Show that
| Blu,vi ]| < Mlullgallv]

and
Blu, ui 1] > Bllull%y — Mul,

for some M, 6 > 0. Hint: for the second one, note that
2 1 2
[ull 2 l|ull gz < §HUHH5 + Q*EHUHLz

for every e > 0 and choose € properly.

2. Establish the energy estimate: for some C,

Ogltegllu(t, 2 + ||UHL2(0,T;H5) < C[||f||L2(0,T;L2) + lgll 2]

Hint: You should start with

d
—— [ v dr— [ uAudx+ b'oy,ude = | fudz.
2dt Jy U ; U U

3. (optional) Also estimate the H ! norm of u:

lutll 201y < CIf 20,2y + lgllz2]-

Note that for ¢ € C3(U),
p(r)v(r)dx
lollms = sup Lz £
vECE® ||80HH5



