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November 20, 2024

Exercise 1 Let U € R? be a bounded domain. Let u(z) € C2(U) N C(U) solve
—Au=1, U,
u=20, OU.

Show that for any zg € U,

L nin [z — 202 < u(z0) < = max|z — zo[?
— MIN | — T u\xr — max|r — & .
2d reoU o = 0) = 2n x€dU 0

Hint: consider v(z) = u(x) — ﬁ|m — zo]2.

Exercise 2 Let Uy C R? be a bounded domain, and U := R%\ Uy. Let u € C?(U) N C(dU) satisfy

—Au + ¢(x)u =0, U,
u=g(z), OU,

lim wu(x) =4,
|z|—00

where ¢(z) > 0 is bounded on any bounded subset of U. Show that
< .
suplu(z)| < max{ ||, max|g(z)|
Hint: obtain an L™ -estimate on Bgr \ Uy for any R > 0, and then take R — oo.
Exercise 3 Let U ¢ R? be bounded. Let u € C2(U) N C(U) solve

—Au+ud—u=0, U,
u=20, OU.
Show that if I%%X\g(x)\ <1, then max|u(z)| < 1.
U

Hint: let vg = argmaxu(x); note that if u(xo) > 1 then (u® — u)(zo) > 0; use this to get a

zelU
contradiction.

Exercise 4 Let u € C?(U) N CHU) solve

— 4 a(x)u=0, ou,

where a(z) > 0 and ¢(x) > ¢p > 0. Show that there exists a constant M = M (cp),
/ \Vu(z)|? do + “© / lu(z)|* dz + / a(x)u?(x)dS(x) < M/ |f(2)]? d.
U 2 Ju oU U

1



Exercise 5 Let u € C%([0,00) x R) solve the wave equation in one dimension:

8ttu—8mu:0, (0,00) XR,
u=g, Ou=h, {t=0}xR

Assume that g, h have compact support. Let

1 [ 1 [
b0 = 5 [ 1owtaPdr. v =5 [ oata)Pd

be the kinetic and potential energy.
1. Show that k(t) + p(t) is constant in ¢ (you do not have to use d’Alembert formula.)

2. Show that p(t) = k(t) when ¢ is large.



