HW1

September 14, 2024

x+2t

Exercise 1 Solve Qyu + d,u+u =e with initial condition u(0,x) = 0.

Exercise 2 Consider the following initial value problem for Burgers equation

Oy + udzu = 0,
1, z <0,
u(0,z) =¢(x)=¢1—2, 0<z<l1,
0, z > 1.

1. Find the largest time s such that all characteristics do not intersect.

2. Find an expression of u(t,z) for t < t,.
Exercise 3 Suppose that u is smooth and solves u; — Au = 0 in (0, 00) x R,

1. Show that uy(t,z) := u(\?t, \z) solves the heat equation for every \ € R.

2. Use the above to derive that v(t,z) := = - Vu(t, z) + 2tus(z, t) also solves the heat equation.
Exercise 4 Compute the Fourier transform of the following functions (in one dimension).

1.
1, |2 < A,

hin= {o, ol > 4

A>0.

e >0
x) = ’ " a>0.
f2(@) {o, z <0,

3. fa(z) =e W a>0.
4. f4($) = Wlxz7 a> 0.

2

Exercise 5 Recall G¢(z) = \/%Me_%, x € R. Assume that ¢(x) € C(R) satisfies the growth condition

[o(a)] < e,
where A > 0 is some constant. Let u(t,z) = (Gy * ¢)(z), t € (0,(44)71).
1. Show that 0ku(t,z) = ((0KG,) * ¢)(z) for all z € R and t € (0, (44)71).



2. Show that for all x € R,

Jim wu(t,z) = 6(c).

Exercise 6 1. Let ¢ € C[0,00) with ¢(0) = 0. Show that

uta) = [ [Gule =) = Gala+ p]ota) dy
satisfies Oyu — Oypu = 0 for ¢,z > 0, u(t,0) =0 and

li = .
Jim u(t,z) = ¢(x), x>0

Hint: extend ¢(x) to an odd function ¢,(x) on R.

2. Find a solution for the half-line heat equation with Neumann boundary condition:

Oru — Au =0, t,x >0,
U(OaIE) = Qb(l‘), x >0,
0,u(t,0) =0, t >0,

where ¢ € C(R) and ¢/(0) = 0.



