HW4

October 14, 2024

Exercise 1 Show that Au = 0 is invariant under rotation, that is, if Au=0and O € O(d) isa d x d
orthogonal matrix, then
v(z) =u(Ozx), zeR?

also solves Av = 0.

Exercise 2 Let U = (0, /). Suppose that u € C**(Ur) N C* (Ur) solves

U — Uge = f(t, ), (t,r) € Ur,
u(0,z) =0, z € [0,4],
[—us + O‘“Hx:O = [ug + B“Hm:e =0, tel0,T],

where «, 8 > 0 are constants. Show that

l T L T L
sup / u?(t, ) da +/ / ul(t, r) dedt < C’/ / f2(t, ) dzdt,
0<t<T JO 0 0 0 0

for some constant C' depending only on T
Hint: multiply the equation by u on both sides, perform suitable integration by parts in x, then
integrate in t; use |2ab| < a® 4 b at some point.

Exercise 3 Let U = (0,/) and b, c € C(Ur). Suppose that u € C1(Up) N % (Ur) solves

up — Uy + b(t, 2)uy + c(t,x)u =0, (t,z) € Up,

u(0,z) = ¢(x), xz € (0,4,
u(t,0) = u(t,f) =0, te[0,7).
Show that
¢ T pt l
sup / u’(t, z) dx —|—/ / ul(t, x) dedt < C/ ©? () de,
0<t<T JO 0 0 0

for some constant C' depending only on 7', 5 and ~, where

ﬂ:Sip’b(t,l')L 7:%)|C(t7$)|'
UT UT



