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Abstract

We first study the asymptotic behavior of a time-discrete and space-continuous polymer
model of a random walk in a random potential. We formulate the straightness estimate for
the polymer measures and prove almost sure existence and uniqueness of polymer measures
on one-sided infinite paths with given endpoint and slope, and interpretation of these infinite-
volume Gibbs measures as thermodynamic limits. Moreover, we prove that marginals of
polymer measures with the same slope and different endpoints are asymptotic to each other.

Next we develop ergodic theory of the Burgers equation with positive viscosity and random
kick forcing on the real line without any compactness assumptions. Namely, we prove a One
Force — One Solution principle, using the infinite-volume polymer measures to construct a
family of stationary global solutions for this system, and proving that each of those solutions
is a one-point pullback attractor on the initial conditions with the same spatial average.

Using a straightness estimate uniform in temperature, we also prove that in the zero-
temperature limit, the infinite-volume polymer measures concentrate on the one-sided mini-
mizers and that the associated global solutions of the viscous Burgers equation with random
kick forcing converge to the global solutions of the inviscid equation.

Finally, we present two examples of mixing stationary random smooth planar vector field
with bounded nonnegative components such that, with probability one, none of the associated

integral curves possess an asymptotic direction.
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Chapter 1

Burgers polymers

1.1 Introduction

The Burgers equation is one of the most basic nonlinear evolutionary PDEs. It was
introduced by Burgers himself as a simplified fluid dynamics model to study turbulence (see

[Bur40], [Bur73]). In one dimension, the equation can be written as:

Ot + udyu = gamquf. (1.1.1)

Under the fluid dynamics interpretation, the equation describes the evolution of a velocity
profile u of particles moving along the real line. The velocity of the particle located at
time ¢t € R and at point z € R is denoted by u(t,z) € R. The left-hand side of (1.1.1)
represents the acceleration of the particle, and the right-hand side contains all the forces
acting on the particle, i.e., the external forcing f = f(¢,7) and the friction forces §0,,u(t, z).

Here, k > 0 is the viscosity constant.



The following Hamilton-Jacobi-Bellman (HJB) equation

2
@U+E%2—22&J%+F (1.1.2)

is tightly connected to the Burgers equation (1.1.1). Namely, if U is a solution of (1.1.2),
then w = 9,U solves (1.1.1) with f = 9, F. One can obtain a more general HJB equation by

replacing the quadratic Hamiltonian in (1.1.2) by a convex function H : R — R:
@U+m@m=g@w+p (1.1.3)

In this chapter, the forcing f = f, (¢, ) will be a space-time stationary random field, the
argument w being an element in some probability space. We are interested in the invariant
measures and other ergodic properties of the resulting SPDE. More details on our assumptions
on the forcing will be given in section 1.2.

Before we go into the development of the ergodic programs of the Burgers equation
and general HJB equations with random forcing, it is helpful to briefly discuss the general
ideas and methods in the field of the ergodic theories for nonlinear SPDEs, which has been
extensively studied in the past 20 years; see for example [EMS01], [KS00], [BKLO1], [KS01],
[KPS02], [MYO02], [HMO06], [HM11], [CGHV14], [GHMR17], [KNS18]. A very important
example is the stochastic 2D Navier—Stokes equation.

Most of the time, the random forces in these SPDEs have zero- or finite-range dependence
in time, which allows viewing the SPDEs as Markov processes in some infinite-dimensional
functional spaces. On the other hand, in the spatial variables the forces are “degenerate”, in
the sense that they belong to some finite-dimensional subsets of the state spaces. Compared
with SPDEs forced by “white” noise, where forces are pumped into the system at all scales at

equal strengths, models with degenerate forcing are more physical, but are also more difficult



to develop ergodic theories.

A central part in many of these problems is the existence and uniqueness of the invariant
measures. The existence is usually a consequence of the energy balance between the random
force entering into the system and the dissipation effect of the PDE; the Markov processes
mostly stay on compact subsets of the state space and hence arguments of Krylov—Bogolyubov
type can apply. The question of the uniqueness is more difficult due to the degeneracy
of the forcing. Many techniques have been developed to overcome this difficulty. For
example, in [HMO06], [HM11], [CGHV14], the so-called “asymptotic strong Feller” property
was established for models with Brownian forces, where the author used Malliavin calculus
to obtain smoothing estimates of the transition probability at the infinite-time horizon.
In [GHMR17], an abstract framework named “asymptotic coupling” was raised and applied
to several nonlinear SPDEs. In [KNS18|, the authors proposed a general coupling scheme to
get exponential mixing for models with bounded forces of the type of random Haar series
that satisfy a certain controllability condition.

In contrast with turbulence described by the Navier—Stokes system and similar models, the
dynamics generated by Burgers equation and its generalizations is dominated by contraction,
so the random dynamical system approach turns out to be more fruitful and gives more
detailed information about the pathwise behavior of the system. Namely, it is natural and
beneficial to study the stochastic flow, i.e., the self-consistent (satisfying the so called cocycle
property) family of random operators ®%* constructing the solution ®%'u at time ¢ given the
initial condition u at time s. For various settings, one can describe ergodic components as
follows: for two velocity profiles u! and u? in the same ergodic component, ®*'u' and ®%'u?
get close to each other as t — s — 0o. Moreover, with probability one, there is a limit

U, = 0, = lim ®5°, (1.1.4)
S—>—00



and it does not depend on the initial condition u° within an ergodic component. The resulting
family (u,,) of velocity profiles forms a global solution, i.e.,

s,t
utw - ®w u37w7 S < t,

)

and is non-anticipating, i.e., u; depends only on the history of the forcing up to time ¢.
Moreover, for almost every w, (u;,) is a unique global solution with values in the given
ergodic component. This statement along with the pullback attraction property (1.1.4) is
often called One Force — One Solution Principle (1F1S).

The study of ergodic properties of solutions of (1.1.1) with random forcing began in [Sin91],
where the evolution was considered on the circle (one-dimensional torus) T' = R!'/Z! (i.e.,
all the functions involved were assumed or required to be space-periodic). The forcing was
assumed to be white in time and smooth in the space variable, and a mixing statement
showing loss of memory in the system was proved. The key consideration in this paper is
the view at the iterative application of the Feynman—Kac formula as the product of positive
operators.

In [Kif97], the connection with the directed polymers in random environments was noticed
and used for the first time. With the help of the Hopf-Cole transform and Feynman-Kac
formula, it was shown that for the high-dimensional version of (1.1.1) and sufficiently small
forcing (this situation is known as weak disorder in the studies of directed polymers in random
environments), certain series in the spirit of perturbation theory converge and can be used to
define global attracting solutions of the Burgers equation.

In [EKMS00], the zero viscosity case on the circle was considered. Solutions of the Burgers
equation with zero viscosity admit a variational Hamilton—Jacobi-Bellman—Hopf-Lax—Oleinik
representation. The minimizing paths in the variational principle can be identified with

particle trajectories, and the analysis of solutions over long time intervals involves the study



of asymptotic properties of those minimizers. Since the mean velocity is preserved by the
Burgers system, all velocity profiles in one ergodic component have the same mean. One
of the main results of [EKMS00] is that all functions with the same mean form one ergodic
component, i.e., there is a unique invariant measure for the corresponding Markov dynamics
on this set. Moreover, for each mean velocity, 1F1S holds on the associated ergodic component.
The global solution is defined by a family of one-sided infinite action minimizers stretching
into the infinite past. Also, hyperbolicity holds, i.e., all these minimizers are exponentially
asymptotic to each other.

In [TKO03], this program was repeated for the multi-dimensional version of the inviscid
Burgers equation on the torus T¢ = R4/Z¢, d € N, and in [GIKPO05], it was extended to the
positive viscosity case. Unlike [Sin91], the approach of [GIKP05] was based on stochastic
control. In fact, for a fixed mean velocity, a unique global solution is constructed using
optimal control of diffusions on semi-infinite time intervals stretching to the infinite past.
The variational character of the stochastic control approach allowed to show that as K — 0,
the optimally controlled diffusions converge to the one-sided action minimizers. This also
allowed to deduce the convergence of invariant distributions as x — 0.

In [Bak07], 1F1S was established for the Burgers equation with random boundary condi-
tions. Given an appropriate notion of generalized solutions and the associated variational
characterization, the argument is very simple. It turns out that it takes a finite random time
to erase all the memory about the initial condition, so the system exhibits an extreme form
of contraction.

In all the results discussed above (see also [DS05] and [DV15] that do not use variational
or stochastic representations and use PDE tools instead), the space was assumed to be
compact, being a torus or a segment, except [Kif97]. Extending those results to noncompact
situations turned out to be a nontrivial task. Quasi-compact settings where the system is

considered on the entire real line but the forcing is mostly concentrated in a compact part,



were studied in [HK03], [Sui05] and [Bak13].

However, truly noncompact situations with space-time homogeneous random forcing in
one dimension for positive or zero viscosity presented serious difficulties. In the noncompact
case, there is much less rigidity in the behavior of optimal paths or diffusions used in the
representation of solutions, and they are much harder to control. Also, the approach of [Kif97]
is useful only in the weak disorder case and fails in dimension 1.

In the zero viscosity case, the ergodic theory of the Burgers equation on the real line
without compactness or periodicity assumptions was constructed in [BCK14]| for forcing given
by a space-time Poisson point process, and in [Bak16] for kick forcing. Similarly to the
compact case, the ergodic components are essentially formed by velocity profiles with common
mean, but establishing 1F1S on each ergodic component required using methods originating
from studies of long geodesics in the last-passage percolation theory. In the Poissonian forcing
case, due to the discrete character of the forcing, all the one-sided minimizers giving rise
to the global solution coalesce, strengthening the hyperbolicity property for the spatially
smooth periodic forcing case. However, the behavior of minimizers in the kick forcing case is
more complicated. Although they are expected to be asymptotic to each other, only a much
weaker liminf substitute of hyperbolicity was proved in [Bak16].

In the first part of this chapter, we will consider the Burgers equation with random kick
forcing similar to what is considered in [Bak16], but extend the results to the positive-viscosity
case. A very important feature of this work is that in order to analyze the Burgers equation,
we rely on the Feynman-Kac formula and the associated directed polymer model. The
global solutions of the viscous Burgers equation will be given by some properly defined
infinite-volume polymer measures, the positive-temperature counterparts of the one-sided
infinite minimizers in the construction of the global solution for inviscid Burgers.

In the second part of this chapter, we will obtain the inviscid limit for the stationary

solutions of the Burgers equation, namely, we will prove that in (1.1.1), as the viscosity



vanishes the stationary solutions of the viscous Burgers equation converge to those of the
inviscid one. In the polymer language, we prove that the zero-temperature limits for infinite-
volume polymer measures are delta measures concentrated on one-sided infinite minimizers.
Of course, the PDE results of [GIKP05] can also be restated in the polymer language.

The inviscid limit of 2D stochastic Navier—Stokes equation was also considered in [Kuk04],
[Kuk07], [Kuk08] and [GHvV15]. However, as the viscosity tends to zero, one needs to scale
the forcing as \/k to obtain nontrivial behavior in the limit. This contradicts the Kraichnan
theory of 2D turbulence whose predictions can be interpreted as the existence of a nontrivial
inviscid limit under viscosity-independent forcing. This discrepancy can be explained by finite
size effects since the inverse cascades of Kraichnan theory are impossible in a compact domain.
It would be extremely interesting to see if this contradiction gets resolved in noncompact
setting. However, the only ergodic result for Navier—Stokes system in the entire space known
to us is [Bak06], where under certain conditions on the decay of the noise at infinity, a unique
invariant distribution on the Le Jan—Sznitman existence-uniqueness class is constructed for
SNS in R3, and this class of solutions neither allows for spatial stationarity nor survives the
inviscid limit.

In the rest of this chapter we will in fact reverse the direction of time and state our results

for the following “backward” Burgers equation:
— O+ udyu = g(?mu +f (1.1.5)

The reason is that it is more natural to work with forward polymers and action minimizers.
We stress that we change the time direction in the Burgers equation just to make it easier to
translate results between minimizers/polymers and global solutions of the Burgers equation.
Restating any result obtained for equation (1.1.1) in terms of equation (1.1.5) and vice versa

is trivial.



This chapter is organized as follows. In section 1.2 we will discuss the kick forcing and
our assumptions; in section 1.3 we will state the 1F1S principle for the viscous Burgers; in
section 1.4 we will discuss the associated directed polymer model and state the results in
the polymer language; in section 1.5 we will state the results on the zero-temperature and

inviscid limit. In sections 1.6-1.11 we will give all the proofs.

1.2 The setting

1.2.1 Kick forcing

We will consider the (backward) Burgers equation with kick forcing of the following form:
f(tw) =Y fa(@)da(D).
ne”L

This means that the additive forcing is applied only at integer times, namely, on each interval
(n,n + 1] where n € Z, the velocity field evolves from time (n + 1) to time n according to the

unforced backward Burgers equation

-0 + ud,u = gamu, (1.2.1)

and at time n, the entire velocity profile u receives an instantaneous macroscopic increment
equal to f,:

u(n,z) =u(n+0,2) + f.(x), zeR. (1.2.2)

We assume that the force potential F' = F,, ,(z)

fo(@) = fow(®) =0, Fu(z), neZ, xeR, weQ,



is a stationary random field defined on some probability space (€2, F,P). More precisely,
the probability space and the potential process are constructed as follows. Let (€2, Fo, Po)
be the canonical probability space of realizations of the potential, where €2y is the space of
continuous functions F' : R x Z — R equipped with Fy, the completion of the Borel o-algebra
with respect to local uniform topology, and Py is a probability measure preserved by the

group of shifts (0™%), »)ezxr defined by
0" F)(y) = Fram(x +y), (n,z),(m,y) € Z xR.

In this framework, F' = F,, = w, and we will use all these notations intermittently.

In addition, we impose the following requirements:

(A1) The flow (6°%).cr is ergodic. In particular, for every n € Z, F,(-) is ergodic with

respect to the spatial shifts.
(A2) The sequence of processes (Fn<'>)nez is i.i.d.
(A3) With probability 1, for all n € Z, F,(-) € C*(R).

(A4) For all (n,z) € Z x R and all k > 0,

Ee r '@ < o0,

(A5) There are ¢, n > 0 such that for all (n, j) € Z x Z,

ef = Ee"nwll) < oo,

where

F2,(j) = sup{|Fuul@)] @ € (7,5 + 1]} (1.2.3)



Stationarity and (A5) imply that

Fn,w(x)

=0 1.24
holds with probability 1 on €2y. We can then define
F
Q:{FGQO:llim #:O, nGZ}E}"o, (1.2.5)
T|—00 T

and denote the restrictions of Fy and Py onto €2 by F and P. This finishes the construction
of the probability space (€2, F,P). Under this modification, all the distributional properties
of the potential are preserved.

We will use these standing assumptions throughout this chapter. However, many of our
results will hold true if one removes (A3) because (A5) guarantees that F' is locally bounded
which is sufficient for most of our results. Of course, differentiability of F' guarantees that
f = 0,F in the Burgers equation is defined as a function, but even this is not necessary for
some of our claims on the Burgers equation.

A sufficient condition on distributional properties of F' at any fixed time, say, time 0,
for existence of an appropriate probability space satisfying (A1) and (A2) is mixing of Fj
with respect to spatial shifts. This (along the other requirements from the list above) holds,
for example, for Gaussian processes with decaying correlations and processes with finite
dependence range. Also, processes obtained from Poissonian noise (or any other space-
time ergodic processes) via spatial smoothening are compatible with probability spaces
satisfying (A1)-(A2). So, the conditions that we impose define a very broad class of processes.
We note that the shot-noise potential used for the entire inviscid Burgers equation program
developed in [Bak16], also falls into this class of potentials.

Besides the space-time stationarity, it is important to note that the potential process is

10



also invariant under the following Galilean space-time shear transformations L”, v € R:

(L°F),(x) = Fy(x +vn), (n,x) €Z XR. (1.2.6)

1.2.2 Solution of the Burgers equation

With deterministic forcing, the Cauchy problem for (1.1.5) has smooth classical solutions
for K > 0 under mild assumptions on f and the initial conditions. In fact, the Hopf-Cole
logarithmic transformation reduces the problem to the linear heat equation with multiplicative
forcing. This latter equation can be solved using the classical Feynman—Kac formula. Another
way to represent solutions of viscous HJB equations is via stochastic control, see [FS06] for
systematic treatment of stochastic control.

If K = 0, then even smooth initial velocity profiles result in formation of discontinuities,
called shock waves. In this important case, one has to work with appropriate generalized
solutions, known in this case the “entropy solution”, which can be obtained from the smooth
solutions via a limiting (k — 0) procedure. The solutions can also be characterized through
a variational principle.

For the Burgers equation with the random forcing described in section 1.2.1, the solution
can be defined configuration-wise, namely, for each realization of the forcing, we solve the
equation deterministically using the Feynman—Kac formula (x > 0) or the variational principle
(k = 0) with proper discretization. This is what will be described below.

For every m,n € Z satisfying m < n, we denote the set of all paths

vimynlz={mm+1,...,n} - R

by 57", If in addition a point z € R is given, then S7";" denotes the set of all such paths that

satisfy 7, = z. If n = 0o, then we understand the above spaces as the spaces of one-sided

11



infinite paths. If two points x,y € R are given, then S;";" denotes the set of all paths in S}
that satisfy v, = = and v, = v.
Let m < n. Given a path 7 defined on [m/,n'|z D [m,n]z, its kinetic energy I™"(7),
potential energy H™"() and total action A™"(~) are given by
1 n

I™"(y) = 5 Z (e = e-1)?, HZ" () = Z e

k—=m-+1 k=m-+1 (1.2.7)

A (y) = 1™ (y) + H" (7).

Note the asymmetry in the definition of H"": we have to include k = n, but exclude k = m.
All our results are proved for this choice of path energy, but it is straightforward to obtain
their counterparts for the version of energy where the k = n is excluded and k£ = m is
included. For the inviscid case, we can now define the random backward evolution operator

on potentials by

(Wo'Ul(z) = inf {U(w) +AZ"(7)}, z€R, m<n. (1.2.8)

YESTA"
For the viscous case, one can introduce the Hopf—Cole transformation ¢ by

_UG=z)

o(t,r) =e = . (1.2.9)

An application of the discrete Feynman—Kac formula will lead to the following backward

evolution operator on ¢:

[Erne)(z) = / Z;}gﬁ,w@(y) dr, T €R, m<n, (1.2.10)
R

12



where

Zmn

T,Y;K,w

w(TE)

[g,{(xk —Tp_1)e” e O (A2 )dT i - . . dxy_10,(dxy,) (1.2.11)

AT

k=m+1

and g.(z) = \/21—(9 5. With the inverse of the Hopf-Cole transform (1.2.9), we can define

evolution on potentials by

_u
@m”U— —mlnum” "

The space of velocity potentials that we will consider will be H, the space of all locally

Lipschitz functions W : R — R satisfying

lim inf Wiz)

r—r+o00 |,I‘|

> —00

We will also need a family of spaces

r—+o0 x

H(v_,v+):{W€H: lim W(x):vi}, v_,vy €R.

Lemma 1.2.1. For every k > 0 and any w € 2, for any l,n,m € Z withl < n < m and
W e H,
- QLW is well-defined and belongs to H;
2. if W e H(v_,vy) for some v_,vy, then ®00W € H(v_, v, );
3. (cocycle property) ®LLW = OL7 OV

PROOF OF LEMMA 1.2.1:  Let us check that if W € H, then ®™"*'W € H for all n and w.

Due to (1.2.4), there is a number k = k(n,w) > 0 such that F,(z) + W(z) > —k(|z| + 1) for

13



all z € R. Since

/gn(y - x)G_Fnﬁﬂfz)_%dw < /gﬁ(y — x)ek‘w»l+ldx < 00,
R R

OtV (y) is well-defined for all y € R, and

oty .
lim inf w—(y) > — liminf il ln/ 9x(y — x)ek‘ ifla@
y—+o0 Yy y—+oo Y R
— liminf 2~ ln/ 9y — x)emjld:v
y—r+0o0 y R
Ry k2 1
— _liminf Zln(e " TE ) = —k > —oo.

y—r+oo Y

In the second line, we used that the contribution from the negative values of x is asymptotically
negligible due to the fast decay of the Gaussian kernel. For the last line, we used the Gaussian
moment generating function. The behavior as y — —oo is treated similarly. The local
Lipschitz property follows from the C! property that can be obtained by differentiating the
integrand in the definition of ®. Iterating this, we obtain parts 1 and 3 of the lemma. The

proof of part 2 is similar to that of part 1. O

We can also introduce the Burgers dynamics on the space H' of velocities w such that
for some function W € H and Lebesgue almost every z, w(z) = W'(z) = 0,W (x). For all
v_,vy € R, H'(v_,vy) is the space of velocity profile with well-defined one-sided averages v_
and vy, it consists of functions w such that the potential W defined by W (z) = [ w(y)dy
belongs to H(v_,vy).

We will write w; = W9 wy if wg = Wy, wy = Wi, and Wy = &9 W, for some
Wo, Wy € H.

Having introduced the shifts 6™, we can also rewrite the cocycle property as

O = 1 "W, n,m <0, weQ,

14



where 0" = ™% and " = &Y. The cocycle property of ¥ and Z can also be expressed

similarly.

1.3 1F1S for viscous Burgers

Our main results for the positive viscosity Burgers equation are parallel to those of [Bak16]
for the inviscid case. In this section, for brevity we suppress all the x-dependence of the
evolution operators and functions.

We say that u(n,z) = u,(n,x), (n,x) € Z x R is a global solution for the cocycle ¥ if
there is a set €)' € F with P(Q') = 1 such that for all w € €', all m and n with m < n, we
have U™ u,,(n, ) = u,(m,-).

A function u,(z), w € Q, x € R is called skew-invariant if there is a set ' € F with
P(£Y) = 1 such that for any n € Z, "' =, and for any n < 0 and w € ', V"u,, = ugn,,.

If u,(x) is a skew-invariant function, then u,(n,x) = ugn,(z) is a stationary global
solution. One can naturally view the potentials of u,(x) and u,(n,x) as a skew-invariant
function and global solution for the cocycle .

To state our first result, a description of stationary global solutions, we need more notation.
For a subset A of Z x R, we denote by F4 the o-sub-algebra of F generated by random

variables (F,(x))m.z)eca-

Theorem 1.3.1. For every v € R and k > 0, there is a unique skew-invariant function
Uy = Upy @  — H such that for almost every w € Q, u,,, € H'(v,v). The process
Upo (M +) = Uy, (+) 18 @ unique stationary global solution in H'(v,v).

The potential U, defined by Uy,(2) = [ty (y)dy is a unique skew-invariant function
for ® in H(v,v). It defines a unique stationary global solution U, (n,-) = Uy gny,() for ® in

H(v,v). The skew-invariant functions Uy, and wu,,, are measurable w.r.t. F|nxr, i.€., they

depend only on the “history” of the forcing (noting the direction of time is reversed). The
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spatial random process (Uy.,(T))zer 5 stationary and ergodic with respect to space shifts.

Remark 1.3.1. All uniqueness statements in this theorem are understood up to zero-measure
modifications. We say that a process u is a unique (up to a zero-measure modification)
process with certain properties if for every process u defined on the same probability space

and possessing these properties, u and @ coincide with probability 1.

This theorem can be interpreted as a 1F1S Principle: for any velocity value v, the
solution at time 0 with mean velocity v is uniquely determined by the history of the forcing:
Upsy 2 Xo(F|nxr) for some deterministic functional x, of the forcing in the future, i.e.,
in N x R. We actually describe y, in the proof, which is constructed via infinite-volume
polymer measures on one-sided infinite paths. Since the forcing is stationary in time, we

obtain that u,.gn,, is a stationary process in n, and that the distribution of w,,, is an invariant

distribution for the corresponding Markov semi-group, concentrated on H'(v, v).

The next result shows that each of the global solutions constructed in Theorem 1.3.1 plays
the role of a one-point pullback attractor. To describe the domains of attraction we need to
introduce several assumptions on the initial potentials W € H. Namely, we will assume that

there is v € R such that W and v satisfy one of the following sets of conditions:

v =0,
limint &) 5 ¢ (1.3.1)
r——+00 T
lim sup Wiz) <0,
T——00 iy
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or

v >0,
im ) (1.3.2)
T—r—00 X
lim inf (z) > —,
x——+00 X
or
v <0,
w
im V@, (1.3.3)
Tr——400 €T
w
lim sup (z) < —.
T——00 €T

Condition (1.3.1) means that there is no macroscopic flux of particles from infinity
toward the origin for the initial velocity profile W’. In particular, any W € H(0,0) or any
W e H(v_,v;) with v_ <0 and vy > 0 satisfies (1.3.1). If, additionally, v, > 0 and v_ < 0,
then it is natural to call this situation a rarefaction fan. We will see that in this case the
long-term behavior is described by the global solution ug with mean velocity v = 0.

Condition (1.3.2) means that the initial velocity profile W’ creates an influx of particles
from —oo with effective velocity v > 0, and the influence of the particles at +oc is not as strong.
In particular, any W € H(v, v, ) with v > 0 and v, > —v (e.g., v, = v) satisfies (1.3.2). We
will see that in this case the long-term behavior is described by the global solution .

Condition (1.3.3) describes a situation symmetric to (1.3.2), where in the long run the
system is dominated by the flux of particles from +oc.

The following precise statement supplements Theorem 1.3.1 and describes the basins of

attraction of the global solutions u, in terms of conditions (1.3.1)—(1.3.3).
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Theorem 1.3.2. For every v € R and r > 0, there is a set Q € F with P(Q) = 1 such that
ifweQ, W eH, and one of conditions (1.3.1),(1.3.2),(1.3.3) holds, then w = W' belongs to
the domain of pullback attraction of u,: for any m € R and any x € R,

lim UM w(x) = Uy, (m, x),
n—oo

and the convergence is uniform on compact sets.

The last statement of the theorem implies that for every v € R, the invariant measure
on H'(v,v) described in Theorem 1.3.1 is unique and for any initial condition w = W' € H'
satisfying one of conditions (1.3.1),(1.3.2) and (1.3.3), the distribution of the random velocity
profile at time n weakly converges to the unique stationary distribution on H'(v, v) as n — oo,
in the local uniform topology. However, our approach does not produce any estimates on
convergence rates.

We also note that, due to the following Lemma 1.3.1, proving uniform convergence in this

theorem amounts to proving pointwise convergence.

Lemma 1.3.1. For any w € H', w € Q, m,n € Z satisfying m < n and all kK > 0, the

function x — x — W™ w(x) is nondecreasing.

The proof of this lemma will be given at the end of section 1.10.3.

1.4 Directed polymers

1.4.1 Polymer measures

Directed polymers in random environment are a class of random media models given by

random Boltzmann—Gibbs distributions on paths with (i) free measure describing classical
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random walks and (ii) the energy function given by the potential accumulated from the
random environment by the random walk.

In the Burgers equation context, the directed polymers emerge naturally through the
Feynman—Kac formula (1.2.10). It can be understood as integration over the space of paths
endowed with appropriate polymer measures. The viscosity constant « will play the role of

temperature.

m,n
m7y;ﬂzw ?

For m,n € Z with m <n and x,y € R, u the point-to-point polymer measure at

temperature k, is a probability measure on S;;" that has density

n xT
I1 [gn(:vk B

k=m+1

m,n —
Mmﬂ;’;"{:w(xm’ e 7xn) - Zm,n
T,Y;R,w

with respect to d, x Leb" ™! x §,, where Z;’Z’;‘H,w is defined in (1.2.11).

Let us introduce

zmn = (2mw)"2 2, = / e T dy
Y€ES.

T,y K,w T,y K,w
YYiRy Y3y m,n

z,y
n

D S 1 T Crw
/e k:m+1[2 e ' k]5$(dxm)dxm+1...dxn_15(dmn), (1.4.1)

where A" is defined in (1.2.7). The polymer density can also be expressed as

-5 LAZ ()

VAN
"I:iy;){’w

e
Wt o (Y o Yn) =

We often omit the w argument in all the notations used above. We also often write Z7"(z, y)

for Zmn

TY5K°
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1.4.2 Asymptotic properties

Asymptotic properties of directed polymer models similar to ours have been extensively
studied in the literature, see, e.g., surveys [CSY04], [dH09], [Gia07] and [Com17]. Here, we
will mention only results most tightly related to ours.

One of our first results is the existence of the infinite-volume quenched density of the free

energy or the shape function.

Theorem 1.4.1. There are constants ap., € R such that for any v € R and k € (0, 1],

1 ZO,n s 2
lim ——2x (0, vn) =a,(v) == o — o (1.4.2)

n—00 n 2"

The quadratic term —% comes from the shear-invariance symmetry (see (1.2.6)) of our
model.

Subadditivity arguments have been used to establish the existence of infinite-volume
normalized quenched free energy for our model and also for a variety of other polymer models;
see [CHO2], [CSYO03], [Var07], [CENY15] for lattice polymers under various assumptions and
[CYO05], [CC13], [CY13] for some continuous models. Variational characterizations of the free
energy in terms of auxiliary skew-invariant functions (cocycles) were developed in [Yil09],
[RAS14], [RASY13], [GRAS16], [RSY16]. It is also related to the effective Hamiltonian in
the homogenization of stochastic HJB equation; see [KRV06], [KRV06].

The next result concerns the concentration of the finite volume free energy. Let us define

kIn Z%"(0,0), € (0,1],
pals) = (143)
_A(0,0), K =0.
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The definition of p(-) at x = 0 is a continuous extension since

liﬁ)l kln ZM"(x,y) = —A™"(x,y). (1.4.4)

Theorem 1.4.2. There are positive constants cgy, ¢y, Co, c3 such that for all n > co and all

3/2

u € (czn?In*?n,nlnn,

P{|pn(k) — aown| <u, K €[0,1]} > 1 —ciexp {_CQnIan} :

Such inequalities have been obtained for various polymer and FPP/LPP models with
different tails. The first such result appeared in [Kes93] on FPP, with a tail of e=*/V", Using
Talagrand’s inequality, this can be improved to e~ew’/n In [BKSO03], the authors proved that
for FPP with edge weight distribution P(w, = a) = P(w, = b) = 1/2, the variance of In Z™ is
O( @), which is sublinear. The result was later strengthened to a concentration inequality
with a tail e~V for more general distributions, see [BRO8| and [DHS14]. In [AZ13],
similar concentration inequality was obtained for a polymer model. See also [Mej04], [CHO04]
and [RT05] for similar concentration inequality for some other polymer models.

All these estimates imply that the fluctuation of the quenched energy for polymer or the
action of minimizing paths of length n in random environment are (roughly) bounded by n'/?
and the typical transversal fluctuations for the paths themselves in those settings are smaller
than (roughly) n**, although it is believed that for a large class of models including ours
(KPZ universality class, see, e.g., [Corl12]), the true scalings are n'/? and n?3, respectively.

Our method in proving the concentration is more elementary and will not lead to a sharper
subgaussian concentration as mentioned above, but it is sufficient, in conjunction with the
quadratic form of the shape function, to help us to establish straightness estimates in order

to obtain infinite-volume limits.
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Moreover, our concentration estimate is uniform in the temperature/viscosity parameter s,
which is the key point in the study of the zero-temperature limit of the infinite-volume
polymer measures or the inviscid limit of the global solutions of Burgers. As a corollary, one
can also obtain that the constant o, introduced in Theorem 1.4.1 is continuous in k.

The last result we will discuss in this section is the straightness estimate for the polymer
measures. Known as d-straightness, the notion goes back to [New95]. It can be derived from
the concentration of finite volume free energy and the uniform curvature assumption on the
shape function that was first introduced in [New95]. It was later used in [LN96], [HNO1],
[Wiit02], [FP05], [CP11], [BCK14] and [Bak16] in the context of optimal paths in random
environments. In these papers, either the curvature assumption was assumed (as in [LN96])
or the shape functions were explicitly known so that the curvature assumption was satisfied.

Based on the straightness estimate, we obtain tightness of the finite-volume polymer
measures and gain compactness for the solutions of randomly forced Burgers equation. This
overcomes one of the main difficulties for the ergodic program in non-compact setting. Simi-
larly to our concentration estimate, the straightness estimate is also uniform in temperature,
and thus can be used to study the zero-temperature limit. Also, the argument in proving the
straightness estimate is independent of the dimension and can be immediately generalized to

higher dimensions.

1.4.3 Thermodynamic limit

In this section we will discuss the thermodynamic results. We will need some notation
first.
We recall the point-to-point polymer measure defined in section 1.4 and the path spaces

(e.g., Sp7) introduced in section 1.2.2. A measure p on S} is called a polymer measure (at
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m,n
e Where

temperature k) if there is a probability measure v on R such that = p

s = [ ).
R

m,n
TVK"

We call v the terminal measure for p = p It is also natural to call p a point-to-measure
polymer measure associated to x and v.

A measure p on S;fo"o is called an infinite volume polymer measure if for any n > m
the projection of p on S7%" is a polymer measure. This condition is equivalent to the
Dobrushin-Lanford-Ruelle (DLR) condition on the measure p.

We say that the strong law of large numbers (SLLN) with slope v € R holds for a
measure j on S7T if p(S7°(v)) = 1. We say that LLN with slope v € R holds for a
sequence of Borel measures (1,) on R if for all § > 0,

lim v,([(v —d)n, (v +J)n]) = 1.

n—oo

Finally, for any (m,x) € Z x R, we say that a measure x on S;?;*OO satisfies LLN with slope
v if the sequence of its marginals vy (-) = pu{y: v € -} does.

We denote by P 7>°(v) the set of all polymer measures at temperature x on SJ%+>
satisfying SLLN with slope v. The set of all polymer measures at temperature x on S;;}joo
satisfying LLN with slope v is denoted by 75;7},?00(1)). These sets are random since they
depend on the realization of the environment, but we suppress the dependence on w € €2 in

this notation.
Theorem 1.4.3. Let v € R and k > 0. Then there is a full-measure set Q.. € F such that

1. For allw € Q. and all (m,x) € Z X R, there is a polymer measure p+>°(v) such that

PIEe(y) = Pt (v) = {ul>=(v)}.

23



The finite-dimensional distributions of p:">°(v) are absolutely continuous.

2. For all w € Q,., all (m,x) € Z x R, and for every sequence of measures (v,,) satisfying

m,n
T,Un;K

converge to pu7>°(v) in total

LLN with slope v, finite-dimensional distributions of p

variation.

In other words, with probability one, there is a unique infinite-volume polymer measure
with prescribed endpoint and slope. Moreover, this infinite-volume measure can be obtained
via a thermodynamic limit, i.e., as a limit of finite volume polymer measures.

A similar result was obtained in [GRASY15] for a model called log-gamma polymers.
The log-gamma polymer describes a random walk in a certain random potential on the
lattice Z2. Compared to that model, the one that we study has several features that make
the analysis harder. Namely, in our model, the space is continuous and the increments of
the polymer paths are not uniformly bounded. Moreover, our model does not give rise to
explicit computations that are possible for the log-gamma polymer, so we have to rely only
on estimates. Of course, a very useful feature of our model is that the free energy function is
exactly computed in Theorem 1.4.1 (except an unknown additive constant), it is quadratic
and thus strongly convex.

Note that we prove the thermodynamic limit not just for point-to-point polymers, but also
for more general point-to-measure polymers. This can be done for the log-gamma polymers
as well. In [GRASY15], similar results on point-to-line polymers are established for terminal
conditions on the line given by a linear tilt function. Our results on pullback attraction in
Section 1.10 allow to state a version of such a result in our setting, with more general tilt
functions that are required to be only asymptotically linear.

Tightly connected to the thermodynamic limit results in [GRASY15] are results on
the limits of ratios of partition functions. Logarithms of these limiting ratios are polymer

counterparts of Busemann functions that compare actions of infinite geodesics to each other
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in zero-temperature models such as FPP/LPP or zero-viscosity Burgers equation, see [HNO1],
[CP12], [BCK14], [Bakl16], [GRAS16], [GRS15], [DH14], [DH17] and [AHD15], which is
a recent survey on FPP. In [GRAS16] and [RSY16], a variational approach to ratios of
partition functions is described. It should be noted that in [GRS15] and [DH14|, [DH17],
some differentiablity assumptions on the shape function were used to study the semi-infinite
geodesic and the Busemann function.

We also prove a result on limits of partition function ratios for our model:

Theorem 1.4.4. For every v € R and > 0, there is a full measure set (2, . such that

for allw € €Y, ., for all (ny,21), (N2, x2) € Z X R, and for every sequence of numbers (yy)

with lim yy/N = v, we have
N—o0

1 Zml,yNh“C G
N—oo Zn2’N -
T2, YNk

where G = Gvy,{yw((nl, x1), (na, xl)) € (0,00) does not depend on the sequence (yn). Moreover,

G has the property that that for any (n;,x;) € Zx R, i=1,2,3,

Gvﬁ((nl, {L'l), (712, :EQ))GU7,{((n2, 1'2), (’rL37 I’g)) = Gvﬁ((nl, Zl'l), (TLg, ZL‘3)), (145)

Conl(m, 1), (02,2)) = [Gue((na,22), (mr,22)) ]

These infinite-volume polymer measures and partition function ratios give the global
solutions for the viscous Burgers as the following theorem states. We will use 7, to denote

the projection of a polymer measure onto the n-th coordinate.

Theorem 1.4.5. The function G, satisfies the following relation: fizing (ng, x¢) € Z X R,

Gw((n, x), (no,xo)) = / Zgy’;?,{Gv;,{((m,y), (ng,xo)), m>n, re€R. (1.4.6)
R
Moreover, the logarithmic derivative of G gives the global solutions for the viscous Burgers.
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Namely, let Uyy(n, ) = —kInG, . ((n,-), (n,0)). Then

d

Flalna) = [@—uiiEm b, (o) €ZxR (14D

Uy (N, ) 1=
is a global solution of (1.1.5) on H'(v,v) and satisfies all the properties stated in Theorem 1.5.1.

In Section 1.10.5, we use the result on convergence of partition function ratios to derive a
version of hyperbolicity property for the polymer case. Namely, we show that the marginals

of any two polymer measures with the same slope are asymptotic to each other:

Theorem 1.4.6. Let v € R. On a full measure event S, . for any (n1, 1), (ng, 22) € Z X R,

we have
A ()t = > )y ley =0,
where || - |7y denotes the total variation distance.
Since the marginals i (v)my ! define the entire measure it (v) uniquely due to

the Markovian character of nearest neighbor interactions encoded in the action functional, a

stronger statement on overlap of measures on paths also follows immediately.

1.5 Inviscid limit

In this section we will state our results on the zero-temperature limit of the infinite-volume
polymer measures and the inviscid limit of the global solutions of viscous Burgers. Let us
first summarize the results on semi-infinite minimizers established in [Bak16] in the following
theorem. They are parallel to Theorems 1.4.3, 1.4.4 and 1.4.5 in section 1.4.2. Originally,
these results were established in [Bak16] for a specific random potential of shot-noise type,

but it is easy to see that they hold true for any potential satisfying assumptions (A1)—(A5)
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under the additional requirement of finite dependence range. It is also natural to expect that

they hold for a much broader class of mixing potentials.

Theorem 1.5.1 (Theorem 3.3, Lemma 9.3 in [Bak16]). Suppose that assumptions (A1)-(A5)
are satisfied and F has finite dependence range. Then for every v € R, there is a full measure

set £, such that the following properties hold:

1. For all w € Q,0, there is an at most countable set N = N, € Z x R such that for

all (m,x) € N, there is a unique minimizer vy (v) € Syt (v).

2. (Busemann function) Let w € Q,0. For (ny,z1),(ne,x2) € Z x R, there is sequence

Ny T 400 such that the limit

By((n1, z1), (na, z2)) = lim A™MNk (21 (v)) — A"k (472 (v)) (1.5.1)

k—o0

exists. Here, if the semi-infinite minimizer is not unique at (n;, z;), then 73 (v) can be
any minimizer in Sy (v), i = 1,2. Moreover, if the limit in (1.5.1) exists for some
other sequence (N}.), then it is independent of the choice of (N}). The function B, has the

property that for any (n;, x;) € Z X R,

By((n1,21), (n2, 22)) 4+ By((n2, 2), (n3,23)) = B, ((n1, 21), (n3, 3)), (1.5.2)

Bv((nl,ﬂ?l), (n275172)) = —Bv((nm xz), (nb 561))

3. The function U,po(n,-) = —Bv((n,-),(n,O)) is Lipschitz, and is differentiable at all

(n,z) € N. The derivative is given by

d

o1, ) = Uso() = = (127=(0)) (15.3)
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4. (Solution to inviscid Burgers and HJB equations) The function B, solves the following

variational problem: for m > n and fized (ng,zo) € Z X R,

By((n, ), (no, z9)) = I;leiﬂg{Bv((m, y), (no, o)) + A™™(z,y)}. (1.5.4)

In particular, the function u,. introduced in (1.5.3) solves the inviscid Burgers equation.
Our first result concerns the zero-temperature limit of infinite-volume polymer measures:
Theorem 1.5.2. Let v € R. With probability one, the following holds true:
1. For allv € R, all k € (0,1] and all (m,z) € Z x R, P+ (v) # 2.

2. Letv € R and (m,z) € Z x R. Then the family of probability measures (P >(v))re(o,1]

on Syt = RN is tight.

8. (Zero-temperature limit) For fized v € R and (m,x) € Z x R, let pu, € PI(v),
k € (0,1]. Then, any limit point u of (,u,g) as k | 0 concentrates on semi-infinite
minimizers on Sy °(v). In particular, if SJ';7>° contains only one element v, then p is

the §-measure on 7.

Given v € R, Theorem 1.4.3 says that at every fixed temperature x > 0, there is a
full measure set €, on which P]%*>(v) contains a unique element. However, we cannot
guarantee the existence of a common full measure set on which this holds for all values of x
simultaneously. Nevertheless, in Theorem 1.5.2, using a compactness argument we are able
to find a full measure set on which P;;},joo (v) is always nonempty for all v € R, but may
potentially contain more than one element. If one considers only countably many values of k,
then this difficulty with common exceptional sets does not arise. This approach is used in

the next result.
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Let us now state our main theorem on the inviscid limit of the global solutions of Burgers
equation. In addition to (A1)—(Ab), in this section we also assume the potential F' has
the property such that conclusions of Theorem 1.5.1 hold true (see the discussion before
Theorem 1.5.1), so that the global solution for inviscid Burgers is unique. To state this
result, we need to specify the topology in which the solutions converge. We recall from
Lemma 1.3.1 that if u(n,x) is a solution to the Burgers equation with viscosity x > 0,
then x — u(n, x) is non-decreasing. For this reason, it is natural to consider the space G of
cadlag (i.e., right-continuous with left limits) functions u such that = — u(z) is non-decreasing.
The monotonicity allows to define G-convergence of a sequence of functions u, € G to a
function v € G as convergence u,(z) — u(x), n — oo, for every continuity point x of u. The

space G was first introduced in [Bak16].

Theorem 1.5.3. Let v € R and fix a countable set D C (0,1] that has 0 as its limit point.

Then there exists a full measure set Qv C QyoN ﬂﬁep Q.. such that the following holds true:

1. Zero-temperature limit for directed polymers. For every (m,z) € N, asD > k — 0,
m,+00

it converge to Oym(y) weakly. Here, N is the random subset of Z x R introduced in

part (1) of Theorem 1.5.1.

2. Inviscid limit for stationary solutions of the Burgers equation. For everyn € Z,
U (N, +) = Upo(n,-) in G as D 5 k — 0, where u,,, are the global solutions defined

in (1.4.7) for k > 0 and in (1.5.3) for k = 0.

3. Inviscid limit for Busemann functions and global solutions of the HJB equation.

For all (ny, 1), (ng, 2) € Z X R,

lim —kInGyy((n1, 1), (n2, 22)) = By ((n1, 21), (n2, 22)).

D3k—0

In the proof of these results, we utilize a uniform straightness estimate that eventually
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gives tightness of polymer measures at all temperatures, which is unclear a priori due to the
noncompactness of R. An essential feature of our model will be used in the argument, namely,
that our shape function a,(v) (introduced in Theorem 1.4.1) is quadratic and hence it satisfies
the uniform curvature assumption. The uniform curvature assumption, first introduced in
[New95| (before the statement of Theorem 1.1 therein), is the following property in our

setting: for some constants ¢, > 0,
(V) > ag(vg) + c(v —v9)?,  wo,v €R. (1.5.5)

Our approach can also work with a slightly weakened version of (1.5.5): for some constants

c,0,hg >0,and 0 < A< A< 1,

h h -
Ao (vg + X) + (1= Nag(vg — m) > () +¢ch?, vyg € R, A€ [N A], |h] < ho. (1.5.6)

If (1.5.6) is satisfied in the neighborhood of vy, then Theorem 1.5.2 holds true for v = vy;
if (1.5.6) is satisfied in the neighborhoods of v; and vy (v; < wvy), then the statement in
Theorem 1.5.2 holds true if we replace Py +°(v) by Pu([v1, va]), where Py([vg, vo]) is

the set of polymer measures at temperature  satisfying

p({7y:v1 <liminf~,/n <limsup~y,/n < wv}) = 1.
n—oo

n—oo

The assumption and method here can also be extended to higher dimensions.

Theorem 1.5.3 will follow from Theorem 1.5.2 and the uniqueness of semi-infinite mini-
mizers or polymer measures with given slope v, established in [Bak16] and in Theorem 1.4.3.
The proof of uniqueness is based on the shear invariance (due to the quadratic kinetic action
and the fact that the model is defined in continuous space) and the monotonicity available in

one dimension. Hence it is not clear how to generalize it to other models.
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From part (2) of Theorem 1.5.3, one can derive convergence of the invariant distributions
of the Markov semigroup associated with viscous stochastic Burgers equation to those for the
inviscid equation. Such convergence would have been easy to establish using a result in the
spirit of Proposition 1.2(3) in [You86] had there existed a foliation of G into closed ergodic
components such that each of them supports a unique invariant distribution for all values of
and tightness holds for these distributions. However, the situation is more difficult and to
follow this path one has to deal with problems stemming from the noncompactness of R. For
example, spaces H'(v,v) that the invariant measures are concentrated on are not closed in G
(in fact, each of them is dense in G). Also, the level of complexity of the required tightness
estimates is similar to that of the estimates we prove in this paper to establish more delicate

results such as Theorem 1.5.3.

1.6 Properties of the partition function

We begin with a lemma on the behavior of distributional properties of partition functions
under shift and shear transformations of space-time. We write < to denote identity in

distribution.

Lemma 1.6.1. Let k € (0,1]. For any m,n € Z satisfying m < n and any points x,y € R,
ZutmH e+ Ay + A)2ZE" (@, y).

Also, for any v € R,

-1 1/2

Z0™(0,vn)Ze™ T Z0(0,0). (1.6.1)

PrOOF: The first statement of the lemma follows from the space-time stationarity of F'. For
the second claim, let us make a change of variables zy = z} + kv for k =0,...,n in (1.4.1),

to obtain the following integral (zo = 0 and z,, = vn are fixed, i.e., ' = 0 and z], = 0 are
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—k1L Xn: %(m’ —x!_ 4) 24 Fy(z) +kv)
Zf}"(o, wn) = /e k=1 [ BTk e ]50(d176)d:13,1 . dx),_160(dx))

—k 1 i l(ar’ —z! _40) 2+ Fy (x4 kv)
4 /e k=1 [2 BTk m }5O(dx6)dx/1 o.dxl60(dal).

- n
(= Fha + 03 (0 = ) + 502
k=1

since

> (@~ k) =, — a5 =0,

k=1

Plugging this into (1.6.2), we obtain (2.3.48) and the proof is completed.

It is easy to extend this lemma to obtain the following:

Lemma 1.6.2. Let k € (0,1] and Z,.(n) =

(1.6.2)

11}2
ex2"Z%"(0,un), n € N, v € R. Then the

distribution of the process Z,..(-) does not depend on v. Also, for every n € N, the process

_ x2
Zp(z) = €é7"Zg’"(0, x), x € R, is stationary in x.

Next we will prove Theorem 1.4.1. We will prove the statement for Z instead. For the

proof of the theorem we will take k = 1 and suppress all the dependency on k. Let us

introduce an auxiliary function

Z:”” z,y) = min 2™ (z+ Az, y + Ay).
(.y) =, min 2™ y+ Ay)
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Lemma 1.6.3. The process Z. is super-multiplicative, i.e.,
20 (x,2) = 200 (3, y) 20" (y, 2).
Equivalently, In Z. is super-additive, 1.e.,
In Z™M™ (2, z) > In ZM72 (2, y) + In 272" (y, 2).
ProoF: Let |2/ — x|, |z — 2| < 1/2. Then

an,ng (.T,, Z/) _ / Zn1,n2 (.CE',, y/)ZnQ,n3 (y/’ Z/)dy/

y'eR

Vv

/ an,ng (ZL‘,, yl)an,n;g <y/’ Z/)dy,
Yy —yl<1/2

> 7 (g,y) 2025 (y, 2),

and the lemma follows.

Lemma 1.6.4. For any m,n € Z satisfying m <n and any x,y € R,
EZ™™(x,y) = N " gnm(y — ),

where A = Ee™100) < 00 according to (A4).

PrROOF: We can use Fubini’s theorem and the i.i.d. property of (F}) to write
n—1
Egm (o) = / ' / H [9(xhs1 — w)Ee W dp o dy s
R :
= A" gnm(y — ),

where we also used the convolution property of Gaussian densities.
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Lemma 1.6.5. For any v € R, there is a(v) € R such that

In ZS’”(O,nv) as.
—— 2 a(v), n—oo.
n

PrROOF: Due to Lemma 1.6.3 and Kingman’s sub-additive ergodic theorem, it suffices to

check that for every v € R, there is C'(v) > 0 such that
Eln Z%"(0,nw) < C(v)n, n€N.

This follows from Jensen’s inequality and Lemma 1.6.4:

2
1
()" 1 In(27) — 5 Inn,

Eln Z°"(0,nv) < InEZ%™(0,nv) < nln X — 5 5

and the proof is completed. O
PrROOF OF THEOREM 1.4.1:  Due to Lemma 1.6.2, it is sufficient to prove the theorem
for v = 0. Lemma 1.6.5 and the inequality Z°"(0,0) > Z°"(0,0) imply that it suffices to

check

In Z%"(0,0)  In Z2"(0,0
hmsup(n (0.0) _ I Z"(0, )>§O. (1.6.3)
n—00 n n

For this, we need to see that Z%"(0,0)/Z%"(0,0) is bounded by a function that grows

sub-exponentially in n.

First we note that there is ¢ > 0 such that

Ao’n a.s.
liminf 2200 22 (1.6.4)

n—00 q”
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To see this, it is sufficient to notice that for every x,y € [—1/2,1/2],

2%z, y) > /

/ g"e_zz;épkdxl...dxn_l,
[-1/2,1/2] [-1/2,1/2]

where

g=g¢g(l)= min Z1 — 29),
g=g()=_min g(z-2)

F, = max Fy(z), k>0,

lz|<1/2

and apply the SLLN to the partial sums of i.i.d. sequence (F})g>o-
To compare Z°(0,0) to Z%"(0,0), let us take r, = n3/*4, introduce sets A_; = A_;(n) =

(—00, ], Ao = Aog(n) = [—ry,ra], A1 = A1(n) = [rp, 00), and write

Z°"0,00= > B(0,0),

17.76{_17071}

where

Bij(x,y) :/ / 20’1(957xl)Zl’nfl(%,l’nfl)ZAnfl’"(xn,l,y)dmlda:n,l.
T1€EA; zn_leAj

We need to estimate B2(0,0)/2°"(0,0) = BL(0,0)/Z°"(x,,y.), where points x, and y.
provide minimum in the definition of ZS’"(O, 0).
Let us estimate B, (0,0) and B}, (0,0) first.

By the Fubini theorem and the convolution property of Gaussian densities,

E[B},(0,0) + Bly(0,0)] < A" / / 9(20)gna(@r — 21)g(—2r) day s,
Ay JAIUAg
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Since g,,_2(z) < 1 for all z € R and g is a probability density, we conclude that

E[B},(0,0) + By(0,0)] < A" / / o(e0)g(—n_1) dy a1
A1 A()UA1

1 2
n n n _rn/2
=2 /,41 glz)dr < NPIN > ra} < A (2%)1/27%6 ’

where N is a standard Gaussian random variable.
So, for any p > 0,

A" 1

2 - TR/?
o (2m)12r,, :

P{Bﬁ(O, 0) + B%(Oa 0) > Pn} < PinE[Bﬁ(Ov 0) + B{LO(O, 0)] <

Here, the last factor decays super-exponentially, and the Borel-Cantelli Lemma implies that

for any p > 0,

1o BR(0.0) + B (0,0) s

n—00 p”

0. (1.6.5)

Combining (1.6.5) with (1.6.4) and applying the same reasoning to all terms Bj; with

|i| + ]j| # 0, we obtain
) j an 070 a.s
lim Z'”PO'*“ 0.0 s (1.6.6)
n—00 Z*’n(070)

It remains to estimate Byy(0,0):

Z0n(xe, )~ Boo(Tu, Yi) T wieaciedo(n) ZOl(x*,$1) n- 1”(a:n 1,y*)
FO mn l
B £ Caar e
x1,2n—1€A0(n) g(xl — :L‘*) FU(x*)g(y* — xn—l) —Fr_1(rn—1)

_ 2002Y/9 —pogi—
< max e~ Fo(0)+Fo (@) o (T3 445) /2 o~ k1 —ys 22

T 21,@p_1€A0(n)

< Ci(w)e™ (1.6.7)
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for some random constant C(w) and all n > 2. O

Combining (1.6.6) and (1.6.7), we obtain (1.6.3) and finish the proof of Theorem 1.4.1.

The counterparts of Lemma 1.6.1 and Theorem 1.4.1 for the inviscid case were established
in [Bak16]. Let us briefly summarize them. We recall that A™"(z,y) defined in (1.2.7). We

have the following:

Theorem 1.6.1. 1. For anyl € Z and A € R,

AT (@ 4 Ay 4 A)SAT (x, ).

2. For anyv € R, —on"((),vn)i — A%"(0,0) — %n
3. There is a constant apo € R such that for any v € R,

_AO,n 0 s 2
lim —( o) =ap(v) := agg — 2.
n—00 n ’ 2

The following lemma is about the smoothness of the point-to-point partition function

with respect to the end points.

Lemma 1.6.6. Let m < n. For all w and k > 0, the point-to-point partition function
2™z, y) is C* in x and as smooth as F,(y) iny. Moreover, partial derivatives of Z™"(x,y)

can be obtained by differentiation under the integral in (1.4.1).

ProoOF: For simplicity we set k = 1. If n —m = 1, the claim is obvious. If n —m > 2, it

suffices to show that

an(y)ZIn'Vn(x’ y) — /JC(,CE7 y7 xm+17 e ,l’n_l) dxm+1 e dl‘n_l
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is smooth in x and y, where

n—1
f(l'7 Y, xm-f—ly e ,l'n—l) == 6—%($—$m+1)2—%(1‘n71—y)2 H 6_%(Ik+1_xk)2_pk(xk).
k=m+1

By (1.2.5), we can find a constant ¢ such that if m+1 < k <n —1, then |Fj(2)| < c(|z] + 1)

for all z. The lemma follows from

d$m+1 Ce dCL’n_l

’L aj
/‘8:}3@ ay] l’ y Yy 41y - - - JITL—I)

S/Cicj(bﬁ — T "+ 1) (‘3/ — ol + 1)

n—1
Ll 2_1 —u)2 _1 _ 2
cem2(@emi1) —5 (@n-1-y) H e 2 rellen i gy dp, oy < 00,
k=m+1
where ¢; are absolute constants. O

As a corollary, we have
Lemma 1.6.7. Let m,n < k. Then Z™*(xz,2)/Z"*(y, z) is C* in x, y and z.

This means that our asymmetry in defining the action (see also the discussion after (1.2.7))

will not affect the smoothness of expressions of the form Z™*(z, 2)/Z™k(y, 2).

1.7 Concentration inequality for free energy
The aim of this section is to prove Theorem 1.4.2. In conjunction with the convexity of

the shape function, it will help us to establish straightness estimates.

1.7.1 A simpler concentration inequality

The first step in proving Theorem 1.4.2 is to obtain a concentration of p, (k) around its

expectation.
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Lemma 1.7.1. There are positive constants by, by, by, by such that for all n > by, all k € [0, 1]

and all u € (bs,nInn],

P{Ipn(m) — Epu()| < u} >1—byexp {_52“_2} _

nin’n

The first step is to approximate p,(x) with a truncated version p, () that depends on
the random potential only in a finite box of size O(n). This is done in Lemmas 1.7.2—1.7.8.
The second step is to prove a concentration inequality for p,(x), using the idea of resampling
the potential and Azuma’s inequality, which is done in Lemmas 1.7.9—1.7.12. However,
an important point here is choosing the constants b; uniformly over all x € [0, 1], though
the event on the left-hand side is still defined for an arbitrary but fixed x. Moving the

condition x € [0, 1] inside the event will be done in section 1.7.2.

For m < n, we define

n B 271/2
XT(y) = { Z (%‘ - %‘—1)2 - —(% ) .

n—m
j=m+1

The function X™"(-) compares the action of a path v between time m and n to the action
of the straight line connecting (m,~,,) and (n,~,). It is also easy to check that ¥™"(.) is

invariant under space translations and shear transformations, namely, for any path ~,
Em,n(,y) — Zm,n(eo,x,y) — Em,n(Lv,y)’ v, x cR.

The next lemma summarizes various estimates which reflect the idea that with high
probability, polymer measures assign small weights to the paths that have large values of
¥m"(y), that is, paths with high kinetic energy. To state the lemma, we need some more

notations.
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Let us define the set of paths

1

Bt =dye80%
re={ —

XM (y) € [s, 5+ 1)} , SELZL. (1.7.1)
For a Borel set B C R*™~! let us define

Zmn (B) = / e AT @metn) § (i YTy - A 10,(dy,). (1.7.2)
Rx BxR

T,Y;K

Let 7y, denote the restriction of a vector or sequence onto the time interval [m,n];. For a

Borel set D C R™ = 5,77, we define

(D) = it (D), Z7 (D) = Z""(x,y,D) = Z7

:UJm,é/;n T,Y;K

(D).

ynlu“myn

Lemma 1.7.2. Let n > 2. There are constants d; > 0, Ry > 0 such that if s, s > Ry, then

the following statements hold:

P{ZQZK([O, 1ty > 27y € [0,1], k€ (0, 1]} >1—e (1.7.3)

P{Zg;H(EO”) < Q=K —l.2¢'n— 1’ T,y c [O 1 } 1 — —dlsn’ (174)

P{z0n (LU ES") <277 wy e 0.1) ke (0,1]} > 1—2e7%, (1.7.5)
/>S

P{rln. (U EY) <277, ay e 0,1], } 1 — 3ehom, (1.7.6)
/>S

Py 97 — max |y] > s} <27 gy e0,1], k€ (0, 1]}
{ TTL mosse (1.7.7)
> 1 — 3e M,

Proor: It suffices to show (1.7.3) and (1.7.4). Then (1.7.5) will follow from (1.7.4) by

summing over integer s > s, and (1.7.6) from (1.7.3) and (1.7.5). Finally, the convexity
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of z — 2% and Jensen’s inequality imply that for all v € S;Z;; and all z,y € [0, 1],

R 11/ !
=) 2 3 by =il - 22 (b -l -1

=1 =1

1 2 1
> — | — R
n [2(15123(—1 ] 1)+] n

Therefore, when s is large, Jnax |7;1 > sn implies %" () > sy/n, so (1.7.7) holds.
<j<n—

By definition (1.7.2), we have

ZO,n ([07 l]n—l) > e—ﬁ_l[n/2+F:(0 ..... 0)] T,y € [0’ 1]’

x?y;li

where F; (i1, ...,1,) = > ) F5(5,4;) (see (1.2.3) for the definition of F}). So, for all z,y €
0,1], x € (0,1],

{w: 20, ([0,1" ) <27 b < {win(sin2 — 1/2) < F2(0,...,0)}. (1.7.8)
By Markov inequality, we have
P{F;j(o, oy 0) > r} < MRS MU0 < e (EenFEO0) " (1.7.9)
Combining (1.7.8) and (1.7.9), we obtain (1.7.3): for sufficiently large s,

Pz (0.1 > 27wy e 0.1)m € (0,1)]
>1—P{w:n(sln2-1/2) < F(0,...,0)}

S1 e (sm2-1/2) (EenFz00)",
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Next we turn to (1.7.4). In proving this, we will write s instead of s’. Let us define

S
where E0" = E%" 0 (Uw’ye[m] Sg;g). Then we have
Zon 0,n ni k1 (_lszn""F:;ns)

(ES") < [S5fem A meywy e [0,1] 8 € (0,1]

T,Y;K

where F = max{F’(i1,..,0n-1,0) : (i1, ..., ipn_1) € ST}

w,n,s

We need to estimate the size of Sy'. For 1 < j < n, let us define k; =

"= {(i,erin_1) Iy € EO zy €[0,1] st [y] =51 < j <n—1},

(1.7.10)

- Yj-1

and k; = [v;] — [v;_1]. Clearly, |k; —k;| < 2. If v € E%", then the Cauchy-Schwarz inequality

implies

S kI <V | Y k2 < /(s + Dn® +n.
j=1 i=1

Comparing Z] K 2 and ZJ ) k‘?, we obtain

>3
j=1 j=1

j=1 j=1

Therefore, v € E%" implies that

Z k2 < (s +1)%n + 8sn =: [ry(n)]*.

<Y kg = kyllk 4 kil <2 (20k;| 4 2) < 8sn.

(1.7.11)

The size of S is bounded by the number of n-vectors (kq, ..., kn_1) satisfying (1.7.11), which

is then bounded by the volume of n-dimensional ball of radius rs(n) + \/TE (To obtain this

estimate, we consider unit cubes centered at integer points, with half diagonal lengths \/TE)
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Hence, when s is large,

7_[_n/2 \/ﬁ n
mn D — .
57| S Oy (r(n) + 9 )
T Kasv) < e (17.12)
“I'(n/2+1) a 7

where K7, Ky are constants and we used InI'(z) = zlnz — 2+ O(In 2), z — 0.

Combining (1.7.10) and (1.7.12) , we see that for z,y € [0, 1], x € (0, 1] and large s,

{w : ZO,n (Egn) > 2—H_1~28n—1}

T,Y;k
1
c{w: —53271 + F} o+ £In|ST > —2sn — K}

w,n,s

1
c{w:F},, > 552n —2sn— k(1 +In|S7))}

c{w:F},,>sn}. (1.7.13)

w,n,s
Since the distribution of F*(iy, ..., i,_1) is independent of the choice of the vector (i, ..., 1),
we obtain that for any r > 0,

P{F

w,n,s

>} < |SEIP{F}(0,...,0) > r}. (1.7.14)

Combining (1.7.9), (1.7.12), (1.7.10), (1.7.13), and (2.3.49), we see that

T,Yik

P{ZO’” (BY") <272l gy e [0,1]; K € (0, 1]}

>1— |SYIP{E, o > sn}

;TS

2 1 — e(ln 5+K2)ne—nsn (E€77F‘: (0,0))"

Choosing s large enough concludes the proof of (1.7.4). O

Let EZ7 = U,<p, 7" The following lemma states that Z (Eg’;ﬁbl) cannot be large.

T,Yik
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Lemma 1.7.3. There is some constant d such that for sufficiently large t,

P{ 200 (B%,) < e ay € 0,1 ke (0,1} = 1— e

Yk

Proor: We will continue using the notations from the proof of Lemma 1.7.2. Let us

define SZp = J,<g, S¢. Similarly to (1.7.12) and (1.7.10), we have

n/2
n 7T n Kin
1SZp,| < T2 D) (re,(n) +v/n/2)" < e (1.7.15)
for some constant K5, and
Zg”;”m(Egzl) < |S§Rl|eﬂ‘lpj,n,gm7 x,y € [0,1]; k€ (0,1], (1.7.16)

where I, op = max{F}(i1,...,7n-1) : (i1,...,in—1) € SZp }. Therefore, for z,y € [0,1],

k € (0, 1] and sufficiently large t,

{w: Zg:Z;H(Eg’gl) > e”iltn_l} C{w: F}, cp +In|SZp | >tn— K}

Clw: Fypy > tn— r(In|S2e |+ 1)}

c{w: F}, g, >tn/2}.

Combining this with (1.7.9) and (1.7.15), we obtain

P{ZﬁjZ;n(Ei’Zl) <l gy e0,1); ke (0, 1]}
>1—P{w:F;, g >tn/2}
>1— |25 |P{w: F}(0,...,0) > tn/2}

>1 — e~ (nt/2=Ki)n (EeﬁFSE (070))”_
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Choosing t large enough concludes the proof. O

Combining (1.7.5) with s = R; and Lemma 1.7.3, we obtain the following lemma.

Lemma 1.7.4. There are constants ds, Ry > 0 such that for allt > R,

P{ZQ” <er ' gy e0,1); w € (0, 1]} >1— e bt

LYk

Also, as a consequence of (1.7.15), we have the following upper bound for the Lebesgue

measure of Eg’zl.
Lemma 1.7.5. There is a constant d3 > 0 such that |E%?21| < e®m,

Using Lemma 1.7.4 and (1.7.3) of Lemma 1.7.2, we have estimates on all moments of the

logarithm of partition functions.

Lemma 1.7.6. There are constants M(p), p € N, such that for all k € (0,1] and any Borel

set B satisfying [0,1]""* € B C R"!,
Elrln Zyg,.(B)|P < M(p)n”.

Let us denote Zg”&K by Z".

Lemma 1.7.7. There is a constant D; > 0 such that
0< /{(Eang - EanQ(Eg’gl)) <D, neN, «e(01].
PROOF: The first inequality is obvious since Z:(Eg’zl) < Z". Let

N={Z}(E,) 2y <1 -2y,
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By (1.7.6) of Lemma 1.7.2, P(A) < 3e~®%1"_ By Lemma 1.7.6, we have
E|I€1HZ:(E%%1)|2 < M(2)n?, ElslnZ"* < M(2)n*
The lemma then follows from

w(EmZ; — Em Z2(BY;)

< —KEIn (Z2(EZR)/Z0)1ae + KE(|In Z7| + | In ZZ(EZ} )|)1a

< — klIn(1— 2~ "Riny | li\/Q(Eln2 Zn 4+ Eln® Zp (B2 ))v/P(A)

<|In(1 — 275)| 4+ \/4AM (2)n? - 3e—diRan,

Let us define

kln Z0(EZR ), Kk € (0,1],
Pn(K) =
—min{A%"(v): v € S(?;g N Eg’;{l}, k=0.

Clearly, p,(+) is continuous on [0, 1]. We recall that p,(-) defined in (1.4.3) is also continuous
on [0,1]. Since Lemma 1.7.6 implies uniform integrability of (p”(’i))ne(o,l} and (ﬁ”(ﬁ))ne(o,ﬂ’
we immediately obtain that both Ep, (k) and Ep, (k) are continuous for x € [0, 1]. The next

lemma estimates how well p,, (k) approximates p, (k).

Lemma 1.7.8. If n is sufficiently large, then for all k € [0, 1],

P{Ipn(r) — pu(r)| <1, K €[0,1]} > 1 — 3B (1.7.17)
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and

|Ep. (k) — Epn(k)| < D1, k€10,1]. (1.7.18)

PRrROOF: Due to (1.7.6), we have

P{Ipa(r) = Pu(k)| < [In(1 =27 m)|, k€ (0,1]}

> P{ubt (| YY) <2770 ke (0,1 21— ge

s'>Ry

Then (1.7.17) follows from this and the continuity of p,, and p, in k. The second inequal-

ity (1.7.18) follows from Lemma 1.7.7 and the continuity of Ep,, and Ep, in . U

To obtain a concentration inequality for p,(k), we need Azuma’s inequality:

Lemma 1.7.9. Let (My)o<k<n be a martingale with respect to a filtration (Fy)o<p<n. Assume

there is a constant ¢ such that | My — My_1| < ¢, 1 <k < N. Then

—?
— > < .
P{|My — My| >z} <2exp <2N02)

To apply Azuma’s inequality, we need to introduce an appropriate martingale with
bounded increments. The function p,(k) depends only on the potential process on B =
{1,...,n} x[=Rin, Ryn] since 7" E2p C [~Rin, Rin]", so we need an additional truncation
of the potential on B. Moreover, the truncation should be independent of k.

Let b > 4/n, where 1 is taken from the condition (A5). For 1 <k <nandx € [-Rin, Rin|,

we define (suppressing the dependence on n for brevity)

& =max{F,(j):j=—-Rn,—Rin+1,....Rin—1}, k=0,...,n,
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07 gk > blnn,
Fi(x), otherwise,

and setting xg = z, =0,

ﬁn("fa F) =

k1n fm Bon IT g9s(z; — xj,l)e_”_l'pj(xf)éo(dxo)dazl o dxy_100(dzy), k€ (0,1],
ML 1_]:1

n _
_ min > (5@ — 25-0)* + Fi(z;)], n=0
(z0,x1,.-, Inflvmn)ewov”E%Rl J=1
zo=xn=0

Lemma 1.7.10. For sufficiently large n € N, the following holds true:

U
EeXp(§5k1{5kzb1nn}> <2 (1.7.19)
E& < blnn+4/n, (1.7.20)
P{|pn(r) — pu(k, F))| <z, K €[0,1]} >1—2e7"/2 2 >0, (1.7.21)
Epn(k) — Epu(r, F)| < 4/n, w€0,1]. (1.7.22)

PRrROOF: Since & is the maximum of 2R;n random variables with the same distribution, we

have
n Rin—1
n n (s
Eexp<§£k1{§k>blnn}> <14 Ee2% 1 spmny <1+E Z e D1 pe(j)5p1nny

j=—Rin

. Eenfr (0)

< 1+ 2RnEe? T O pe g)spinny < 14 2R ebnl
67 nn
n=2

where ¢ = 2REe"%©) is a constant. Now (1.7.19) follows from b > 4 /.
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If x > blnn, then by Markov inequality and (1.7.19), we have

P{& > 2} < P{&1ggmpmny > 7} < e ™/°E eXp(gﬁkl{gkzblan < 2¢7/?

for sufficiently large n. This implies (1.7.20):

o0

4
ES, <blnn + Bl >pmny < blnn —l—/ P{& > x}dr <blnn+ 5

blnn

It follows from the definition of p,(k, ') that for all x € [0, 1],

’ﬁﬂ("i) _ﬁn(ﬁv F)l < Z§k1{§k>blnn}-
k=1

By Markov inequality, the i.i.d. property of (§) and (1.7.23), we have

P{Ipn(r) = pu(r, F)l <. w €[0,1]} 21— P{gZ&cl{mblnn} > %}
k=1

>1— e 2E exp<g Z §k1{£k>b1nn}>
k=1

=1 /2 <E exp (g§01{§o>blnn})>

Z 1 — efr]x/Z(l + C/nr]b/2fl)n'

Since b > 4/n, (1.7.21) follows. It immediately implies

|Epn(r) — Epn(k, F)' < E[pn(K) — Pk, F)’

_ /0°° P{IBn(k) — Pulk, F)| > 2} do < 4/,

so (1.7.22) is also proved.
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Lemma 1.7.11. For alln € N, z > 0 and all k € [0, 1],

_ _ x2
P{|pn(k, F) — Epu(k, F)| > 2} <2 ——
{150 F) = Bl ) > 2} < 200 {

PROOF: Let us introduce the following martingale (Mj, Fr)o<k<n:
My, = E(pn(k, F) | Fr), 0<k<n,

where

Fo=A{0,Q}, Fi=o0(Fi,(z):1<i<k), k=1,...,n

If we can show that |My — My_1] < 2blnn, 1 < k < n, then the conclusion of the lemma
follows immediately from Azuma’s inequality (Lemma 1.7.9).

For a process GG, an independent distributional copy of F, let us define

k
227Gl = [ TLontes—ain)e )
|$i|§R1n i=1

. H gl — xi_l)e_”léi(x")5O(d:c0)dx1 <o dx,_100(dxy,).

i=k+1

Denoting by P, the distribution of F}(-), we obtain for x € (0, 1],

| My, — My, |

§/< sup |Fn(z)| + sup \C_v’k(:ﬂ)oﬁﬂ(déi) < 2blnn,

|z|<Rin |z|<Rin

20



since |Fy(z)| and |Gy ()| are bounded by bInn. By taking | 0 in the above inequality (or
using that resampling the potential field (E()) at any given ¢ will change the optimal action
by at most 2blnn), we can see that |My — My_1| < 2bIlnn also holds when x = 0. This

completes the proof. Il

We note that in lemma 1.7.11, we estimate the probability of an event defined for a fixed
Kk, since the Azuma inequality applies to a fixed martingale and cannot be immediately used
for uniform concentration of a family of martingales parametrized by &.

PROOF OF LEMMA 1.7.1:  Suppose u € (3(D; +4/n+ 3),nlnn|. Then

P{|pn(’€) — Epn(r)| > u}
< P{Ipa(k) = Pu(w)| > 1} + P{IPn(x) = pulr, F)] > £}
+ P{|pn(k, F) — Epn(s, F)| > g} + P{|Epa(r, F) — Epn(r)| > 4/n + 1}

+ P{IEpn(5) — Epu(k)| > Dy + 1}

By (1.7.22) and (1.7.18), the last two terms equal 0. The first three terms can be bounded
by using (1.7.17), (1.7.21) and Lemma 1.7.11, respectively. Combining all these estimates

together, we obtain

2

u u2 u
P{Ipa(r) — Epn(r)| > u} < 3e™m 42676 + 2e™ mimnun < bre 2w,

for some constants by, b, > 0, where in the last inequality we use u < nlnn. Il

We also have obtained a similar concentration inequality for p,(x) which will be used in

the next section.

Lemma 1.7.12. Let b;’s be the constants in Lemma 1.7.1. Then for all n > by, all k € [0, 1]
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and all v € (bs,nlnn],

nin’n

P {100~ €0 < u} 2 1= by { -t L

1.7.2 Uniform continuity of the shape function in temperature

To go from Lemma 1.7.1 to Theorem 1.4.2, we have to estimate the difference of Ep, (k)
and ag..n, and to move x € [0, 1] inside the events of interest. The key point is to establish

the continuity of ag,, for x € [0, 1].

Lemma 1.7.13. 1. There is a constant by such that for sufficiently large n,

1/2

Epn(k) — apn| < byn'ZIn’n, k€ [0,1]. (1.7.24)

2. apy 1s continuous for k € [0, 1].

Let us derive Theorem 1.4.2 from 1.7.13 and the results from section 1.7.1 first.

PrROOF OF THEOREM 1.4.2: Let us define
qn(K) = pn(k) — k1n ‘E%g!l , ke€|0,1],

where | - | denotes the Lebesgue measure of a set. When x > 0, we have

1 7}{—1 ,n K
Qn</€) e ln (/0 |E07n e A0 (7) dry) .
EOn

<R §R1|

Therefore, by Lyapunov’s inequality, ¢, (k) is decreasing in x. Then by Lemma 1.7.12, for

all n > by, all k € [0,1] and = € [bs, nInn],

2

P{14u(k) ~ Egu(w)| <2} =1~ brexp {—bQ‘”—} . (1.7.25)

nin’n
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For fixed n, since ¢, () is a continuous decreasing function, we can find M and 0 = x; <

Ko < ... < kpr = 1 such that
M < 2n’1/2|Eqn(1) — Eq,(0)],
and
[Eqn(Fiv1) — Eqn(ks)] < ”1/2a 1<i<M-1.

To achieve this, we can choose k; one by one, starting with ¢ = 1,2. Define the event

A(z) = {|gn(ki) — Eqn(ki)| <z, 1 <i < M}. Then by (1.7.25),

LC2

P(A(z)) >1—-M bk exp{ — by }, x € (bs,nlnn). (1.7.26)

ninn

For w € A(x) and k € [k;, Kir1], since g, (k) and Eg, (k) are both monotone in &,

|G (k) — Egn (k)| = [Pn(r) — Epn(£)]
< [gn(ki) = Eqn(kit1)| V |gn(Kit1) — Egn(ri)]
< &+ |Egn(ki) — Eqn(Kit1)|

<z +n'2

Combined with (1.7.26), this implies that

372

nin’n

P{\ﬁn(n) — Epu(r)| < x4+ 02,k € [0, 1]} >1-M-b exp{ by } (1.7.27)

for all x € (bs,nlnn].

93



By Lemma 1.7.7 and (1.7.24), we have
IEpn(k) — agen| < Dy +bsn'?In’n, € [0,1]. (1.7.28)
This and Lemma 1.7.5 imply

Eq(1) — Eq(0)] < |Epa(1) — Epn(0)] + | EZ} |
<2(D; + bsn'/? In? n) + njaos — ago| + dsn

< Kn.

Hence M < 2Kn'/2. Using this upper bound on M and (1.7.27), (1.7.28), we complete the

proof. Il

Next we turn to the proof of Lemma 1.7.13.

Lemma 1.7.14. There is positive constant bs such that for all k € [0,1] and sufficiently large
n?

|Epan (k) — 2Ep, (k)| < bsn'/?In?n. (1.7.29)

PROOF: Since p,(-) is continuous, it suffices to show (1.7.29) i.e.,
[Exln Zyoh — 2ExIn Zgg, | < bsn'/?Inn,

for k € (0,1], and then use continuity of Ep,(-).

For Ry introduced in Lemma 1.7.2, define

B={vy: max |y <2Rin},

1<i<2n—1

C= {7 : |7n _’Yn+1| < R1V2n, |’Yn _’Yn_1| < R1v2n}.
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Since Eg’?g C BN C, Lemma 1.7.7 implies that
[ExIn Zyo (BN C) — Exln Zyp| < Dy. (1.7.30)

To prove the lemma, we need to bound ExIn Zg:g:;(B N C) from above and from below
using 2Ex In Z&’S’;K plus some error terms. First, let us deal with the lower bound. By the

definition of the sets B and C', we have
Zoon(BNC) 2 Zygn(BNC N {ya €[0,1)}).

Let us now compare the action of every path v in BN C N{y, € [0,1)} to the action of the
modified path 7 defined by %, = 0 and 7, = ; for j # n. We recall that the action of a path
was defined in (1.2.7). Since |y,41 — Yl < RivV2n, | — Yoo1| < R1V2n, and |v,| < 1, we

get

n n( = 1 *
| A% () = AP (7)] < 3 |Vt = ) = Yo + (ner — 1)® — vomy| + 2F;,(0)

< 2RV2n + 1+ 2F7,(0).

So, there is a constant K; > 0 such that
Zoom(BNC) = ZS,’SL;K(D‘)ZS’O%Z(D+)€*“_1<K1ﬁ’2Fﬁ’w‘°)), (1.7.31)
where

D™ ={y: |l £ RiV2n+ 1, |yl <2Rin, 1<i<n—1},

DT ={v: || S RiV2n+1, || < 2R, n+1<i<2n—1}.

95



Since Eg’% C D~ and ng{f C DT, Lemma 1.7.7 implies that
K|IEnZog, (D7) —ElnZgy,| < Dy, k[EWmZiyn(DT) —ElnZgan| < D;.
Combining this with (1.7.31), we obtain

REln 202 (BN C) > H(E In 202, (D7) +Eln Z&&Q(Dﬂ) — Kyy/n — 2EF?(0)

> k- 2EIn Zy(y, — 2D1 — Kyv/n — 2EF;(0),

where we used In Zg”gmg In Zy 02: in the last inequality.
Next, let us turn to the upper bound. Similarly to (1.7.31), we compare actions of generic

paths in BN C' to the actions of the modified paths with integer value at time n:

2Rin—1

Zogm(BNC) = >~ Zggn(BNC N { € [k, k+1)})
k=—2Rin
2Rin—1 o1 (Kl M2 F* k)
< S 200, k) (k 0)e” Y
k=—2Rin

k™1 Kiv/n+2maxy FF (k
< 4R1nm]?x[Zg’”(07 k)Z:72n(k,0)]e < Vit K F )>,

where the maxima are taken over —2Ryn < k < 2Ryn — 1. Taking logarithm and then

expectation of both sides, we obtain

KEIn Zgan (BN C)
< /@(E max n Z27(0, k) + Emax In 222"k 0)) + R In(4Rn) + Kiv/n -+ 26 max Fr (k)
< max Exln Z°™(0, k) + Em]?XXk + max ExlIn Z™*"(k,0) + Emkfftx Vi + Ko(Inn +v/n+ 1)

< 2ExIn Zyy,. + E[ml?xXk + ml?xYkD + Ky(Inn ++/n+1),
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for some constant Ky > 0, where
X, = n(ln Z07(0, k) — Eln 2% (0, k)), Y, = /f(ln 22 (. 0) — Eln Z™2"(k, 0)>.
In the second inequality, we used (1.7.20) to conclude

v (k) <
- 2RinSKE3Rin-1 Fy (k) <bln(2n) +4/n,
and in the third inequality, we used the fact that

ElnZ2"(0,k) < ElnZgg,, ElnZ>™(k,0) <ElnZjs: = Eln Zgy,.

It remains to bound E max; X; and Emaxy Y,. By the shear invariance, all X, and Y} have

the same distribution, so
EX2 = EY? = E(mn ZZ)Q < M(2)n?
by Lemma 1.7.6. Let
A= {m}?XXk < rn'?1n%?np, mkaXYk < rn'/? ln3/2n} ,
with r to be determined. We have

E mkaXXk + mkaXYk < ElA(m]?xXk + m]?xYk) + ElAc(m]?LXX;,C + m]?XYk)

< 2rn*?In®?n + \/ZP(AC)E(mI?XX,f + max Y3)

< 2rn*?1n? n 4 \/16P(A¢) M (2) Ryn3.
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To bound the second term by a constant, we use Lemma 1.7.1:

2Rin—1
PAY < > [P {5\ In Z°™(0, k) — EIn 2°™(0, k)| > rn*/? 1n3/2n}

k=—2R1n

+ P { Al 27" (k, 0) — Eln 237 (k,0)] 2 rn? 1 n}]

< 8RnP {/ﬁ}| InZ!—ElnZ?| > rnt/2 1n3/? n}

< 8Rinby exp{—byr*Inn},

and choose r to ensure byr? > 4. This completes the proof. U

We can now use the following straightforward adaptation of Lemma 4.2 of [HNO1] from

real argument functions to sequences:

Lemma 1.7.15. Suppose that number sequences (a,) and (g,) satisfy the following conditions:
ap/n — v asn — 00, |ag, — 2a,| < g, for n > ng and limy, o0 gon/gn = ¥ < 2. Then for

any ¢ > 1/(2 =) and forn >ny = nl(no, (gn),c),
la, —vn| < cgy.

PrOOF: Let b, = a,/n, hy = g,/ (2n). Then |bg, —b,| < h, for n > ng and lim,,_,o0 hoy/hy =
/2.
Since ¢/2 < 1 — o, there is N > ng such that hoy,/h, <1 — 5 for all m > N. Let us

now fix n > N. Then for k£ > 0 we have hyr,, < (1 — %C)khn Therefore,

k—1 k-1
‘bn - b2kn| S Z |b2i+1n - bQin S Z hQin S ZChn
i=0 i=0
We complete the proof by letting k — oc. Il

Proor oF LEMMA 1.7.13:  Thanks to Lemma 1.7.14, we can apply Lemma 1.7.15 to
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an = Epp(K), gn = bsn/?In’n, v = g, Y = v/2, and some fixed constant ¢ > 1/(2 — ) to
obtain (1.7.24).
The inequality (1.7.24) implies that £p, (k) converge to aq,, uniformly for all x € [0, 1].

Since for each n € N| %pn() is continuous and decreasing, the second part follows. Il

1.8 Straightness and tightness

1.8.1 Straightness

We will prove the following straightness estimate in this section.

Theorem 1.8.1. There is a full measure set ' such that for every w € Q' the following

holds: if (m,z) € Z xR, v' € R, and 0 < ug < uy, then there is a random constant
no = ng(w,m, [], [[v'] + u], [(ur — uo) ™))

(where [-] denotes the integer part) such that

——1pl/2

A ¢ Finen = 0] 2 i} < ([0 = w) N, (0 + ug) V) + e (1.8.1)
and
m,N . .
/’Lx,y;/{{fy : 112%}; |7m+2 - U,Z| Z (ul + Rl + 1)”}
< v([( = uo)N, (v + ug) N|) + 27" (1.8.2)

hold true for any terminal measure v, (N —m)/2 > n > ng, and all k € (0,1]. Here, we

use Ry that has been introduced in Lemma 1.7.2.
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The inequality (1.8.1) reflects the “approximate straightness” of paths under the polymer
measures. Taking ug and u; to be small, we can claim that if a path v ends at a location vy
near v' N at time NV, then at intermediate times, v typically stays close to a straight line with
slope v'. The second inequality (1.8.2) will give the tightness estimate for polymer measures.

Let us begin with a corollary of Theorem 1.4.2.

Lemma 1.8.1. Let m,p,q € Z and n € N. If n is sufficiently large, then on an event with

nl/3

probability at least 1 —e™™"", it holds that for all x € [p,p+ 1], y € [¢,q + 1], and k € (0,1],

‘Fgln Z;’??j;’:“" — ag(n,x — y))‘ < n*H,

where

2’2

ag(k,z) = a.(z/k) - k = apuk — 7 (1.8.3)

Proor: Without loss of generality, we can assume m = 0 and p = ¢ = 0. Taking u = n%/*/2,

nl/2
by Theorem 1.4.2 we have that on an event A; with probability at least 1 — c;e” @amZn

kIn Z&’&K — agn| < /2, ke (0,1]. (1.8.4)

We recall the constant R; in Lemma 1.7.2 and define the following modification of Zg:?’]m:

Zl’n_l dlL‘ldl'n_l

Z1,Tn—1;K

= pu—
\/|;31|:mn—1<R1\/ﬁ+1

' 27r1. - eXp ( — K [(xl ;CE) + (xn12_ ; T Ei(@) + F”(y)D'
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For all z,y € [0, 1], we have

kllnZyn. — 1n28;{;ﬁ (1.8.5)
1
< F F - _ 2 _ 2 _ 2 _ 2
mex (|Fn(0)] + | Fu(y)|) + s (2 — 2)* + (w —y)* — 2° — W’

|2],Jw|<R1v/n+1

< max (|F,(0)] + |F.(y)]) + 2Riv/n + 3.

y€[0,1]

Using (1.7.6) in Lemma 1.7.2 and the fact that

/’nyli({,y h/l|\/h/n 1| >R1\/_+]-}) <:uacyn( S>R1E n)a T,y € [071]7

we obtain that on an event A, with probability at least 1 — 3e~%fm,

R[InZ07, —In 20" | < w|ln(1 — 27" "B < Jn(1 - 278, 2,y €[0,1], & € (0,1].
(1.8.6)
Due to assumption (A5) and Markov inequality, there is an event A3 with probability at

least 1 — e#~"**/8 such that

max |Fo(x)| < n®4/8. (1.8.7)
Also, for all z,y € [0, 1], we have
1 2
o en — a(n,x —y)| = 9 s—(z—y) <L (1.8.8)
n

Now consider the event A = A; N Ay N A3 and combine (1.8.4), (1.8.5), (1.8.6), (1.8.7),
and (1.8.8) together. Then P(A) > 1— e and if w € A, then

3/4 3/4

kI Z0" — . (n,z —y)| < nT +2- "T + 2R VN + 44 |In(1 — 27| < ¥/t

61



This concludes the proof. O

For (m, ), (n,y) € Z x R with m < n, we define [(m, x), (n,y)] to be the constant velocity
path connecting (m,z) and (n,y), i.e., [(m,z), (n,y)]p = z + E2(y — 2) for k € [m,nlz.

For (m,p), (n,q) € Z x Z, we define the events

1/2

Ay = {z{ ma = [m,p), (0, @)l = (= m)®/*y < e 0o

r€p,p+1l,y€lg,q+1], k€ (0,1]}, (1.8.9)

3m+n m+3n

on mEhy, and the events

where I(m,n) = |

By = {MZ% max_ [y, — [(m,p), (n, )| > Ri(n —m)} <27 Hal=m)

k€[m,n]z

ze€lpp+1,yele,q+1], kel 1]}, (1.8.10)

where R; is introduced in Lemma 1.7.2. Such events Agé” and BIT(}” are measurable since for
a fixed Borel set D € S;2*, pn (D) is continuous in z, y and x. Moreover, by translation
and shear invariance, the probability of A7"" and B}" depends only on n —m.

The events A7 and BJ;" will be shown to have probability close to 1 and thus they
describe the typical behavior of the polymer measures. In particular, A7'" contains those
point-to-point polymer measures whose paths most likely will deviate from the straight line
connecting the two endpoints by at most O((n —m)®/?). It is important that the exponent
can be chosen to be strictly less than 1, in order to derive the straightness estimate. The
choice of such exponent is made possible by the uniform curvature assumption (1.5.5) or

(1.5.6). The next lemma gives the estimate on the probability of A7"".
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Lemma 1.8.2. For some constant ki, if N s large enough, then
P(AYY) > 1 — kN2 N2,

PROOF: By (1.7.7) in Lemma 1.7.2, there is an event A; with P(A;) > 1 — 3e~@fN

which the following holds:

pa ({7 : | Jnax ] < RINY) <27 B gy e 0,1], k€ (0,1). (1.8.11)

Applying Lemma 1.8.1 with (m,n, p, ¢) running over the set

{(0,k,0,0) : k € [&, 2] | < RN} U{(k, N — k,1,0) : k € [Z,2%] |I| < Ry N},

we can obtain an event A, with probability at least 1 — C;N2e™V ’* on which the following

holds for all =,y € [0, 1]:

kI Z0F, — an(k,z — )| < K/* < N3 ke B3N] 2| < RN, (1.8.12)
kIn ZEN — a (N = k,y—2)| < (N = k)¥* < N34 ke [4, 28], |2] < RN,

23K
\mangéVH — (N, z —y)| < N4
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Using (1.8.12), for w € Ay, all k € [£,2¥] and all z,y € [0, 1], we have

N.tyn({’y |7k| € [N8/9 R N]})
— ZOJ\.[ 1/ ZOk Zk:N d
( $7y7K/) |z|€[N3/9 RlN] T,2;K T 2,Y5K z
< exp ([N + 7)) [ exp (= [5 + 5]) de
|2|€[N8/%, Ry N]

<exp (kH[BN3/4 +1]) / exp (— n_l%) dz
2|2 N5/

< N1/ exp ( PSS [N7/9/2 ] 3]\73/4])7

where in the last inequality we use the following bound on the tail of Gaussian integral: for

_a? a _»?
e adr < —e @.
j21>b b

Combining this with (1.8.11), we can conclude that Ag:g is included in Ay U A, which has

a,b>0,

probability at least 1 — CoN2e™V v Here, the constants C; and Cy are independent of N.

This completes the proof. O

Lemma 1.8.3. Let ¢ >0, 0 < vy < vy, v' € R and m,p € Z. Suppose [V'| + v, < c. There
are constants ny = ny([Jvr — vo|™]) and ko such that when n > ny, there is an event QL) (m, p)
with probability at least 1 —koenBe=™"" on which the following holds: for all N > 2n, k € (0, 1],

x € [p,p+ 1] and for any terminal measure v,

g N L (o + (V= v)n,p+ (V' 4 01)n])

_k—1p1/2

<v(lp+ (v —vo)N,p+ (V' +v)N]) + e , (1.8.13)
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and

P N4y max Yo —p — /i) = (1 + Ry + 1n}

1<i<n

<v(lp+ (W = vo)N,p+ (v +vo)NJ) +2¢7 ™. (1.8.14)

Proor: We will choose Qg’l%(m,p) = Hm’pQ((;,l% (0 is the space-time shift), where

Qﬁ}%:( N Ag;;)m( N Bg;;;). (1.8.15)

| ‘iﬁnl)‘ lg|<(c+1)n
q|=(c J

Due to (1.7.7) in Lemma 1.7.2, P(By7) > 1 — 3e~“fin. This and Lemma 1.8.2 imply
that P(Q%) > 1 — kyen®e™""* for some constant k.

Without loss of generality, we will assume (m, p) = (0,0). In showing (1.8.13) and (1.8.14),
we will also assume v' = 0 for simplicity. The extension to other values of v’ is straightforward.
Let us fix a terminal measure v and k € (0, 1], z € [0,1], N > 2n, and assume w € le,)L

For (1.8.13), it suffices to show that if n is large, then

k—1pl/2

wo ({7« vl < Nvo, [1al = noi}) <e”
Let k be the unique integer such that 2"n < N < 281n. For [ € [0, k]z, define

. n-2t, 0<I<k-—1,
1] =

N, =k

Let us consider the following inequality that appears in the definition of Ag’ffy ot
b 'Ll

(0,00, DDl = | = [l - £ = | < (15.16)
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If a path ~ satisfies (1.8.16) for all [ € [I’ + 1, k]z, then

Jip N

ip N
k-1

< n71/9[ Z (28/9 L9—80-1) 4 27(171)) 4 (216/9 9—§k=1) 27(k71))]

I=U'+1

< i (il)é/g +1

-1

=l'+1

< Kyn~/? (1.8.17)

for some absolute constant K.

For I’ € [0,k — 1]z, let us define the set of paths
Ay ={v: (1.8.16) holds for all [ € [I' + 1,k]z and |yn| < Nuvg. }.

9
We also define Ay, = {7 : |yn| < Nvg}. Suppose n > <¢> . Ifapathve Ay \ Ay

[v1—vo[A(1/2)

(I € [1,k]z), then (1.8.17) implies |v;,| < (¢ + 1/2)iy. Therefore,

- (c+1/2)iy ‘ '
1o (Al,\Al,_1> = / v(dz2)(Z20N) / dw Z2 (Ap \ A1) Z2N (Ap \ Ap_1)

(c+1/2)iy

1 (c+1/2)iy SN2 .
< /V(dZ) (ZO,N) / dw e " (i) ZO,zl/ Zzl/,N (Al’ \Al’71>

Ty25k T, wik “xwik
(c+1/2)iy

< eiﬁfl(il/)l/Q

0,3/

Here, in the second inequality we used that w € QS},{ C A (o]

for |w| < (¢+1/2)iy, and hence
Ot (A \ Apy) < e @,

Also, |vg — v1| > Kin~'/? (which holds for large n) and (1.8.17) imply that

N n{y: |l >nu} =o.
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Combining all these estimates, we have

k
1o ({7« vl < Nwo, [va| = nvi}) Zlumun (Av\ Ay y) < Zew—l(iu)l/z

'=1 I'=1

-1 1/2 k—1p1/2
<y "

m=2n

which completes the proof of (1.8.13).

Now we turn to (1.8.14). Let

D ={v: max |y| > (v; + Ry + 1)n}.

1<i<n
If |z| < vin, then
M (D) < g2 {7+ max |y; = [(0,0), (n, [2])]i} > Ran}.
For all |z| < vys, since w € Bo[ |» we have pon (D) < 9-r'Rin_ Therefore,

O (D0 [l € ma)) < 20

Then (1.8.14) follows from this and (1.8.13). O

ProOF OF THEOREM 1.8.1:  The Theorem directly follows from Lemma 1.8.3 and the

Borel-Cantelli Lemma. ]

1.8.2 Tightness. Existence of infinite-volume polymer measures

In this section we will establish the tightness of polymer measures and then the existence
of their infinite-volume limits. We will also prove parts (1) and (2) of Theorem 1.5.2.

First we recall the notion of tightness. For fixed (m,x) € Z x R, suppose (uy) is a family
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of probability measures such that for each k, py is defined on S;;L;N k for some N T co. We

say that (ug) is tight if for each € > 0, there is a compact set K C R" such that
T (K€) <&, N >m+n. (1.8.18)

Recall that € is the full measure set introduced in Theorem 1.8.1.

Theorem 1.8.2. For all w € §) the following holds: if a sequence (ng) and a family of

probability measures (vy,) satisfy

lim sup vy ([—cng, eny]?) =0, (1.8.19)

C—00 L

then for all (m,z) € Z x R, (prs,) is tight.

MI,Vk;H

PROOF: Let w € . Given any € > 0, by (1.8.19), there is ¢ such that vy ([—cny, cng?) < e

for all k. Choosing v' = 0, ug = ¢, u; = 2¢ in Theorem 1.8.1, we see that if
n > no(w,m, [, [2d] [71]) V Ine,
then, due to (1.8.2),

o {7 Padnax |l 2 (2e+ R+ 1)”} < v ([—cng, engl®) + 2677 VT < 3¢

ux,uk;n m<i<m4n
for all ng > m + 2n, and tightness follows. O

Lemma 1.8.4. Let k > 0. For allw € Q, if a sequence of polymer measures (at temperature k)

has a weak limit, then the limiting measure is also a polymer measure (at temperature k).

ProoOF: It is sufficient to prove the statement of the lemma for finite volume polymer

m,n
T,Vik

weakly converges to p" it m,n € Z, x € R, and

T,ViK

measures. We need to prove that u
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(k) is a sequence of distributions on R, weakly convergent to a distribution v.

It suffices to check that if f(xm,11,...,20) = fo1(Tma1) -+ - fo1(Tn1) fu(zy) for continu-

ous nonnegative functions f,,11,..., f, with bounded support, then
khﬁrrolo P @y -5 drp) f(Tga, - Tn) = /ugflfﬁ(dxm, oo dz) f (s, o Tn)-
Since

/ugf,fn(dxm, oy dTp) f(Tpgy oy Tp) = /V(dxn)G(xn),

where

G(zy) :/u;rf;ﬁm(dxm,...,da:n)f(xm+1,...,.9:n),

we need to show that G is a continuous function. The latter follows from the definition of
p ., continuity of Z7M" - (see Lemma 1.6.6) and g, (z, — 2,—1) fn(7,) with respect to z,,
and the bounded convergence theorem. U
In addition to the terminology and notation from Section 1.4, we say that LLN with slope
v € R holds for an increasing sequence of times (ny) and a sequence of Borel measures ()

on R if for all 4 > 0,
lim v ([(v — d)ng, (v+ 0)ng)) = 1.

k—o0

Lemma 1.8.5. For all w € Q' the following holds true. For any k >0, any (m,z) € Z x R,
for any v € R | any time sequence (ny) and any sequence of measures (vy) satisfying LLN
with slope v, there is an increasing subsequence (k;);en such that uﬁ{if?n converges in the
sense of weak convergence of finite-dimensional distributions to a measure p on S . The

limiting measure i is a polymer measure supported on S7>(v) (i.e., p € P> (v)).

PROOF: Since (1) satisfies LLN with slope v, (1.8.19) is satisfied. By Theorem 1.8.2, the

m,ng

sequence (py%, ) forms a tight family, so by the Prokhorov theorem, there is a converging
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subsequence of this sequence. Let p be the limiting measure of some subsequence (M?VZI:ZH) It

is an infinite volume polymer measure due to Lemma 1.8.4. Let us prove that for every ¢ > 0,

Z prt ([(0 = )n, (v + £)n]®) < oo. (1.8.20)

The Borel-Cantelli lemma will imply then that y is supported on S7%">°(v). Fixing ¢ > 0,

for sufficiently large n and ny, —m > 2n, we derive from (1.8.1):
/LZ?ZIZ?%W;;%([(U - 5)”7 (U + S)n]c) < Uk ([(U - 5/2)nkw (1) + 6/2)7,“%]@) + 6_,(1\/5'

Since (vy) satisfies LLN with slope v, taking the limit k; — oo and using the weak convergence

of finite-dimensional distributions of (/LZZ:ZH), we find
ik (0 = ), (v + e)n]e) < e V.

Therefore (1.8.20) holds, and the proof is complete. O

Lemma 1.8.6. Let p, € P;7>°(v), & € (0,1]. If n > no(w,m, [2],[|v] + 1],2), then for
all k € (0,1],

m{y: max |y —wvi| > (R +2)n} < 2e

m<i<m—4n

(1.8.21)

ProoF: Applying Theorem 1.8.1 with (v, ug,u1) = (v,1/2,1), when (N —m)/2 > n we

have

pedy s max |y —wil > (R +2)n}

m<i<m+4n

=N {y: max |y —wvi| > (Ry+2)n}

m<i<m-+n

—1,1/2

< puemy ([N(v = 1/2), N(v 4 1/2)]°) +2¢7"
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Since A}im ey ([N (v —1/2), N(v + 1/2)]°) = 0, (1.8.21) follows. O
—00
PROOF OF PARTS (1) AND (2) IN THEOREM 1.5.2:  Part (1) is proved in Lemma 1.8.5

and part (2) in Lemma 1.8.6. O

1.9 Monotonicity and uniqueness

1.9.1 Monotonicity

The order on the real line plays an important role in our analysis. The goal of this
section is to establish monotonicity of polymer measures with respect to endpoints, along
with some related results. We begin with an auxiliary lemma on a monotonicity property of

the Gaussian kernel. We use essentially the log-concavity of the Gaussian kernel.

Lemma 1.9.1. Suppose v is a Borel o-finite measure such that

Z(z) = /Rg,{(z —x)v(dz)

15 finite for all x € R, and let

f(_oo,y] gx(z — x)v(dz)
Z(x) ’

G(z,y) = x,y € R.

Then G(x,y) is nondecreasing in y. If v{(y,00)} > 0 and v{(—o0,y|} > 0, then G(z,y) is
strictly decreasing in x.

PrOOF: The monotonicity in y is obvious. Due to

1 Jg 9x(z — )1 (d2) . f(ypo) gx(z — x)v(dz)
Got) T oele (@) Ty~ ()
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it remains to prove that for all z € (y, 00),

f(_oo’y] gx (2" — x)v(d2’)
gx(z — )

H(z,y,z2) =

decreases in x. We rewrite

2

7(zfz/)2+(zfz)2 2 2x(z' —2)—2'
H(z’yyz) = / e 2 71/((12,’,) = e7 /25/ o V(dzl).
(=009 (—00.y]
: . 20(z/ —2) =" . .
Since 2’ — z < 0, the integrand e~ 2=  decreases in x and so does the integral on the

right-hand side. U

For any d € N, we denote by < the natural partial order on R?, i.e., we write z < y
iff v, <y, forall k=1,...,d. A function f : R — R is coordinatewise nondecreasing
if z <y implies f(x) < f(y). For two Borel probability measures vy, 1, on R?, we write
v1 < vy (and say that v is stochastically dominated by v) iff for any bounded coordinatewise

nondecreasing function f : R — R

» f(z)r(dr) < g f(z)va(dr).

For d =1, 11 < 115 is equivalent to v1{(—o0, 2|} > 1e{(—00, x|} for all z € R. There is also a
coupling characterization of stochastic dominance usually called Strassen monotone coupling
theorem (see Theorems 7 and 11 in [Str65] and a discussion in [Lin99]). To state this theorem
and our results on stochastic dominance, we introduce notation that will be used in various
contexts throughout the paper: we use m,x to denote the k-th coordinate of x, where x is

either a vector or an infinite sequence. We also use 7, @ = (Tp, ..., Tp).

Lemma 1.9.2 (Monotone coupling). Borel measures vy,...,v, on R? satisfy vy < ... < v,

iff there is a measure v on (RY)™ such that vy is the k-th marginal of v, i.e., v = V7T];1,
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k=1,....n, and
{(zW,. .. 2™y e ®H": W <. <2} =1

Lemma 1.9.3. Let © < 2/. Then for any m,n with m < n, any y € R, and all w, the

m,n

polymer measure " is stochastically dominated by ,u;rf:;bm.

PrROOF: The reasoning does not depend on m, so we set m = 0 for brevity. We prove by
induction in k that for all < 2’ and for any k € (0,n) NN, there is a measure v; on (R¥)?
such that
k , _
Vk<' x R ) = Mg,z;nﬁl,i7
V(R X ) = il iy,
and

ve{(z,2') 1z 22’} = 1. (1.9.1)

In particular, taking k = n — 1 we obtain the conclusion of the lemma.

Let us check the case k£ = 1 first.

f(foo 7] gm<5 - .I')e_FO(f)Zl,n ds

s7y;K:

fR gr(s — x)e*FO(x)Z;’;,st

n — 1 n
Mgiy;ﬁﬂ-l ! ((—OO, T]) - ZOT /( } Z:S:sl,;ﬁzsljy;nds =
T, YK —0oo,T
B f(_ow] gr(s — )27 ds
fR gr(s — :E)Z;j;,{ds

0,n

Introducing v(ds) = Z1" ds, we can apply Lemma 1.9.1 to see that p2% " ((—oo,r]) is

SYK

0,n

—1 0,7’L —1 / . .
21 S Mgy, for o <2, which finishes the argument for

decreasing in x. Therefore
the basis of induction.

Suppose for k > 1 the desired v, have been constructed. We will construct vy, using v.
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The basis of induction (the claim for 1-dimensional marginals) implies that for any z, 2’ € R

satisfying z < 2/, there is a measure v, ,» on R x R such that

VZ,Z’(' X R) = MI;ZZ;NWI;—L(')’

VZ,Z’GR X ) = M’:”Z/;nﬂlz—i{l(')?

and v, ,{(w,w’) : w < w'} = 1. Then the measure v defined by

Viert (A1 X - X Appr) X (A x - x Afyy))

/ / /
= / o (da:l, cydxg, dxy, . dl’k)l/ka;e (Ak+1 X Ak:+1)
zi €Az €A% i<k

satisfies (1.9.1) with k replaced by k 4 1. To see that v, has correct marginals, it suffices

to notice that from the definition of polymer measures, we have

pOE (AL X oo X Ayy) = / Py (A ey d) )y (A X X Any)

r;,€A;,i<k

for any x,y and k <n — 1. O

One can also easily obtain a time-reversed version of Lemma 1.9.3:

Lemma 1.9.4. Let y < /. Then for any m,n with m < n, any x € R, and all w, the

m,n

polymer measure "

1s stochastically dominated by MZI’;,L.R.

We can now state the main result of this section. It easily follows from Lemmas 1.9.2,

1.9.3, and 1.9.4.
Lemma 1.9.5 (Main monotonicity lemma). The following holds for all w € Q and k > 0:

1. Let x < 2’ and y < y'. Then for any m,n with m < n, the polymer measure py";' is

m,n
VT AT R
X 7y )R

stochastically dominated by
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2. If two distributions v1,v5 on R satisfy vy < v, then, for any x € R and any m,n € Z

satisfying m < n, we have ul". =< U

Tk —

3. If x < 2’ then for any distribution v on R and any m,n € Z satisfying m < n, we have

m,n m,n
:ux,y;m j lul",l/;li'

1.9.2 Uniqueness of infinite-volume polymer measures

In this section we will mainly use monotonicity to prove the uniqueness of a polymer
measure with given endpoint and slope at fixed temperature. We will set x = 1 and suppress
all the dependence on k.

Let m € Z and let p; and po be two measures on S:TOO. We say that py is stochastically

dominated by ps if pi7,,}, is stochastically dominated by oy}, for all finite n > m.

Lemma 1.9.6. Let vy < vg and (m,z) € ZXR. If py and po are polymer measures on Sgﬁ"o

satisfying LLN with slopes vi and vo, respectively, then us stochastically dominates ji.
To prove this lemma, we need the following obvious auxiliary statement.

Lemma 1.9.7. Suppose (uf)ren and (u5)ren are sequences of probability measures converging
weakly to probability measures py and s, respectively, and such that u% is dominated by p&

for all k € N. Then py is dominated by pis.

PrROOF OoF LEMMA 1.9.6: Let us take any 6 > 0 satisfying v; + 0 < vy — ¢, denote

Pig = it i=1,2, k>m,

and introduce gk as p;x conditioned on [(v; — )k, (v; + d)k]. Then py ks is dominated by

m,k
T2 k.8 "

Haks. Using Lemma 1.9.5 on monotonicity, we obtain that u;’ff is dominated by u

1,k,6
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Therefore, pl* #1 s Ty 18 dominated by pl7 #2 s Ty for any r between m and k. Since, in

addition, the LLN assumption implies

M gy, — il ey = Hm g = pigsllry =0, i=1,2,
Lemma 1.9.7 implies that ;! is dominated by pam,!.. O

Lemma 1.9.8. Let v € R. Then there is a set Q, of probability 1 such that the following
holds on Qv :

1. For every point (m,x) € Z x Q, the set Pi*t>°(v) of all polymer measures on Sy

satisfying SLLN with slope v, contains exactly one element that we denote by ™ > (v).

2. For every point (m,x) € Z X Q and for every sequence of measures (v,) satisfying LLN

,n

with slope v, 'y weakly converges to > (v).

This lemma is weaker than Theorem 1.4.3 in two ways: its statements hold only for
rational spatial locations, and only weak convergence is claimed. We study the irrational
points later in this section, and prove the total variation convergence in Section 1.10.
PROOF: Let us fix a point (m, ). By Lemma 1.8.5, for each v, the set P *°°(v) is non-empty.
For any p € P+ (v) and any k > m, the measure pm, ' is equivalent to Lebesgue measure
(in the sense of absolute continuity), so for any « € (0, 1) the quantile g,(p) at level a is

uniquely defined by pm,'(—00, ¢o(11)] = a. So let us define

o (v) = inf{ga(p) - pp € P (v)},

gy (v) = sup{qa(p) : p € P(v)}.

Let us prove that with probability 1, ¢, = ¢f. Due to Lemma 1.9.6, if v; < vy, then

¢, (v1) < qf(v1) < g (v2) < qf(ve). Therefore, with probability 1, there may be at most
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countably many nonempty intervals I,(v) = (¢, (v), ¢t (v)). On the other hand, space-time
shear transformations map polymer measures into polymer measures (on finite or infinite
paths), so P{I,(v) # 0} = p does not depend on v. Therefore, we can apply arguments
similar to those in [Bak16] and going back to Lemma 6 in [HN97]. We take an arbitrary

probability density f on R and write

p= /]R P{l.(v) # 0} f(v)dv = /R El{r, (2o f(v)dv = E/R L1, )20y f(v)dv = 0,

since I, (v) # () can be true for at most countably many v. So, for any v € R, P{I,,(v) # 0} = 0.

This immediately implies that for every v € R,

P{g;(v) = qf (v) for alla € Q} = L.

So, for any pi1, iy € P+ (v), the rational quantiles of g7, ' and pom, ' coincide. Therefore,
ATy = /,627T]€_1. In turn, this implies uyr;jk = ulﬁxk. Since this is true for all &£, we conclude
that p1 = po.

So we have proved that for a fixed point (m,z) € Z x R, with probability 1, a polymer
measure with specified asymptotic slope is unique. We denote that measure by "> (v).
By countable additivity, this uniqueness statement holds true for all (m,z) € Z x Q at once
on a common set (2, of measure 1, and part 1 is proved.

To prove the second part, we fix any w € Qv and will use a compactness argument.
Lemma 1.8.5 implies that from any subsequence (p}';") one can choose a convergent sub-
subsequence. Part (1) of this lemma implies that all these partial limits must coincide with

M.+ (p). Therefore, the entire sequence converges to p»*°(v), which completes the proof of

the lemma. O

Lemma 1.9.9. Let v € R. On Q,, for every m € Z and points z1, 2 € Q satisfying x1 < o,
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w0 (v) is dominated by pih > (v).

PROOF: By Lemma 1.9.8, for i € {1,2}, the sequence of measures (u7"7, )n>m converges to

m,+00

prT(v) as n — oo. Since for every n, u'% is dominated by p727% . the limiting measures

are also related by stochastic dominance. 0

Lemma 1.9.10. For every v, the following holds on 2,. For every m € Z, every x € R and

every r_,xy € Q such that x_ < x < x,, every measure in P (v) is dominated by the

(unique) measure "> (v) in PT°(v) and dominates the (unique) measure p»*>°(v) in
Pt (v).
PROOF: We take an arbitrary measure p € P °(v) and denote v, = um, ', n > m.

Since v, satisty LLN with slope v, pz"", ~and p3"", converge, by Lemma 1.9.8, to p;" too(v)

,n

and fu" °(v), respectively. Since ;" coincides with pm," , the lemma follows from the

TI’LTL’

dominance relation on the pre-limiting measures. 0

So now we know that for any z, the measures in P "°°(v) are squeezed between measures
(), - € QN (—oo,z) and p > (v), r4 € QN (—o0,r). Now we need to show that

there is a unique measure with this property.

Lemma 1.9.11. Letv e R, m,k € Z, k >m, r € N, y € Q, and a sequence of measures v,
satisfying LLN with slope v. Then there is an event §y y kry of probability 1 such that on

that event, the family of functions f, : [—r,r] NQ — R, n > k, defined by

Fal@) = pzin e (=00, 9])

is uniformly equicontinuous on [—r,r] N Q.

ProOOF: Without loss of generality, we assume that m = 0. To prove the uniform equiconti-
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nuity, we will check that for every ¢ € (0,1/2), there is § > 0 such that

(o) = falwg) < 62, |zol, || <7, |10 — x| < 0.

First, we use LLN for (1,) to find L > 0 such that

U (R\ [-Ln,Ln]) <e, néeN.

Then we use monotonicity and tightness to find R > |y| such that

Hoy TR\ B) <e, w€[-rr], neN, ye[-Ln,Ln],

where BY = [~ R, R]*. Inequality (1.9.3) implies

fulo) = / Va(dw) 0 T (R x (—00, y])

< /[ ] V”(dw):u’:po w1 k(Rk ! ( oo, y]) +e
Ln,Ln

(1.9.2)

(1.9.3)

(1.9.4)

Introducing B(y) = [~ R, R)*~! x [~ R, y] and By, = [—Ln, Ln], we can use (1.9.4) to write

I/\

/ W0 T (B () + 22,

Brn

IN

/ ka an---7$k,1U)de'1...dl‘k
BLn IB?{ an,ﬂfk,’LU)de‘lda?k
where

k-1

~

=1
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For every 6 > 0, let us define

e_F(xé))g(xl — mlo)

e F@g(zy — x0)

K5 = Sup{ : |l‘0|a |l'6| S r, |ZEO _$6| S 57 Il'1| S R} .

Then limso K5 = 1 with probability 1. Also, we can continue the above sequence of

inequalities, assuming |zo — (| < d:

fBﬁ(y)Z(xf),xl...,xk,w)dxl...dxk Lo

) < K2 [ i)

Brn fBgZA(xaaxl--';l'k;,w)d.fl...dl‘k

ka_lx(foo,y] Z(xg, 1., Tk, w)dry ... dxy

- + 2¢
(1—¢) for Z(xh, @1 ..., 25, w) day . .. day,

SK(?/Vn(dw)
R

K
1—

< fn(zg) + 2e.
5

Therefore, if § is chosen so that K7 < 1+ &, we obtain

fotoo) = oty < ( K ~1) fulel) + 22 < L 14

—14+2e< — — 1+ 2¢ < 6¢,
1—¢

1—¢ —

and (1.9.2) holds. O

Lemma 1.9.12. Letve R, m,k € Z, k>m,reN,ye Q. OnQ,N Qymkry, the function
f:[=rr]NQ — R, defined by

(@) = p e (0)m; (=00, y), (1.9.5)

is uniformly continuous on [—r,r] N Q.

PROOF: Let us choose any sequence (v,) satisfying LLN with slope v and define f,, as in

Lemma 1.9.11. The statement follows then from that lemma since lim,, . fn(x) = f(z) for
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x € [-rrNQ. O
We can now prove the complete uniqueness and weak convergence claims of Theorem 1.4.3:

Lemma 1.9.13. Let v € R. Then on Q, = Q, N

m k Ty U mzk7T7y7
1. For any point (m,x) € Z x R, the set Pi»T>®(v) of all polymer measures on Sy=+>°

satisfying SLLN with slope v, contains exactly one element, p™°°(v).

2. For any point (m,z) € Z X R and for every sequence of measures (vy,) satisfying LLN with

m,n

slope v, u converges to pi"**°(v) weakly.

PRrOOF: The second part follows from the first one and the compactness argument explained
in the proof of Lemma 1.9.8.

To prove the first part, it is sufficient to fix (m,z) € Z x R and check that for every
k > m, the marginal measure v, = um; " does not depend on p € P™+°(v). For that, it
suffices to see that for every choice of y € Q, v4x((—00, y]) does not depend on pu € PI+°(v).

,

Ifx_ <z <wy,then p"", is dominated by p;')" which is dominated by p7%", . Therefore,

for every y € R,

", (=00, y]) > pit (=00, y)) = ™, m (=00, 4]).

Since " " = vy, we obtain

", (=00, y]) = (=00, 9]) = pit", mp((—o0, y)). (1.9.6)

If additionally z_, x4 € Q, then f.d.d.’s of p"", ~and p;"",  weakly converge to those of
oo (v) and > (v), due to Lemma 1.9.8 since (v, ), satisfies LLN with slope v. Since

marginals of both p"*>°(v) and i, ">°(v) are absolutely continuous, (1.9.6) implies

p > (W) (=00, ]) = (=00, y) = pi ™ (v) (=00, y]).
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Lemma 1.9.12 implies that

inf T ((—ooyl) = sup p T (v)((—o00,y)).
z_€QN(—o0,z) 24+ €QN(z,+00)

Denoting this common value by ¢, we conclude that the value of vy ((—o0,y]) is uniquely

defined and equals ¢, which completes the proof. O

1.10 Infinite-volume polymer measures and global so-
lutions

In this section, we will prove Theorems 1.3.1 and 1.3.2 on global solutions of the backward
Burgers equation. These solutions will be constructed and studied via the pullback procedure
with the help of polymer measures.

Throughout this section except in 1.10.1, we will set x = 1 and suppress all the dependence
on K.

A function u(n,x) = u,(n,x) is a global solution of the (backward) Burgers equation if

the version of the Hopf-Cole transform defined by

Vn,z)=e V) — e=Joutwdy 2y e 7 x R,
satisfies, for all integers m < n and all x € R,
V(m,z) = Cpn[2"V(n,)|(z) = C’m,n/Zm’"(y,x)V(n, y)dy, (1.10.1)

where (Cy,,,) is a random family of constants such that C,, ,Cp,xp = Cpp, m <n < k. We

need to introduce the normalizing constants C,, ,, for consistency with the identity V' (n,0) = 1
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holding for all n, because we fix the the lower limit of integration to be zero when defining

the Hopf-Cole transform.

The following computation shows that, given any v € R and N € Z, the functions
VN(n, ) = 208,/ Zyny, n<N, z€R, (1.10.2)

and constants

Coon = Zo o/ Ziins M <1, (1.10.3)

satisfy (1.10.1) for m <n < N:

CL 22V 1)) = [ 27w )V (0, 0)dy
= ZN 2R [ 2 2 2y
=z [z
= (Z(TJ’V]Y;) 1Z;nNA; V;N(mv ).
Therefore, a natural guess for the Hopf-Cole transform of global solutions will be V' (n,z) =

Vo(n,z) = Nlirilm V¥ (n, ), along with normalizing constants given by C,,,, = Cymn =

A}lm Cn- This leads to the study of the limits of partition function ratios. On the other
—

hand, letting v} (n,z) = —2 In V" (n, ) be the inverse Hope-Cole transform of V¥ (n, z),
we find that
u (n, z) /\/ﬂ (e=9)?/2=Faia ) Znt LN (1 Noy)dly
fR T — (z=y)?/2=Fni1(y) gn+1, N(y, Nv)dy
ZmN(x, Nv)
- [ =i (1104
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Taking the limit N — oo, we expect the global solution to be

wy(n,7) = / (& — gyl (dy). (1.10.5)

To justify this answer, we actually need a stronger statement than weak convergence, namely,
a statement on convergence of the associated densities.

The convergence of densities is also closely related to convergence of partition function

n,N __
T,

ratios, since the density of x1,y, —1is precisely

TL,N —1 mvN
d'uas,l/zvﬁm _ Zy,Nv n,m
(y) = AN Zay s M >n
dLeb ZmN

In Section 1.10.1, we will show that both convergences are uniform on compact sets. The

existence of global solutions is then established in Section 1.10.2.

The uniqueness of global solutions relies on the uniqueness of infinite volume polymer
measures with any given slope v. Suppose u,(n,z) € H'(v,v) is a global solution and V,(n, x)
is its Hopf—Cole transform. For fixed (n,x) € Z x R, we can define a point-to-line polymer

measure 2> on S

A (Ap X Apg1ee X Apyk)
n+k—-1 L
fAn+k dxn—i—k o fAn+1 dxn+1 fAn 5I(dxn) Vv(n + kv xn'i‘k) H Z;;il;i-ﬁ—l

- o = . (1.106)
f]R ‘/U(n + k> anrk)Zx,’J:::_]id:Cn+k

This definition is consistent for different choices of k since V,(n, x) satisfies (1.10.1). Then

the global solution u,(n, z) is uniquely determined by fi°*" through

wina) = [ = i), (1.10.7)
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We will show that the measures 7> satisfy LLN with slope v. This will allow us to conclude
that they are are uniquely defined by the potential and coincide with p/»*°(v), so the global
solution in H'(v, v) is also uniquely defined by the potential and coincides with u,, see (1.10.5).
This is done in Section 1.10.3.

In Section 1.10.4 we show that global solutions are also pullback attractors. We also
generalize the result on convergence of density functions to certain point-to-line polymer

measures.

1.10.1 Limits of partition function ratios

Let us recall that the locally uniform (LU) topology on C'(R?) is defined by the metric

d(f,g)=> 27" (1 A sup [f(z) — g(l’)l) ., f.9€ C(RY).

k=1 || <k

Convergence in this metric (also called L U-convergence) is equivalent to uniform conver-
gence on every compact subset of R%. LU-precompactness of a family (f,,) is equivalent to
equicontinuity and uniform boundedness of (f,,) on every compact set.

In this section we will prove a precompactness result on the partition function ratios.
Since this result will also be used in a latter section to obtain the zero-temperature/inviscid
limits, we will temporarily restore the dependency on . The key result in this section is the

following lemma.

Lemma 1.10.1. Let w € Q' and m,n € Z with m < n. Suppose a family of probability

measures (V) satisfies

N>n,k€(0,1]

vY ([=c¢N,eN])°) =0, N>mVO0, k€ (0,1] (1.10.8)
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for some constant c. Forn < N, let fﬁn (z,-) be the density of ,uw uN 71, namely,
cN Zmn ZnN
Planla) = [ SN )
Y —cN Zacz o
Then, (Hln (G )) o 1s an LU-precompact family of continuous functions.
B N>n, k(0,1

We will first use Lemma 1.10.1 to derive two results before we give its proof. We will
take 2, = Q' NQ,, to be the full measure set in the statement of Theorem 1.4.4, where ('
and €2, have been introduced in Theorems 1.8.1 and 1.4.3.

PROOF OF THEOREM 1.4.4:  We fix m <n, x € (0,1] and let w € 2 . Let

cN Zn,N

Bain0) = [ T A 2 ) 225

mN
—cN Z$zn

Since In Z™"(z, y) is bounded on every compact set, Lemma 1.10.1 implies that (g%nm) is also
precompact in LU topology. Via a standard diagonal procedure, we can find a sequence (Ny)
such that gk . (z,y) and fk . (x,y) converge in LU topology to some function §(z,y), flz,y),
respectively, Since In Z™"(x,y) is bounded on every compact set, we see that fmn (7, y)
converges to f(x,y) = Z™"(x,y)§(x,y) uniformly on compact sets.

On the event €2, ,, if (vn, ) satisfies LLN with slope v, then ,LLZLV%’“ L. converge weakly

to pii>(v)m, !, Hence f(x, ) must equal fy (e, ), the density of e (v)m, ', So we have

identified the only possible limit point of any subsequence of ( o R) 1S fynm, and similarly

for (gn]\hfmm).
Let (yn) be such that yx/N — v. Then vy = §,, satisfy (1.10.8), so

n n m,n 1
g%,n;ﬁ(x’y) Zyy]YV H/ng\r K (Zacyn> fU7n7m§f€<x7y)7
where the convergence is in LU topology. Since (ln gfx mm) is LU-precompact and thus
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uniformly bounded, we see that G is strictly positive. This proves Theorem 1.4.4 for n; < ns.

For n; > ny, we can simply use the following two identities:

N N
lim 2 ywin _ ( lim Zaziywin\ !
No Tt SN Lty
and
ni,N ni,N n3,N
11 T1L,YNK 1 LT1,YNKR L3, YN ;KR
oo Zitiew N7 Zalln Zatin
O
We also prove
Lemma 1.10.2. The density of u;r;,fo(v)wgl and can be expressed as
Jommn(T,y) = Z750 G, ((n,y), (m, {L')) (1.10.9)
PROOF OF PART (2) OF THEOREM 1.4.3 :  Let us take the full measure set 2. For

every w € 2, our goal is to show that for any (m,z) € Z x R and (vy) satisfying LLN with
slope v, pul" ,,N 71 converges to pne (v)m, Uin total variation for all m < n.

Let ¢ > |v| 4+ 1. Denoting the conditioning of vy on [—c|N|,c|N|] by vy, we get

||lj’ac JUNE 7: - MZ?;QOO<U)7T7:1“TV
_ N _
<||/J’$VNH nl _IUZIVN,/{ n1||TV+ ||:uzuN,n n _:uxfi ( ) n1||TV

<HUN_VNHTV+H/‘LCCVNR 7: _M:cn ( ) gl”TV'

The first term goes to 0 since (vy) satisfies LLN with slope v. To see that the second term
goes to 0, we notice that (DN) satisfies LLN with slope v and (1.10.8), a similar argument as
in the proof of Theorem 1.4.4 to conclude that the densities of ,LLx LA ! converge to that

of .. (v)m, Lin LU topology, which implies convergence in total variation. This completes
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the proof.

Proor or LEMMA 1.10.1: We define

cN m,N
m,n \ 1 25K
() = (Z25) " Fllr) = | T,

It suffices to show that </<a Ing¥ (-, )) is LU-precompact.
N>n,k€(0,1]

Let us consider a compact set K = [p,p + 1] x [k, k]. Denoting r = ¢+ R; + 2, for

e € (0,1/2), let us define

k
§1 = max {n —m, no(w,n,p, [c+1],1), —, In2 1%}
r

and
S9 = max {no(w,n,i, e+ 1],1) : |i| <rs; + 1} V In? 18_67

where the random function ng is introduced in Theorem 1.8.1.

We will need several truncated integrals:
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rS2 2
= —1(w—y)
7n.N / gnntl gn+1,N dw / o [+ Fgr (w)] ZZ+21,;N dw,

Y,zikK YWk TW,zK
—7rSsg —789

m,n _
o s n=m+1,
Tyie
Ts1 m,m+1 7m+1n
ffrsl i Ly AW, M >0+
rS]
7m,N __ 7m,n r7n,N
Zx,z;n - / Zm,y;ﬁZy,z;n dyv
—rsy

cN Zn,N
g (z,y) = / % v (dz).

cN Lz z;k

For N > n, we also define A, = x1In g} and K = [p,p+1] x [-rs1,rs1] D K. If we can
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show that for every e > 0, all large N, and all k € (0, 1],

[kIng (z,y) — hY (z,y)| <&, (x,y) €K, (1.10.10)

and that (hgﬁ) is precompact in C' (IN( ), then the lemma will follow since, given any € > 0,
we will be able to use an e-net for (h2,) to construct a 2e-net for (k1Ing.).
Let N > max{m + 2s1,n+2s3}. If |y| < rs; and |z] < ¢eN, then from (1.8.2) with v' = 0,

uy =c+ 1, up = ¢, v =9, and using J,([—cN, ¢N|¢) = 0, we obtain

Zny )
L= 0 = e (s rsal) <2677 VR <ef8, ke (0,1)
Y,25K

Then, using the elementary inequality |In(1 + z)| < 2|z| for |z| < 1/2 we find

e < gl gl < (1.10.11)

Y2k Y2k

Let

rs1

Zm,N :/ Zm,n Zn,N dy

—rs1

Then (1.10.11) implies
1< ZmN ) ZmN < e/t (1.10.12)

Similarly, if = € [p,p+ 1] and |z] < ¢N, by (1.8.2), we obtain

7m,N
L= 2 <l (s rsil?) + i (s, ral?) < eV < 2/,

T,2;K

Therefore,
e~e/? < Z;Y,L,QZY{/ZWN < /2, (1.10.13)

T,2;K
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Combining (1.10.11), (1.10.12) and (1.10.13) we obtain

e < g (z,y) /gy (x,y) < ¢,

and (1.10.10) follows.
The next step is to show that (hévﬁ) is precompact. For any |w| < rse and y,y €
[—7s1,751], we have
y—w)® (Y —w)?

SR <r(si+s2)ly — 9l

Hence, the definition of Z™ implies that

|man"’N — Iﬂiann/N | < 7"(31 + 82)’?/ - y’\.

Y,k Y25k

Similarly, for all z, 2’ € [p,p + 1], we have

kI Z2N — kI Z20N | < (rsy+ |p| + 1]z — ).

T,2}K /25K

Combining these two inequalities we see that

|h2(x,y) — hi (' y)| < L(lz = 2'| + |y — ¢/) (1.10.14)

;K

for L = r(s14s2)+|p|+1. So, hlY, are uniformly Lipschitz continuous and hence equicontinuous
on K.

It remains to show that h%

. are uniformly bounded. Let

cN 7mmn Zn,N

7 kY, 2k _ ~

F (e, y) = / . % v (dz) = exp (k2 (z,y)) 2150
—c T,2;K
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For each = € [p,p + 1], we have ffi; fN(x,y)dy = 1. Let

M =sup{|xIn Z™" | : k € (0,1], (z,y) € K}.

T, YK
It is easy to see that M < oo a.s. Then, by (1.10.14) we have for y,y’ € [—rs, rs1],

e—f'ﬁ*l (L'QTSH-M) fé\f(x’ y/) S emflhé\;’,{(z,y) S ]Fé\/(l,’ y/)en*1 (L.2rsl+M)

Integrating this inequality over y' € [—rsy,rs;| gives us

6_’{71 (L'2T51+M) < 27,,816N’1hé\;(:c,y) < em’l (L-2rsl+M) .

Taking the logarithm gives |hY (x,y)| < L-2rs; + M + |In(2rs;)|, so |hY (x,y)| are uniformly

o o

bounded on K. O

1.10.2 Existence of global solutions

In this section, for every v € R, we will prove the existence of global solutions on a full
measure set N Q. Here, ), = ;... has been introduced in the beginning of Section 1.10.1

and Q is introduced in the following lemma controlling the tail of szjj\\/]ﬂ;iy

Lemma 1.10.3. There is a full measure set Q on which for every ¢ > 0 and (n,q) € Z x 7,

there are constants ay,as, Lo > 0 and Ny depending on c, n and q such that
e mty (=L, L)) < v([=eN, eNI?) + ayevF (1.10.15)

for any N > Ny, L > Loy, x € [q,q+ 1] and any terminal measure v.

A proof of the lemma will be given at the end of this section.

91



Let us fix v € R and assume that w € QN Q) throughout this section.

Let us define u)Y(n,x), its Hopf-Cole transform V.V (n,z), and the constants CN

v,m,n

by (1.10.2), (1.10.3), and (1.10.4). We can use the function G, introduced in Theorem 1.4.4

to define

Vo(n,z) = Gy((n,z),(n,0)), Cymn = Gy((n,0),(m,0)).
Lemma 1.10.4. The functions V,(n,x) and constants Cy ., satisfy (1.10.1).

Proor: Fix m < n and 2. We want to show

G, ((m, ), (m, 0)) = Gy ((n,0), (m, 0)) / 27 (2, 9)Go (. ), (m, 0))dy.

which, by (1.4.5), is equivalent to

1= /Z;’?Z}”GU((n,y), (m,m))dy.

This identity is true because by Lemma 1.10.2, the integrand is the density of uJ"*(v)m

O

Let fN, .+1(2,y) be the density of N;j%ﬂﬁir Then (1.10.4) rewrites as

W (n,z) = / (& — 9N (2 p)dy.

-1
n

Recalling that we expect the global solution to be given by (1.10.5), we use the limiting

density funnt1(z,y) from Lemma 1.10.2 to define

() = / (2 — 9) fommss (2 1) dy.

Lemma 1.10.5. The functions ul) (n,-) converge to u,(n,-) in LU topology as N — oo, and
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the Hopf-Cole transform of u,(n,-) is Vy(n, ).

PrROOF: Let g € Z. Lemma 1.10.3 implies that for some constants a, as, Ly and Ny,

:uxNv n—i—l([ L L /| fvnn+1(x y)d?/ < ae az\/z, T € [q,q+1],
y|>L

for all N < Ny and L > Lo, if we take ¢ > [v]. Moreover, by Theorem 1.10.2, fY, . ()
converges to fynni1(,y) uniformly on compact sets. Therefore, u’ (n, -) converges to u,(n, -)
uniformly on [¢, g + 1].

Since u (n, ) and VN (n, ) converge to u,(n,-) and V¥ (n,-) on compact sets, taking the
limit N — oo in VN (n,z) = e~ Jo % (22047 e see that V,(n,z) is the Hopf-Cole transform
of u,(n,x). O

To show that wu,(n,-) € H'(v,v), we need the following lemma which we will prove in the

end of this section.

Lemma 1.10.6. Given n € Z and a compact set K C R, the family of random variables

{uqﬂv(n, r): N<n, z€ K} is uniformly integrable.

PROOF OF THE EXISTENCE PART OF THEOREM 1.3.1: By Lemmas 1.10.4 and 1.10.5,
uy(n,x) is a global solution. It remains to show that u,(n,-) € H'(v,v). All the other
properties are easy to check.

Lemma 1.10.6 implies that

lim Eul (n,z) = Euy(n, ). (1.10.16)

N—o0

By Lemma 1.6.2, for any (my,z1) and (mg, 23) such that m; < ms, we have

27 (g, ) L R Z0mam (0, 0),
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Taking logarithm and then expectation, we obtain

(21 — 952)2

Eln 2" (21,29) = " 2(my —my)
2 = 1

+ Eln Z%™27m1(0, 0),

S0
z(2Nv — )

Eln V" (n,2) = Eln 2" (2, Nv) — Eln 2™ (0, Nv) = XN —n)

(1.10.17)

For any N, by Hopf-Cole transform we have

/ ud(n,2')dr' = —In VN (n, z).
0

v

Taking expectation of both sides, using the Fubini theorem and (1.10.17), we obtain

TN n s T(2Nv—1)
/OEuv(n,a:)dx =N =)

Taking the limit N — oo and using (1.10.16), we obtain

/ Eu,(n,2")dz" = vz.
0

By stationary of u,(n,-), the left hand side is x - Eu,(n,0). Therefore, Eu,(n,0) = v and

hence by ergodic theorem wu,(n,-) € H'(v,v). d

Now we turn to the proofs of Lemma 1.10.3 and Lemma 1.10.6.

The next lemma is an immediate consequence of (1.7.7) in Lemma 1.7.2.

Lemma 1.10.7. Recall di, Ry introduced in Lemma 1.7.2. Then for allr > Ry, r € N and

for all (m,p), (n,q) €Z x Z (n —m > 2), with probability at least 1 — e~

M;rf;]l{ﬂy : max |y — [(m,x), (n,y)]i| = r(n — m)} < grn=m)

m<i<n
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forallz € [p,p+ 1],y € [q,q+ 1].

PrROOF OoF LEMMA 1.10.3: It suffices to prove the statement for fixed ¢ and (n,q). Let

K = 2c+ R; + 1 where R; is taken from Lemma 1.7.2. Theorem 1.8.1 implies that with

probability one, for some sufficiently large constant n; = ni(n, ¢, ¢), if N;” >ny =nyi(n,q,c),

then for all s satisfying ny < s < Nz_” and all = € [q,q + 1],
pel oy ([~ Ks, Ks]°) <v([—eN,eNJ) + 2e” V",
This implies that for some k; > 0 and all L € [Kny, K(N — n)/2], we have
pi Nt (=L, L)°) < v([—eN,eNJ°) + 2e7*VE, (1.10.18)
Noticing that for all L > K(N —n)/2, we have the trivial inequality
i T (210 L)) <y mty ([Z KN = n) /2, K(N = n)/2°),

we can extend (1.10.18) to all L € [Kny,2R,(N — n)] by adjusting the constant k; appropri-
ately, using Lemma 1.10.7.
Using Lemma 1.10.7, the Borel-Cantelli lemma implies that with probability one, for

sufficiently large N, we have
n,N__— y—=T Yy— ¢ —r(N=n
Mxvyﬂni1<[$+—_T(N_”)v93+N—_n+7“(N—n)}>§2 (N=n)

N —n

for all |y| < ¢N and r > Ry. Applying this estimate to y = +c¢N and using monotonicity, we
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obtain for r > R; and sufficiently large V:

ey T ([=2r(N =), 2r(N = n)[)

-1

< mty ([ = (al + e+ 2+ (N =), ol +c+ 2+ (N = n)])

—cN — N — c
Suﬁ:ﬁvﬂﬁl([x%—ﬁ—r(]\f—n), x+CN_7f+r(N—n)} )

<v([—¢cN,eN]%) + 9 rN=m),
Therefore, for some constant ky > 0 and all L € [2R;(N — n), +00), we have
pe b (=L, L)) < v([—eN,eNJ) + 2e7*2E, (1.10.19)

Combining the estimates (1.10.18) and (1.10.19), we see that (1.10.15) holds for all L > Kny,

which completes the proof of the lemma. Il

To prove the uniform integrability of u”¥(n, ) in Lemma 1.10.6, we need an additional

lemma which is a corollary from (1.8.13) in Lemma 1.8.3.

Lemma 1.10.8. There is a constant sg such that for N/2 > s > s,
P 80w (= (R + 2, (B4 28] < V) 51— e

PROOF OF LEMMA 1.10.6: By Lemma 1.3.1, % (n, x) — z is non-increasing in . Therefore,

it suffices to show the uniform integrability of (u}'(n, z)) for fixed (n,z) € Z xR. We also

N<n
notice that v/ (0,0) < 1}’ (0,0) +v. So, without loss of generality, let us assume (n,z) = (0, 0)
and v = 0. Let us write fﬁ)yl(O,y) = fN(y) and u}'(0,0) = u™.

Lemma 1.10.8 implies that if L = (Ry 4 2)s € [(R1 + 2)so, (R1 + 2)N/2], then

P{/ M (y)dy < 46—’“\@} >1— ekt (1.10.20)
ly|>L
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for some constants k; and ky. Using the inequality

/ )y < / Y )y
ly|>L ly|>(R1+2)N/2

for L > (Ry +2)N/2 and adjusting the constants k;, ks appropriately, we can extend (1.10.20)
to all L € [(Ry 4 2)so, R1N]. Next, Lemma 1.10.7 implies that if L =N > Ry N, then

"

Combining the estimates (1.10.20) and (1.10.21), we can find constants ¢, ¢o, 3, ¢4, indepen-

FN(y)dy < 2—L} >1—3ehl, (1.10.21)

ly|>L

dent of N, such that for L > (R + 2)s,

P{[ 7y <=} o1 e
ly|>L

This implies that u = — fR yf™(y)dy are uniformly integrable. U

1.10.3 Uniqueness of global solutions

The main goal of this section is to finish the proof of Theorem 1.3.1 by establishing the
uniqueness of global solutions.
Let w(z) € H and V(z) = e~ Jo »(#)%" he its Hopf-Cole transform. We can introduce

the following point-to-line polymer measures:

N-1
Jaydon o [, deniidp(da,) V(en) TT 23055

—n,N i=n
oy (Apsr X oo x Ay) = ~
34 * fR V(QTN)Z;B,’;?][V dl’N

The fact that w € H' guarantees that all integrals are finite.

Lemma 1.10.9. Let (wy(-)) be a stationary sequence of random functions in H' and (Vi (-))
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be the corresponding Hopf-Cole transforms. Let v € R. Suppose that one of the conditions
(1.3.1), (1.3.2), (1.3.3) is satisfied by W (-) = Wi (-) = [, wn(y')dy' for all N with probability 1.
Then for almost every w and all n € Z, the probability measures v, y, (n < N) defined by

2" (w.) V()
2N (e )V ')y

Vana(dy) = Aoy w3 (dy) = i dy
R

satisfy

liminf ™ sup Un.Nao([(v—€)N, (v +¢€)N]°) =0,
N—oo z€[—L,L]

for all L € N and € > 0, and some constant h(e) > 0 depending on ¢.

First let us derive the uniqueness of the global solution from this lemma.
PROOF OF THE UNIQUENESS PART OF THEOREM 1.3.1: Let v € R and let u,(n,-) be a
stationary global solution in H'(v,v). We will prove that for almost every w, u,,, coincides
with the global solution constructed in Section 1.10.2.

Let Vi (n, ) be the Hopf-Cole transforms of w, and C, ,, be the family of constants such
that (1.10.1) holds true. Let > be defined as in (1.10.6). Then we have (1.10.7).

Since u,(n,z) € H' (v, v), the potential of u,(n, z) satisfies one of the conditions (1.3.1),

(1.3.2), (1.3.3) depending on the value of v. Therefore, by Lemma 1.10.9, we have
li]{[n inf 1”75 ([(v — )N, (v + ) N]¢) = 0.
— 00
By Theorem 1.8.1 we have that for m large enough and N —n > 2m,

A>T ([(v = 2)(n +m), (v + 26)(n + m)]%)

< iyt ([(0 = )N, (v + ) NJ°) + eV,
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Taking liminf as N — oo, we obtain
—n,00,_—1 c —v/m
fig " ([(v = 28) (n + m), (v + 2e)(n +m)]°) < e™V™.

So > satisfies SLLN with slope v and is supported on S7:7°. Therefore, by Lemma 1.9.13,
we have > = p*°(v). This shows that u,(n,-) is exactly what we have constructed in

Section 1.10.2, and the proof of uniqueness is complete. O

To prove Lemma 1.10.9 we start with several auxiliary statements.

Lemma 1.10.10. Let (X,)nen be a stationary sequence of random variables such that

P(X, < o0) =1. Then there is a random number k = k(w) such that
P{w: X, (w) <k(w) for infinitely many n} = 1.

ProoF: Let Ay = {w: X, (w) <k for finitely many n}. Clearly Az, C Ay for all k € N.

Let A = () Ag. We want to prove that P(Aw) = 0.
k=1

By the ergodic theorem, on A., we have

n—1

o1
Oznh_{goﬁz_;lxlgk— E(1X0§k|I), k>0

where 7 is the invariant o-algebra for the stationary sequence (Xn) Therefore
0=E(1a E(lx,<k|Z)) = Ela_1x,<s.
Since P(Xy < o0) = 1, by the Bounded Convergence Theorem we have

0= lim E]'Aoo]'XOSk’ = P(AOO)

k—o00
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as desired. O

Recall that A\ = Ee=f0(0)

Lemma 1.10.11. There is a full measure set Q" on which the following is true. For
all ¢ > 44/In(2X\/po)) and (n,q) € Z X Z, there is a constant my = mo(n,q, c) such that for

all m > myg, we have

Syisem 2" (a, y)e W Tdy

<o (1.10.22)
Sz (g, y)dy
and
‘ln/Z"’"er(x,y)H(y)dy — ln/ea(m’y‘r)H(y)dy < 2m3/4, (1.10.23)
I I

for all intervals I C [—em,em)|, all x € [q,q + 1] and all positive functions H(-). Here, a(-, ")
has been defined in (1.8.3).

PrROOF: Let us fix (n,q) and c¢. Due to the Borel-Cantelli lemma and the fact that for

sufficiently large m,

/l | Zner,m(q’ y>ec\y|/17dy < / Zn,n+m(q, y)€c|y7q|/16dy’
y|=cm

ly—ql>cm/2

the inequality (1.10.22) will follow if we prove that for some constant k£ > 0 and sufficiently
large m,

P{a—m > zm} < eFm (1.10.24)

where

q+1
p— / Zn,n+m(q’ y)ec|y7q|/16dy7 bm — / Zn,ner(q’ y)dy
ly—q|>cm/2 q

By (1.7.3) in Lemma 1.10.12, we have P{b,, < pi'} < e ™™ for some constants pg, k1. By
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Markov inequality,

2\ m — 20 4 oy—ql/16
P{am_ (po/2) }S (—) Eam: e Zm dy
Po ly—q|>cm/2 7T
S m/ 67(144—7:11)2 dy
Iy q|>em/2 V2mr
< 2/16 In(2X\/po) )mdy < e kom
c 2m7r

for a constant ky > 0 if ¢ > 44/In(2)\/py) and m is sufficiently large. Combining these two
inequalities, we obtain (1.10.24) and complete the proof of (1.10.22).

The second part of Lemma 1.10.11 follows from Lemma 1.8.1. U

We also need a monotonicity statement for point-to-line polymer measures.

Lemma 1.10.12. Let x < 2’ and V (z) be a positive function that grows at most exponentially.

Then for any m,n with m < n, the polymer measure fi, wris stochastically dominated by fily V.

ProoOF: First, we have

ka
My77\1/(Ak+1 X -0 X An—l) = / ,uy Vﬂ-kJrl(dxk?"rl)lU“ka_‘_l (Ak+2 X X An—l)‘
An 1

Therefore, similarly to Lemma 1.9.3, it suffices to show that jij'm, L, < ﬂZf:T{,WT_nil and use
an induction argument.

Now we compute the marginals at time n — 1 :

Jedy [y V(W) Zy e g (n — )

A X 1 <1} =
{ +1 } f]R dy fR dnv Zm+1n - m+1(77)g(77 — q;)

Let
v(dn) = /dyV(y)ijl’"e_Fm“(")dn.

Then by Lemma 1.9.1, fi,y?{Xp1 < r} is decreasing in z, so ,[LZ?{?WT_”}H is dominated
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m 1

DY figr v T O
PROOF OF LEMMA 1.10.9:  We take Q" from the statement of Lemma 1.10.11 and fix an
arbitrary w € Q.

Fix n and L € N. Since Lemma 1.10.12 implies v, n— = Vp Nz = Unn, for @ € [—L, L],
it suffices to show that for every ¢ > 0,

lim inf ¥ max l/nvaa([(v — )N, (v+ E)N]C> =0,

N—oo a==+L

or, equivalently, that for every € € (0, 1) there is a random sequence my = my(w, ) T 400

such that
0= kli}rgo "™ Uy o ([(V = €)M, (v + €)my]%)
ZmT (a, y) Vg, (y)dy
= lim "™ oy, bl (1.10.25)
k—yoo fR Zmmtmi (a, y) Vg, (y)dy
for a = L.

The proof consists of two steps. The first step is to use (1.3.1), (1.3.2), (1.3.3) and Lemma
1.10.10 to find a random sequence (my) with certain properties; the second is to combine
those properties and estimates provided by Lemma 1.10.11 to derive (1.10.25).

We can assume that v > 0, since the case v < 0 is totally symmetric to the case v > 0.

Let us fix some ¢ > 0 such that

/4, v =0,
5 < (1.10.26)

(/4 A (0/2) NS, v >0.

Step 1 — find (my): we claim that there is a random constant R = R(w) and a random

102



sequence (my) such that for every m = my,

(Woim(@) <R, y€[-L,L+1], (1.10.27)
Wiem(y) = —R(ly| + 1), yeR, (1.10.28)
and

v =0,

Wism(y) = —dlyl, lyl > R, (1.10.29a)
or,

v >0,
[Watm(y) — vyl < dlyl, y < —R, (1.10.29b)
Wiham(y) > (—v + 28)|y|, y> R. (1.10.29¢)

To see this, for each m, we let X,,, Y;, and Z,, be the infimum of R such that (1.10.27),
(1.10.28) and (1.10.29) are satisfied. Due to stationary of Wx(-), (X,n), (Yin) and (Z,,) are
all stationary sequences of random variables. Also, X, are a.s. finite because Wy (-) are
locally finite; Y, are a.s. finite because Wy (-) € H; Z,,, are a.s. finite due to (1.3.1) or (1.3.2),
depending on v. Therefore, by Lemma 1.10.10, there is a random number R = R(w) such
that X,, VY, V Z, < R for infinitely many m almost surely. This proves the claim.

Step 2 — show (1.10.25). For simplicity we will write m = my, in what follows, so
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m — oo actually means m = my, k — 0o0. Let us fix ¢ > 17(v + 1) V 44/In(2)\/pg) and write

Vnntma([(V —€)m, (v + €)m])

Zn,n+me—Wn+m(y) dy Z'n» 7’L+m Wn+m(y)dy

_ f\y|<cm ly—vm|>em jiy|>cm a,y
f]R Zn n+m - n+m(y)dy fR Zn n+m - n+m(y)dy

=A"+ B™.

We will show that both A™ and B™ decay exponentially.
First we look at B™. By (1.10.29), if m is sufficiently large, then —W,, 1., (y) < (|v]+0)]y| <

cly|/17 for all |y| > em. Due to (1.10.27) we have
a+1
/Z”’"er(a,y)e_w”*m(y)dy > e_R/ ZmE () y)dy.
R a

Therefore, by Lemma 1.10.11 we have

]

f Zn,n-i—m(a y)€c|y|/17dy R

m RY|yl=em ’

B S € a+1 S 2
fa Zn,n-ﬁ-m(a, y)dy

3

for sufficiently large m.

Next we look at A™. Using Lemma 1.10.11, we obtain that for sufficiently large m,

—a)?
e (y2m) ~Watm(y) dy

f\y|<cm,\y—vm|>£m
Y
fcm e*(yQT)*Wn-ﬁ-m(y)dy

—Ccm

A™ < exp (4m3/4) :

6 Wner (y) dy

< exp (4m** + L?/m + 2Lc) - fly—vml>em S
am e nt+m (Y dy

—Ccm

Let us denote the ratio of integrals in the last line by A™. It suffices to show that A™ decays
exponentially. We will consider the cases v = 0 and v > 0 separately.

Suppose v = 0. For sufficiently large m, we have W, ,,(y) > —d|y| for all |y| > em by
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(1.10.29a) and W, (y) < R for y € [0,1] by (1.10.27). Therefore,

— £ +ly]
Jitzem 2 dy

~ 2
Am < ~ < 621"+R/ e—gfm+5|y|dy < eﬁ-i-R . ée—%m
Lemdn R lyl>=m €
as desired. Here, in the last inequality, we used § < €/4 to obtain
2 2 4 &2
/ e 2w Hl gy < / eTimdy < —e”T™, (1.10.30)
ly|>em ly[>em <
Suppose v > 0. Let A™ = (A1 + Ay + A3) /A4, where
2 R 2
[y—vm|>emy<—-R -R
A3 — / 6_%_Wn+7n(y)dy7 A4 — / 6_%_Wn+m(y)dy'
R —cm

For sufficiently large m, by (1.10.29b), (1.10.30), (1.10.28) and (1.10.29¢), we have

2
A < / e—gfm—(vﬁ-é)ydy
ly—vm|>em

1;2 12 , 4
< e(2+”5)m/ e bm ol gy < = exp((v*/2 4 v — % /4)m),
ly'|>em c

R 2
Ay < / e~ TR gy < 2R,
-R

As S/ e a2y S/ e 2w TNy = %exp(—(v 20) m),

R fe’e) 2
and

—vm+1 2
Ay > / e 3m H=dy > exp((v¥/2 — v8)m).

vm
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Therefore,

A™ < gexp(—(ez/él — 2v6)m)

+ 2R HE exp(—(v*/2 — vd)m) + V2mm exp(—(vd — 26*)m),

and the right-hand side decays exponentially due to (1.10.26). O

PrROOF OF LEMMA 1.3.1:  Let V(-) be the Hopf-Cole transform of w(-). Then

x— UMy (x) =z — /

(z —y)ay, (dy) = / yiy, (dy).
R R

The conclusion then follows from Lemma 1.10.12. O

1.10.4 Basins of pullback attraction

The global solutions play the role of one-point pullback attractors. The goal of this section
is to prove Theorem 1.3.2.
First we need a version of Lemma 1.10.9 where wy = w are independent of N, which is

the case in Theorem 1.3.2.

Lemma 1.10.13. Let v € R and w(-) € H'. If one of the conditions (1.3.1), (1.3.2), (1.3.3)

is satisfied by W(-) = [, w(y')dy', then for almost every w and every n € Z, the probability

measures vn N, (n < N ) defined by

o Zn,N<x’y)e—W(y)
VmN,x( y) - fR Zn,N(x7y/)€—W(y/)dy/

satisfy
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for all L € N and € > 0, and some constant h(¢) > 0 depending on ¢.

PROOF: The proof is similar to that of Lemma 1.10.9. Because wy () = w(-) are independent
of N, there is no need to choose a subsequence (my) to satisfy (1.10.29), (1.10.27), and
(1.10.28) as we did in the first step of proving Lemma 1.10.9. Therefore, we obtain lim instead

of lim inf in the conclusion. O

PROOF OF THEOREM 1.3.2:  We define Q = QN Q" N, and let w € Q. We also define

V(z)=e" Jo w@de" and consider the measures

d — 77 T~ :l ( )Zn,N(x y)

n,N 1 ’ l
Vn,N7£B y /’l’m’(/ y l y
( ) ) N ( ) f V(y/)ZTL,N(x7 y/) y/

TN () = / (v — )Y (dy).

Due to Lemma 1.3.1, it suffices to prove pointwise convergence, i.e., to show that

i (y — )ity oty (dy) = / (y — 2)up™ (W) (dy), @ €R. (1.10.31)

Using Lemmas 1.10.13 and 1.10.3, we obtain that for some constants b; and bs,
oy Tt (=L L) < bre2VE (1.10.32)

By Lemma 1.10.13, for fixed (n,z) € Z X R, (v nz)n<n is a family of probability measures

n,N

Vn,N,z,T

satisfying LLN with slope v. Hence by Lemma 1.9.13, converges weakly to pul(v), so
ﬁ;‘;%,;il converges weakly to p”(v)m, ;. Now (1.10.31) follows from this and (1.10.32), and

the proof is complete. O
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1.10.5 Overlap of polymer measures

In this section we prove Theorem 1.4.6. We recall that

[p=vlrv = sup |u(A) —v(A)].
AEB(R)

and that Q) = Q' NQ,.

The convergence of polymer measures in total variation distance is a consequence of the
existence of ratios of partition functions and the LLN for polymer measures.

For the rest of this section, we fix v € R and always assume that w € 2. We will also

fix (n1,21) and (ng, x2), and write ¥ = po>(v)my', i = 1,2

Lemma 1.10.14. Let p and v be two probability measures with densities f and g respectively,

such that both f and g are positive on some Borel set C, and zero outside C'. Then

.. 9(x)
_ < _ z 7
| —vlry <1 inf,

(x

~—

PrOOF: Let A={ze€C: f(z) > g(z)} and d = inf,ec g(z)/f(x). Then

I — vllry = / (f(z) — gla)) dz < / (1—d)f(x)de < (1—d) /C fa)de =1—d

Lemma 1.10.15. There are constants ay, Sy depending on w, x;,n; such that

lim an lim B—N =
N—oo IN N—oco N

v,

i g ([, An)%) = T g ([, Ba]) = 0.

PROOF: Since the measures 2 satisfy the LLN with slope v, there is a decreasing sequence
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of negative numbers (Vi) such that
pr ([ =2""N, (v +27F)NJ) <27F, Ny <N, i=1,2.
For every N, let k be such that Ny < N < Nj,;. Then setting
ay=(w—-2""N, pfy=@w-2"FN

completes the proof. O
Let fN(x) be the density of Y. We will need the following representation of f.

Lemma 1.10.16. Recall the function V,(n,x) which is the Hopf-Cole transform of the global

solution u,(n,x). Then
Zyo Vo(N, )
[ 220V, (N, o) da’”

sz(x) =

PrOOF: By (1.10.9) in Theorem 1.10.2 we have

fN(x) = Z;‘;’éVGU((N, x), (n;, xl))

7

Thus for x # y,

N (x) B ZmoN Gv((N, ), (nz,xz)) B Z;‘;év Gv((N, x), (N, O)) B Z;liﬁ’év%(]\f, x)

T;,x

X
) 22V Go(N,y), (nim))  ZpsN Go((N,y), (N,0))  ZiNVy (N, y)

and our claim follows. O

PROOF OF THEOREM 1.4.6:  Let DY = ulN([ay, Bn]), i = 1,2, and let
i (A) = (DY) i (AN [aw, Br]).

Then the measures /i, i = 1,2, are supported on [ay, By]| with densities given by fiN (r) =
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(D)1 (). Also,
|2 = ¥ lrv < 1= D}, (1.10.33)

Combining this with Lemma 1.10.14 we obtain

Iy = Nlrv < Nt = By v + 118Y — @ e + | — ) [l

FN
<3-DN_pY¥_ e 2
z€lan,BN] le(:E)

Since DY — 1 as N — oo, i = 1,2, it suffices to show

N
lim  inf 2
N—o0 z€[an,BN] le(Q;)

Using the representation of f¥ in Lemma 1.10.16, we see that

Z3iNVy(N, x)
BN Zn“]\/[Vv(N, l’/) dx/'
anN Tj,T

and hence ,
= N
fQN(x) Z:?;VQ a;\;, ‘/U(N’x )Z::}l,xl dx ' mN
)z ffjiv Vo(N, 2" 2}, ]\;2 dx’ MN7
where
71,N2 71,N>
my = _inf ff; M, = sup —>.
CEE[C“NaﬁN] Zl’l 1:1 .Z’E[OCN,ﬂN] Zx177x1

Our goal is to show that imy . my/My = 1.
Since the partition function is continuous with respect to endpoints, both the supremum
and infimum are achieved at some points = = :Eﬂ\: and z = 2V. Since limn_o [EJ:E /N = v,

Theorem 1.4.4 implies

Zn,Ng
Jim my = lim My = lim. Z,f}vf = Gy ((n2, 72), (n1,11)) € (0,00),
xl,xi
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SO ]&im my /My = 1. This completes the proof. O
— 00

1.11 Zero-temperature and inviscid limits

In this section, we will prove Theorems 1.5.2 and 1.5.3. We will show that €2 introduced
in Section 1.8 can be chosen as the full measure set the existence of which is claimed in
Theorem 1.5.2, and that we can take O, =N Q0 N ep vi in Theorem 1.5.3.

Let us fix w € € and (m,z) € Z x R. Let p, € P *(v), k € (0,1]. We first derive

some properties for such a family (,uﬁ).

Lemma 1.11.1. For any € > 0 and x € (0,1], if n > no(w, m, [z], [|v| + €], [2e7]), then

_k—1pl/2

e ([(m+n)(v—c¢),(m+n)(v+e)) <e . (1.11.1)

PrOOF: The proof is similar to that of Lemma 1.8.6. U

Lemma 1.11.2. There are a constant ¢ > 0 and terminal measures (I/N satisfy-

K )N>m, k€(0,1]

ing (1.10.8) such that for each k, p, is the weak limit of uzl’jjz\,m as N — oo.

PROOF: Let us define v/ as follows:

vN(A) = (D) pery (AN By), A C B(R),

K

where By = [N(v — 1), N(v+ 1)] and DY = p, 75" (By). For any n > m and any Borel set
A C B(R"™™), we have

[Tt (A) = 1% Tt (M)
< il (A) = DY ol ()] 4 (L= DY by (4)

T,
K zwh k" mn

<V (BR) + (1= DO o (M)

T
zwhk" mn

111



The right hand side goes to zero, since p,, € Pr»°°(v) implies that
1 - DY =vN(B%) = ,u,iﬂ;[l([N(v —1),N(v+ 1)]0) —0, N — .

This shows that p, is the weak limit of M;R’VJIVV,H and completes the proof. O

Lemma 1.11.3. Let m € Z. There is an LU-precompact family of continuous functions

(h"%“('))mm such that the density of pu.m, " can be expressed as

d ey, Zmn e hnin(®)
AL (1.11.2)
dy — Je Ziye e dy

PROOF: By Lemma 1.11.2, there are terminal measures v satisfying (1.10.8) such that s, is
the weak limit of MZT’V];W. Suppose fY.(-) is the density of ,LLZ’VJZV;KW; ! then by Lemma 1.10.1,
(klog fX,) Nonne(oq] 18 LU-precompact. Therefore, for each x, rlog . converge in LU to
some continuous function —izn;,{ as N — oo, such that e~ thui®) is the density of p,m,, L
The family of functions (Bn;ﬁ) we(0.1] is also LU-compact. One can then define h,,(y) =

P (y) — kIn Z7%"  and the lemma follows. O

0k

We are now ready to prove the rest of Theorem 1.5.2.
PROOF OF PART (3) IN THEOREM 1.5.2:  Let (m,z) € Z x R and pu, € P °(v).
Then Lemma 1.11.3 implies that, for each n > m, there is an LU-precompact family of
continuous functions h,.(y) such that (1.11.2) holds. Suppose p is the weak limit of s,
for some sequence k;, | 0. Using a diagonal sequence argument, we see that there is a
further subsequence #j, | 0 such that for every n > m, hy. (y) converge in LU to some h,,(y)
as Ky, 4 0.

For € > 0, let us define the set of paths

AZ = {y € ST AT (3) = A () > b
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where A™"2 (1, x9) denotes the minimal action between (nq,x1) and (ng, x2). Then we have

m,n m —n’l n:K
(An) . ZZB,:I;;FL(AE )e " ' (y) dy
Hellfle) = f Z;}jﬁ,{e_’flhnm(y) dy )

For every 6 > 0, there exists L > 0 such that u, (BZ””) >1— ¢ for all k € (0,1], where

By™ ={v:|v| <L, m<i<n}. Also, when &} is sufficiently small, we have

sy, () — ha(y)] < €/4, |yl < L.
Therefore, when &}, is small,

M, (A?) < 27 ((an,n)c) + Hl, (A? N BZML)

m,n n m,n —(rj) "y, (1)
f|y|SL Zz,y;n;(Aa N By Je " i dy

<4+
- mn —(K) Ty
flyISL mey;feﬁge kdy
b I (A2 0 B ka0 dy
S 5+6(5k) 1&/2 ly|<L Y5 kZmEm _(H/)*lhn(y)d (1113)
fly\SL mm;f g Y

Due to the continuous dependence of action on paths and compactness of the set [—L, L],
there is &1 > 0 such that, for each minimizer from (m,z) to (n,y), |y| < L, the action of
every path in the e;-neighborhood of that minimizer is at most A™"(z,y) + /4. (Here, if
y* is a path in S}, its n-neighborhood is the set {y € S7%" : [y —vi| <n, m <k <n}.)
Therefore,

gmn Enfme_("i)*l(Amv”(xvy)ﬁ/‘l), ’y‘ < L. (1.11.4)

zyse), — T1

On the other hand, one has

Zmn, (AN BP") < [rme ) (A w2 ly| < L. (1.11.5)

!
Z,Y;Ky,
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Combining (2.3.2), (2.3.20) and (2.3.32) together, we have
f (AD) < 6+ (L))" et e/,
Since A7 is an open set, by weak convergence of fi,; , we have
p(AZ) < linminf g (A7) <

Since 0 is arbitrary, we obtain p(A”) = 0.
The fact that p(Al) = 0 for every n and ¢ implies that  must be a measure on 7',
that concentrates on semi-infinite minimizers. To identify the slope, we use Lemma 1.11.1 and

take K = k), L 0 in (1.11.1) and conclude that for € > 0 and n > ng(w, m, [z], [|v| + €], [2e71]),
p([(m+n)(v =), (m +n)(v+e)]°) =0.

This shows that x concentrates on the semi-infinite minimizers in P;%">°(v) and completes

the proof of part (3). O

PrROOF OF THEOREM 1.5.3:  Part (1) follows from Theorem 1.5.2.
For any p € Z, by (1.8.2) in Theorem 1.8.1, for (N — n)/2 > N; > ny(n,p) =

nO(w7n7p7 [|U| + 1]a ]-)7

ug;ﬁ;w;jl ([=(Jv] + Ry 4+ 2)Ny, (Jv| + Ry + 2)N]°)

< v([=(Jv] + )N, (Jv] + D NJ°) +2e7VM,

for every terminal measure v, all K € (0,1] and all y € [p,p + 1]. Taking v = dn,, and
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letting Ny — 00, we obtain

MZ:J:EOT(;il([_OU‘ + Rl + 2)N17 <|/U‘ + Rl + 2)N1]C> < 267\/N717

y € [p,p+1], Ny >ni(n,p). (1.11.6)

Combining this estimate with (1.4.7), we see that (uy(n,)) is uniformly bounded on

k€(0,1]
compact sets.
The first part of the theorem implies that if (n,y) € N, then > converges weakly

Yu,k

t0 &, n+oc(,)- Then combining (1.5.3), (1.4.7) and (1.11.6), we obtain that

uv;ﬁ(na y) = /(Z - ?J)W;L;’Isoﬂgiﬂdz) - /(Z - y>6%’;’+°°(y)7r7;+11<d2) = uv;O(na y)
R R

for (n,y) € N. Since N is at most countable, w,.,(n,-) converges to u,o(n,-) at a.e. y. This
implies convergence in G and completes the proof of part (2).
Finally we will prove part (3). Since the functions G, , and B, satisfy the relations (1.4.5)

and (1.5.2), respectively, it suffices to show the following two limits hold:

Dgrfﬁo —kInGy,((n, ), (n,0)) = B,((n,2),(n,0)), neZ, xR, (1.11.7)
Dlélﬁo—ﬁ;ln Go((m, ), (n,0)) = B,((m,z),(n,0)), n>m, z€R, (1.11.8)

We recall U, ., r € [0, 1] satisfy the relations in Theorems 1.5.1 and 1.4.5. The limit (1.11.7)
is equivalent to U, o(n, z) = lim, o U, »(n, z).
Having shown that (u.(n, .))KE(O g 18 uniformly bounded and that w,..(n,-) converge

to uyo(n, ) a.e. as k | 0, we can use bounded convergence theorem to conclude that

Upr(n,z) = / Uy (N, y) dy — Uyo(n, ) = / Upo(n,y)dy, k0.
0 0
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This proves (1.11.7), and the convergence is in LU topology.
To prove (1.11.8), we fix n > m and define H,(z) = —kIn Gy ((m, z), (n,0)), & € (0,1],

and Hy(x) = Bv((m, x), (n, 0)) We are going to show that (H,i()) is LU-precompact,

KED
and that lim, o H.(x) = Hy(z) for x ¢ N (and hence for a.e. ). Then the the convergence
will hold for all z and (1.11.8) will follow.

As a consequence of Lemma 1.10.1 applied to vy = d,n, we see that the family of functions
(kIn Z;%;R/Zgj’l’}%m)ﬂep, ~N>n (as functions in z and y) is LU-precompact in C'(R?) in the
variables x and y. Hence, by Theorem 1.4.4 and the condition w € Q, C Qy.., we have
that (/fln GM((n, Y), (m,x))) is LU-precompact. This shows the LU-precompactness

of (Hﬁ)

K€D

K€D’

Using (1.4.6), we have

x,Y;K
Y5 m,n
T,k

Gv;m((m, ZL‘), (n, 0)) — / Zmsn e—,flUv;m(n,y) dy — / 6_’{71 (Am,n('y)-f—Uvm(n,y)) d7
R Y€ES.

For every 6 > 0, there is L > 0 such that %[> (B}"") > 1 — § for all . Then

TU,K

/ o (A )+ () dy > (1— 5)/ e~ (A )4V ) dry,
yeST NB"

m,n

YESE %
which follows from

. e —x~! n,K
fly\SL “x,i/r;lfe(BL yZmn e=r" Un, W) dy

LYk

[ Z e e dy

x?y 7H

ppt o (B") =

f’yesgj’;’lmBZlyn 6_"{71 (Am’n(’Y)“FUv;H(n’y)) d

i

f vesmn © dy
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Therefore,

Gy ((m, z), (n,0)) < (1—0)7" / o (A () 4 U (1.9) dr

YESTH MBI

< (1= §)LLmre il < (AT @)+ U ()} (1.11.9)
By (1.11.7) and (1.5.4),

liminf inf {A™"(z,y) + U,.(y)} > Iinf {A™™(z,y) + BU((n, y), (n, O))}

k=0 |y|<L y|<L

> B,((m,z),(n,0)). (1.11.10)

Taking logarithm and multiplying by —« in (1.11.9) and using (1.11.10), we obtain that

liminf H,(z) > Ho(x).

rk—0

Let us fix € > 0 and define

Yo = (»y;”’+°°(v))n = argmin{Agfg’J” + Uno(y)}-
y
There is an €;-neighborhood of ,, ,, (’y?’*oo(v)) such that for each path ~ in this neighborhood,

[A™ () = A" (2, 90)| < e

Also, by the continuity of U,.(n,-) and the LU-convergence of U,..(n,-) to U,o(n,-), there is

g9 > 0 such that when & is small enough we have

|Uv;m(n7y) - UU;O(na y0)| S €
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for every |y — yo| < 2. Therefore,

Gv;n((m, :E), (TL,O)) 2 (51 /\62>n—m€71€—1(Am’n(w,y0)+U1,;0(n7y0)+25)

_ (81 A 52)71—7!16—/1_1 (BU ((m,:p),(n,O))Jer-:)

This implies that

limsup H,(z) < Ho(x) + 2e.
D>k—0

Since ¢ is arbitrary, this concludes the proof.
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Chapter 2

Mixing vector fields without directions

2.1 Introduction

Let v be a smooth vector field on R?. For every z € R?, the integral curve v, : R, — R?

(here Ry = [0,00)) is the well-defined unique solution of the autonomous ODE

Y. (t) = v(7:(2)), (2.1.1)

with initial condition

7:(0) = 2. (2.1.2)

Being motivated by homogenization problems for stochastic Hamilton—Jacobi (HJ) type
equations (see [Sou99], [RT00], [NN11], [CS13], [JESVT18]), limit shape problems FPP type
models (see, e.g., [ADH17]), and related straightness properties of random optimal paths in
random environment (see [LN96], [HNO1], [Wiit02], [CP11], [CS13], [BCK14], [Bak16]). A
simple argument based on the strong law of large numbers implies that such a straightness
statement holds for vector fields v with bounded nonnegative components and finite depen-

dence range. However, it is not clear how much the finite dependence range requirement can
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be relaxed.
In this chapter we present the construction of random stationary vectors fields whose
integral curves have no asymptotic directions. Namely, let v be a 2-dimensional vector field,

with nonnegative components such that, with probability 1, the following holds for all z € R?:

lim |7, (t)| = oo, (2.1.3)
t—o00
2(t 2(t
lim inf 7’;( )0, Timsup 7'21’( ) _ . (2.1.4)
t—o0 7y (t> t—oo 7z (t)

In other words, with probability one, none of the integral curves defined by this vector field
have an asymptotic direction. Instead, they sweep through a cone of partial asymptotic

directions. Here is the result:

Theorem 2.1.1. There is a weakly/strongly mizing stationary smooth vector field v on R?

such that with probability 1, for all z € R?,

v'(2),0%(2) >0, v'(2) +0%(z) =1, (2.1.5)

and identities (2.1.3), (2.1.4) hold.

This theorem means that mixing is not enough to guarantee the asymptotic straightness of
integral curves. Probably there are conditions on the rate of mixing sufficient for straightness
but this question remains open.

Of course, strong mixing implies weak mixing so the strongly mixing version of Theo-
rem 2.1.1 is a stronger result. However, the constructions of these two versions are based on
totally different ideas and may be of independent interest.

The construction of the weakly mixing example was based on a modification of the discrete

example from [CK16] with similar properties and thus it has only the weak mixing property.
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The strongly mixing example, similar to [CK16], and their FPP predecessor [HM95], traps
the integral curves in long narrow channels each stretched along one of the extreme directions,
so that the curves oscillate between these two directions never settling on any specific one.
However, these channels are built from a Voronoi-type tesselation of the plane with centers of
influence at Poissonian points and hence the vector field is strongly mixing. Each Poissonian
point is equipped with a rectangular domain of influence, a narrow channel with heavy-tailed
random length, and an additional random strength parameter that helps to decide which
influence wins in the case of channel overlaps.

We will give the construction of the weakly mixing example in section 2.2 and the strongly

mixing example in section 2.3.

2.2 Weakly mixing example

2.2.1 Vector field construction from a Z2-arrow field

Let r = (1,0) and u = (0,1) be the standard coordinate vectors on the plane pointing
right and up, respectively. On Z?, an (up-right) arrow field is a function « : Z? — {r,u}, and

the random walk X, : N — Z2? that starts at z and follows the arrow field « is defined by
X.(0)=2 X.(n)=X.(n—1)+a(X.(n—1)).

In [CK16], the authors constructed an ergodic up-right random walk on Z? such that no
trajectories have asymptotic directions, and hence by the result therein all random walks

must coalesce. More precisely, they proved the following:

Theorem 2.2.1. There is a Z*-ergodic dynamical system ((T,).ezz,Q, F,v) and a measurable
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function & : Q — {r,u} that defines a stationary Z*-arrow field by

a“(z) =a(Tw), we, z€7Z7

w

“).ezz have an asymptotic

such that none of the corresponding family of random walks (X

direction and all the random walks (X¥).cz2 coalesce. More precisely, for v-a.e. w € Q,

L XP(n)u : J(n)-u >
hér_l)g)lf o) 0, hgl—ing = 00, z €17, (2.2.1)
and
V21, 29 € 7%, 3ky, ko such that X2 (k1) = X2 (ka). (2.2.2)

In fact, the authors in [CK16] constructed the Z2-system as the product of two appro-
priately chosen Z-systems (Si, X,B,\) and (S2,Y,B,\), with X =Y = [0,1), B being
the Borel o-algebra, and A the Lebesgue measure. The product Z2-action is defined by
Tiapy (@, y) = (Sfx, Sty). This Z?-system is weakly mixing since both Z-systems are. (See
Section 2.2.3 for a collection of definitions and statements in ergodic theory that will be
used.)

In this section, we will demonstrate how to create a smooth vector field ¥, from any
given up-right Z?-arrow field «, such that the integral curves of ¥, have similar behavior as
the random walks following the arrow field . When « is given by Theorem 2.2.1, ¥, will
satisfy (2.1.4) (Theorem 2.2.2).

Suppose V,, and V, are two smooth fixed vector fields on [0, 1]? roughly behaving like “up

9

arrow” and “right arrow” that will be specified later. The vector field ¥, as a functional of

«, is defined by piecing together copies of V,. and V:

Vo2 44,y +5) = Vaay(@,y), (i,5) € 2%, (2,y) € [0,1)%. (2.2.3)
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Naturally, we assume that V,, and V, are diagonally symmetric to each other, i.e.,

Vile,y) =Viyx), Viley) =Viiyz), (zy) el0,1? (2.2.4)

To simplify the construction, we also require that that V, (and hence V,) is itself diagonally

symmetric near the boundary, that is, there exists § > 0 such that

Vi(z,y) = Vily,2),  (z,y) €Ts, (2.2.5)

where for h > 0, I'j, is the region
Fh:{<x7y)€[071]2 mm{%l_%%l—y}ﬁh}; hZO

The construction of V,. and V, is as follows. Let us take any 6 < 1/10. Let FT be a
potential function in [0,1]* as defined in Fig 2.1. The potential F, is a piece-wise linear
function so that VE, is constant in each polygon region. At the four pentagon regions at the

corners I, is given by the following:

(

3(z+v), (x,y) at the SW corner,

F(x,y) = 3(x+y)—1, (x,y) at the SE and NW corners ,

3(x+vy)—2, (z,y) at the NE corner.

\

And at the middle non-convex heptagon Fr(x, y) = 2x+ 1. The values of F, at all the vertices
are then determined, given in boldface, and F, in the remaining triangle regions are given by

the linear interpolation of its values at the vertex.
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Figure 2.1: Definition of F. in the unit square [0, 1]?. This potential is continuous on [0, 1]
and linear in every polygonal cell. The values of F,. at the tesselation vertices are given in

boldface. The arrows indicate the direction of Vﬁr.

We extend F, to R? by

Ee+iy+i)=Eley)+26+7). (.))€Z(wy) 0,12 (226)

and then by smoothing it we define F,. = n % F,., where n € C* is a radially symmetric kernel

supported on By(d) = {(x,y) : z* + y* < §?}. Finally, we define V, as the restriction of the

gradient field VF, to [0, 1]*:

Vi(z,y) = (VE)(z,y), (z,y)€[0,1].

We define V,, through diagonal symmetry (2.2.4).
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Lemma 2.2.1. Let V, and V, be defined as above. For any arrow field o, the vector field U,

as defined in (2.2.3) is smooth and bounded. Moreover,
Ul>0, U2>0, Ul4+02>c>0, (2.2.7)

for some constant c.

PROOF: By (2.2.6), VF, is Z*periodic, i.e.,

VF.(x+i,y+7j)=VFE(x,y), (i,]) EZQ’

Hence VF,. =7 x Vﬁ} is also Z2-periodic. This implies VF, = ¥, , where «, is the Z*-arrow
field with right arrows only. From the Z2-periodicity of VE, and Fig. 2.1, it is also easy to
see that

VF.(x,y) =VF.(y,z), (x,9) € [y,

where

Thv= |J {@+iy+j):(xy) €ln}, h>0.

(4,4)€Z?

Since the smoothing kernel 7 is supported on By(8), VF, = n x VF, will satisfy

VFE.(z,y) =VF.(y,z), (z,y)€ ;.

Therefore, V, satisfies (2.2.5).

Let a be any arrow field. Due to (2.2.5), we have ¥, = ¥, in I's, which implies that ¥,
is smooth in a neighborhood of T'y. Since, in addition, V. and V,, are smooth in (0,1)2, ¥, is
smooth everywhere.

Finally, the condition (2.2.7) holds for W since it holds for VF,. O
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It is also easy to see that we have the following corollary:
Corollary 2.2.1. For any arrow field «, there is a potential F,, such that ¥, = VF,.

Theorem 2.2.2. Let o be the stationary arrow field introduced in Theorem 2.2.1 and ¥,
be the corresponding vector field defined by (2.2.3). Then, with probability one, all integral

curves v, of W, will satisfy (2.1.4).

Proor: By Lemma 2.2.1, ¥, is smooth, bounded and nondegenerate, so the integral curves
of ¥, are well-defined.

We can partition R? into the union of unit squares:

Rz = U S(i,j)a S(m‘) - [iai + 1) X []7] + 1)'

(4,4)€Z?

We say that z € S(; ;) is regular, if the curve 7, visit these squares in the order given by the
random walks X(; ;). It suffices to show that with probability one, every curve of ¥, passes
through a regular point. The conclusion of the theorem follows from (2.2.1).

We notice that V,.(z,y) = (2,0) in the strip
{(z,y): 0<2 <1, 2/3-20 <y<2/3—6}.
This follows from the fact that VE, = (2, 0) in the strip
{(z,y) :2 €R,2/3-35 <y <2/3}

and that 7 is a kernel supported on By(d). Therefore, all the integral curves of V,. entering

the unit square through the set

s1=9(0,):0<y<2/3-6}U{(z,0):0<z<1}
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have to exit through

so={(l,y): 0<y<2/3—0}.

Let us define Q; ;) C S ;) to be

Qi) =

{(z,y)i<ax<i+2/3-0,j<y<j+1}, ali,j)=u.

We now claim that any point in Q = {J; jcz2 . is regular.

Suppose (io, jo) € Z* and z € Q0. I a(io, jo) = r, then our construction implies
that after exiting S(i, jo), 7= enters Qo+1.50) C Stio+1,j0)- I @(io, jo) = u, then after exiting
S(i0, Jo), V- enters Qi jo+1) C Stigjo+1), see Fig. 2.2. Applying these steps inductively, we see

that ~+, indeed “follows the arrows”, so z is regular. This proves the claim.

Qi j+1
| (¢ | [\
I I
Qi) ﬁ:) Qi)
(a) Case 1: a(i,j+1)=r (b) Case 2: a(i,j+ 1) =u

Figure 2.2: Tllustration of the flow when «(i,7) = r.

Furthermore, since all walks coalesce due to Theorem 2.2.1, any up-right curve (i.e., v(¢)
such that v/(t) -7 > 0,7'(t) - w > 0,79/(t) - (r +wu) > 0) must intersect §2. This implies that

any integral curve of W, passes through some regular point. The proof is complete. O

2.2.2 Weakly mixing vector field

The vector field W, constructed in the previous section has all the properties that are

required in Theorem 2.1.1 except R2-stationarity and weak mixing, although its distribution
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is invariant under Z2-shifts. The goal of this section is to modify the vector field and gain
those properties.

To obtain an R?-stationary and ergodic random vector field without requiring the weak
mixing property, we could introduce a simple randomization by adding an independent
[0, 1]2-uniformly distributed random shift to ¥,. To obtain a weakly mixing vector field we
need to apply an additional random deformation that we proceed to describe.

Let 1= 3,04, and v = . &, be two Poissonian point processes on R and fix a family

of positive C'*-functions (¢a)a~o with the following properties:
1. ¢a(z) =1 near z =0 and = = A,

2. fOA Oa(z)de =1,

3. (A,z) = ¢a(z) is continuous (and hence measurable).

We define

purtea) = (.20 + [ o v+ [ o s ar),

where

Ql
I

a(x) = inf{a; : a; < x}, a = a(x) =sup{a; : a; < x},

b=b(y) =inf{b; : b; <z}, b

b(y) = sup{b; : b; < x},

and p((0,z]) (resp. v((0,y])) is the number of Poissonian points in the interval (0, z]

“_»

(resp. (0,y]), with a sign if © < 0 (resp. y < 0). If we order the Poisson points in

the following way:

a:-<a1<a<0<a<--, bi--<b1<b<0<b <---,
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then ¢, , is a C*-automorphism of R? and satisfies

euv{r =ai}) ={e =i}, wu.(y="0b}={y=7}, ijeZ (2.2.8)

In particular, ¢, , maps the rectangle R; ;) = [a;, @i4+1) X [bj, bj+1) to the unit square S(; ;.

Let us consider the pushforward of ¥, under the map ¢!, i.e., the vector field

P(x) = D@;’}/ (go(x)) -, (gow(x)) = (Dgpw,(x))_lklfa (goﬂ,,,(x)), x € R?,

where D f denotes the Jacobian matrix of f and V¥, is introduced in section 2.2.1. Due
to (2.2.8), in each rectangle Ry, j), the vector field ® is a “deformation” of either V, or V,,,
depending on whether a(i, j) = u or 7.

We will show that if a;, ;4 and v are independent, then ® is stationary and weakly mixing.
We start by a formal construction of an appropriate R?-system. Let ((Ly)ver, M, Prq) be
a Rl-system where M is the space of locally finite configurations of points on R (they can
be identified with integer-valued measures such that masses of all atoms equal 1), Py is
the Poisson measure on M with intensity 1, and the R'-action L, acting on pu = Y d,,
by Lop =Y 04,y We also recall the Z'-systems (S1, X, \) and (S, Y, \) from Section 2.2.1.

Let us consider the following skew-products
(Ly)oer, M X X,Par® ), Ly(p,z) = (Lop, SO V2), (2.2.9)

and

((Ly)ver, M X Y, Py @ ), Ly(v,y) = (Lyv, S5Oy, (2.2.10)
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Let us take the product of (2.2.9) and (2.2.10):

~ ~

((Low) wwyerzs 4, P) = ((Ly X L) (wwyerz, M* x X X Y, P3 @ A?). (2.2.11)

For Q>0 = (u, v, x,y), one can check that the vector field ® satisfies

~

¥ (v, w) = (Dgouvy(v,w)>1\11a(x,y) (uw(v,w0)) = &(Lyw @), (2.2.12)

where

-1
& v,2,9) = (D20(0,0)) Vatay (90, 0))

The definition (2.2.12) implies that ® is stationary. The following theorem states that it is
weakly mixing.
Theorem 2.2.3. The R2-system (2.2.11) is weakly mizing. Moreover, with probability one,
all integral curves of the vector field ®° satisfy (2.1.4).

The fact that (2.2.11) is weakly mixing is implied by the following and Theorem 2.2.5.

Lemma 2.2.2. The R'-systems (2.2.9) and (2.2.10) are weakly mizing.

Proor: We will only show that (2.2.9) is weakly mixing. By Definition 2.2.2, this is

equivalent to the ergodicity of its direct product with itself, i.e., the R-system
((L3)ver, M? x X2, PR @ A7), (2.2.13)

For (u,u',z,2") € M? x X2 let us write L?(u, p//, 2, 2") = (o, i1, 7, 2')). We notice
that under the measure P3, x A2, (z,, ¥ ),er is a Markov jump process on X? starting from
A%, jumping from (z,2’) to (z,S;z") with rate 1 at times recorded by ' and from (z,z’)
to (Syx, ") with rate 1 at times recorded by u. The R'-action L? acting on M? x X? is the

time shift of this Markov process.
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Therefore, the ergodicity of (2.2.13) is equivalent to the ergodicity of the stationary
Markov process (x,, 2! ),ecr. The ergodicity of a stationary Markov process can be described
in terms of the associated semigroup and invariant measure. We recall that for a Markov
semigroup P = (P;);>0 and a P-invariant measure v (i.e., satisfying vP* = v for all t > 0), a
set A is called (almost) P-invariant if for all ¢, P*14 = 14 v-a.s. The pair (P,v) is ergodic if
and only if v(A) = 0 or 1 for all invariant sets A.

Suppose that A C X? is an invariant set for the Markov semigroup P associated with the

process (&, 2 )yer. Then, for any t > 0,

Pl y(x,2') = Z pi(a,b)14(S¢w, Sba'),
a,b=0
where p;(a, b) is the probability that the two independent rate 1 Poisson processes make a
and b jumps respectively between times 0 and ¢. This implies that A is an invariant set for
the Z2-system
(51 % Si))(@b)eZQaXZa)‘Z)'

By Theorem 2.2.4, since (S, X) is ergodic, this product system is also ergodic. This implies

that A?2(A) = 0 or 1 and completes the proof. O

PrROOF OF THEOREM 2.2.3: The weak mixing will follow from Definition 2.2.2 and
Lemma 2.2.2. Since all integral curves of ® are images of those of ¥, under the map gp;}j,

(2.1.4) follows from Theorem 2.2.2 and SLLN for i.i.d. exponential random variables. [

2.2.3 Auxiliary results

Here we give some standard definitions and facts from the ergodic theory.
Let G be a group. We call ((Ty),ec, X, B, it) a G-system if (T}),ec is a measure preserving

action of the group G on a probability space space (X, B, ). When G = Z, we will write
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(S, X, B, 1) where S = T;. We may omit the o-algebra B along with the measure p if the
context is clear.
The product of two systems, ((1})gec, X, B, 1) and ((1})nen, Y, B, v), is a (G x H)-system

((Ty x Tp,) (g myeaxn, X x Y, B®@ B, ® v). The group action is defined by
(T, x T)))(x,y) = (Tyx, Tyy), g€ G, he H. (2.2.14)

The direct product of two G-systems ((Ty)gec, X, B, 1) and ((T,,)yeq, Y, B',v) is again a
G-system ((Ty X T))geq, X x Y, B® B, p®@v), where T, x T, is defined according to (2.2.14)
with h = g € GG, so this is the diagonal group action of G on X x Y.

In the rest of the section and in the paper, the group we are dealing with will always be
R? or Z%, d € N. For g = (g1, ...,94) € G, |g| = fg?él‘gi‘ its L>-norm. We use dg to denote
the Haar measure, i.e., the Lebesgue measure if E;iz R? and counting measure if G = Z9.

The following are standard definitions on ergodicity and weak mixing for group actions

(see [BGO4]).

Definition 2.2.1. We say that o G-system ((1y)4ec, X, B, i) is ergodic if and only if one of

the following equivalent conditions holds true:

1) If a set A is almost G-invariant, i.e., f(AAT,A) =0 for all g € G, then p(A) =0 or
u(A) =1.

2) For any bounded measurable function f,
fim o [ @)dg= [ 10 utao) (2215)
im —— x = x x), -a.s. . 2.
R—o0 (2R)d lg|<R g g a a

Definition 2.2.2. We say that a G-system (1)) gec, X, B, i) is weakly mizing if and only if

one of the following equivalent conditions holds true:
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1) For any two sets A and B,

1

pm o | IHTAR ) — A3 dg =

2) The direct product ((T, x Ty)gec, X X X) is ergodic.
Theorem 2.2.4. The product of two ergodic systems is ergodic.

Proor: Let ((T)gec, X, B, 1) and ((1})nen, Y, B',v) be two ergodic systems. It suffices
to show that (2.2.15) holds true for the product system with f(z,y) = 1axp(x,y) for any
AeBand BeB.

We can use the ergodicity of ((T})seq, X) and ((T})nen to see that

1

lim —/ 145(T,z, T y)dgdh
reo (2R figayen ot 1)

1 1
= lim —/ 1Txd-—/ 15(T]y)dh | = n(A)v(B
Tim. ( i ), 1Tl o | 1s(Ti) ) H(A)w(B)
holds for p-a.e. z and v-a.e. y, i.e., for u x v-a.e. (z,y). The proof is complete. 0

Theorem 2.2.5. The product of two weakly mizing systems is weakly mizing.

Proo¥r: Let ((1,)4eq, X) and ((T})nen,Y') be two weakly mixing systems. Their product

((Ty x T}) (gpyeaxm, X x Y) is weakly mixing if and only if
((Ty x Ty) x (T X T})) gmexm: (X x Y) x (X x Y)) (2.2.16)

is ergodic. The latter is isomorphic to the product of ((T, x T,)sec, X x X) and ((T}, x
T hem, Y xY), and both of these systems are ergodic. So (2.2.16) is ergodic by Theorem 2.2.4

and this completes the proof. O
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2.3 Strongly mixing example

We describe our construction and prove the strong mixing property in section 2.3.1. We

study the flow generated by our random vector field in section 2.3.2.

2.3.1 Construction and strong mixing

Our construction is based on a Poissonian point field. Let (9, Fo, Py) be a complete
probability space, where €2 is identified as the space of all locally finite configurations
w={n = (v5,r:,&,0:),i € N} in X = R* x R x R x X where X = {1,2}. Configurations
w are sets, with no canonical enumeration. As usual, we use an arbitrary enumeration for
convenience.

The o-algebra Fy is generated by all the maps w +— n(w N B), where B is any bounded
Borel set in & and n(-) counts the number of points in a set. The measure Py is the

distribution of a Poisson point field with the following intensity p:

lae™
p(dz x dr x d§ x do) = 5@1{,,207 esndrvdrdido = f(x,o,r,§)dvdrddo. (2.3.1)

where 1 < o < 2 is a fixed number, and on the right hand side dz, dr, d§ are the Lebesgue
measure and do is the counting measure. Since p has no atoms when projected onto the

r-component or £-component, we see that with probability one,
T #Fxj, & F &y 1 F (2.3.2)
This allows us to work on a modified probability space €2 with full measure:

Q2 ={w: (2.3.2) holds true}.
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Let us denote by F and P the restriction of 5y and Py onto 2. From now on we will work
with the probability space (2, F,P). We will also denote the components of n € X by z(n),
£(n), etc. We can interpret this Poisson point field as a compound Poisson point process in
the usual way: the spatial footprints x; form a homogeneous Poisson point process in R? with
Lebesgue intensity; each x; is equipped with labels r;, &;, o; that are mutually independent
and independent of labels of other points, with distributions Exp(1), Par(«), and uniform
on Y. Here we denote by Exp(A) the exponential distribution with parameter A > 0, with
Lebesgue density Ae‘”l{rzo}, and by Par(«) the Pareto distribution with parameter o, with
density 57113

In the rest of the section we will construct a random vector field given any fixed config-
uration w. Let e, ey be the standard basis in R%. We often write z = (2!, 2?) for a point
in R2. For each n; € w, let us associate with x; a domain of influence D;, which is a rectangle

of length 7;§; and width 1 in the direction of e,,. More precisely, we define

D: X — rectangles in R?,

@2 o] x [0 + 1), o =1,
n=(z',2% 1 & 0) —

[z}, 2! + 1] x [2%, 2% + r€], o=2.

and let D; = D(n;). We call n; the base point and &; the strength of the domain D;. For any

region R C R?, we also define D~}(R) C X as

DMR)={ne X:D(n)NR+2).

Lemma 2.3.1. With probability one, every bounded set in R? intersects with a finite number

of domains of influence.

Proor: It suffices to show that for all m,n € Z, with probability one the unit square

135



R =[m,m+ 1]x[n,n + 1] intersects with a finite number of D;’s. This is equivalent to

u(D71(R)) < co. Without loss of generality let us assume R = [0, 1]2. We have

D YR)={n= (2" 2% ré0):0=2 22<1, —1<2' <1, 0<2?+7rE}

U{n= (" 2%r&o):o=1 21 <1, -1<2°<1, 0<z' +r€}

and
w(DHR)) = 2/ flz,r & o)dr dr d€ do
{0=2,22<1, - 1<z <1,0<z2+r€}
da? / dz? / dé’ e "dr
/ §a+1 —x2) /€
=2+ 2/ dz? / €a+1 T
=2+ 2/ — d€ < o0,
&

where we used f_loo = ff)oo + fol in the third line, and o > 1 in the last line. U

For A C X, we denote by F, the o-algebra generated by all the maps w — n(w N B),
where B C A is any bounded Borel set. Let © be a special element and for u(A) < co we

define ¢(A) € X U {O} as

O, ANw=o

argmax{{(n) :n € ANw}, ANw# 2.

In other words, when there is at least one Poisson point in A, ¢(A) gives the one with
highest strength. For convenience we also assign a strength to the special element © by

setting £(©) = 0. Tt is clear that ¢(A) is measurable with respect to Fy. For z € R? we also
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abuse the notation to write

$(x) == ¢(D~'({z})).

The meaning of ¢ should be clear from the context.
Let p be a smooth probability density supported on [—1/3,0]%. The desired vector field is

constructed as a convolution v = p * v, where

Co(d(z))s o(x) # ©

%(61 + 62), ¢($) = 0.

Clearly, 0 satisfies (2.1.5) with v replaced by ©. Therefore, v = p * ¥ also satisfies (2.1.5). In
the rest of this section we will state and prove the strong mixing property of v.

For z € R2, let us define the shift operator #% acting on X by

O*(x,r,&,0) = (x — 2,1 0).

This induces the shift operator %w = 6*{n;} := {#°n;} defined on Q. Since (6?).cge preserves
the measure p, {07}.cge is a measure-preserving R%-action on (9, F, P).

We temporarily write v(x) = v,(z) to stress its dependence on the Poisson point configu-
ration. The map V : w — v,(+) is measurable from (2, F) to (M, B(M)), where M is the

space of continuous vector fields on R?, and B(M) is the Borel o-algebra induced by the LU

metric
—+o00
v —vllcnnz A1
d = :
(u7 U) ; 2n bl

Let Py = PV ™! be the push-forward of P. Since v,(z) = v, ((0,0)), {07} .cre is also a

measure preserving R?-action on (M, B(M),Pay).

Lemma 2.3.2. The R*-system ({607}.crz, M, B(M),P ) is strongly mizing.
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PROOF: We need to show that for any A, B € B(M),
Pu(ANO°B) = Py(A)PM(B), |z = |21 + 2% = 0. (2.3.3)

It suffices to prove (2.3.3) for A, B € B(My), where My is the space of vector fields restricted

to Ly = [N, N]?, since B(M) = \/y_, B(My). Let us write
La(v,) = hwi,wo),  1p=p(vw) = g(wa, wo),
where w; = wN A; and
Ao =DHLy)NED HLy), A =D YLy)\ Ao, Ay=6D(Ly)\ Ao

Here, for simplicity we have suppressed the dependence on z of g, h and w;’s. Let h(wy) =

E[h(w1,wo)|wo] and g(wy) = E[g(ws,wp)|ws]. By independence of w;’s,

Pu(AN6*B) = Eh(w:,wo)g(wa, wo) = Eh(wy)g(wo)

= h(2)3(2)P(wo = @) + Eh(wn)g(wo) Luyro-
Using this and noting that 0 < g, h < 1, we obtain
Pu(ANO°B) — h(2)3(2)| < 2P(w # 2). (2.3.4)

We also have

= (E(@) + E(h(wp) — 1)1%7&@) (g(ﬁ) + E(g(wo) — 1>1wo¢@)a
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and therefore
So if we show that

then this and (2.3.4), (2.3.5) will imply (2.3.3). The limit (2.3.6) is equivalent to
1(Ag) = M(D‘I(LN) N §ZD‘1(LN)) 50, |2 — oo
Let |z]; > 4N, and without loss of generality assume z' > 22 > 0. Then
AC{n:o=1 2" <—2'+N, |2?| < N+1, 2* +r£ > —N}.

Therefore,

p(Ag) < (N +1) /_Z h dz' / for d¢ /j:: " dr
:

z/+z —2N
(N+1 / dy/ gati dée”
N + / _ 2z —2N —2N .

(2.3.5)

(2.3.6)

zl-oN
Since @ > 1 and e”~ ¢ — 0 as |z]1 — oo, the last line indeed goes to 0 by dominated

convergence theorem. This completes the proof.

2.3.2 Long-term behavior of integral curves

g

In this section we will show that the integral curves of the vector field v constructed in

the previous section satisfy (2.1.4).
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Suppose a domain of influence D; intersects the line {27 = L}. We say that another

domain of influence Dj is a successor of D; at level L if

¢<x17 ZL’2> = i,

and

V(@' a®): L-1<a™ < L, af* <a™ <af +1,

(2.3.7)

(2.3.8a)
(2.3.8b)

(2.3.8¢)

where 1 =2 and 2 = 1. (See also Figure 2.3.) Although (2.3.8a) is almost the same condition

as (2.3.7) except in a slightly different region, it is natural to separate these two conditions

as the reader can see later in this section.

(2.3.8)
(2.3.8)
(2.3.8¢)
— (2.3.16)

Figure 2.3: D; is the successor of D; at level L (o; = 1).

If D; is the successor of D; at level L, then we have control on the behavior of all the

integral curves starting from {z% = L} N D;. The proof of the next lemma shows that the

numbers L — 1 and 27" — 1 in (2.3.7) and (2.3.8¢c) can be replaced by L — § and 27" — ¢ for

any d > 1/3 but we choose § = 1 for convenience.
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Lemma 2.3.3. Suppose D; is the successor of D; at level L and y € {x° = L} N D;. Then
the integral curve vy, must cross the line segments Sy = {x% = 7'} N D; and Sy = {2° =

22 41} N D;.

Proor: Without loss of generality assume o; = 1. Since the density p is supported
on [~1/3,0]?, we have v(x) = ¢, for all x € {(z',2%) : 2* = 27 + 1, L < 2 < 27}, so no
integral curve can cross this line segment. Since v(z) satisfies (2.1.5), 7, must cross Si.
Similarly, v(z) = ey for all z € {(2',2%) : 2’ = 2 + 1,27 < 2® < 27 + 1}; so after crossing Sy,
7y, must cross Sy. This completes the proof. O
Let y € R? and n € NU {oo}. We define 4,,,,,n > 0 to be the event on which there is a
chain of successors starting from y, formed by n 4+ 1 domains; more precisely, on A, ,, there

is a sequence of points (1, )o<i<, from the Poissonian configuration w such that

L ¢(y) = kg, ok = 1 and §((2)) < E(B(y)) for all z € [y' —1,y'] x [y* — 1,5 (vecalling
that £(©) = 0);

2. §(2) = m for all z € [y — 1,5] x (42,23, + 1];
(the first two conditions describe Ay ,, the next condition is for n > 1)

3. (when n > 1,) Dy, is a successor of Dy, at level y', and for 1 <1 <n —1, Dy, is a

Ok
successor of Dy, at level z; .
1

We really need the desired behavior in a region [y' —1,y'] X (7 ,z} + 1] that is smaller than
the one described by parts (1) and (2) but our definition helps to simplify certain arguments.

We are interested in infinite chains of successors since we have the following results:
Theorem 2.3.1. For any y € R?, P(Aw,) > 0.

Theorem 2.3.2. Let y € R% For almost all w € A, 7, satisfies (2.1.3) and (2.1.4).
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We can now prove our main result:

DERIVATION OF THEOREM 2.1.1 FROM THEOREMS 2.3.1 AND 2.3.2:  Let v be constructed
as in section 2.3.1. Then v satisfies (2.1.5) for all z € R since ¥ does. Clearly, v is bounded,
C>-smooth, and (2.1.3) holds for all starting points z € R2. It remains to check (2.1.4)

Let us denote S(w) = {y € R? : w € Ay, and v, satisfies (2.1.3)-(2.1.4)}. Theorems 2.3.1
and 2.3.2 along with the ergodic theorem and ergodicity of the Poisson point process with
respect to spatial shifts imply that for almost every w, the following holds: for all i € Z,
there are infinitely many j € N such that (7, j) € S(w), and for all j € Z, there are infinitely
many i € N such that (4, j) € S(w). Therefore, with probability 1, for every y € R? there are
T1, 79 € S(w) such that x] < y* < 2} and 73 < y* < z3. The integral curves do not intersect,
which along with (2.1.5) implies that v, is squeezed between 7,, and 7,,, so (2.1.4) for v,
follows. 0

The rest of this section we will prove Theorems 2.3.1 and 2.3.2. We will need some
notations and definitions.

We introduce a partial order “<” on R?: z < y if and only if 2! < y! and 2? < y2. We
then write F, = Flaa<zyxr2xy for 2 € R2.

We will work with measurable maps (random variables or vectors) defined not on the entire
Q2 but on smaller measurable subsets of Q. Let A € F and T be an R?-valued measurable map
defined on a subset of € containing A. We say that (7', A) is a (two-dimensional) stopping
time, or 7' is a stopping time w.r.t. the set A, if for any z € R?, {T' < 2z} N A € F,. With

each stopping time (T, A), we associate a o-algebra Fi:

Fi={Ae F:AN{T <2}NAcF, forall z € R?}. (2.3.9)

Lemma 2.3.4. Let (T, A) and (S, B) be two stopping times such that B C A and B € Fi*.

Assume that T < S holds on B. Then Fi C F5.
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The proof of this lemma and the next one will be given in section 2.3.3
Let

H={(z' 2%, r,&0): 2" >0o0r 2 >0} (2.3.10)

We also have the following version of the strong Markov property for our Poisson point

process.
Lemma 2.3.5. Let (T, A) be a stopping time. Then for any bounded open sets By, ..., B, C H
and ny,...,n; € N,
P(n(QTw NB;)=n;, j=1,..,k we A|_7-174> = P(n(w NB;)=n;, j=1, ,k;) 14.
This result can be interpreted as conditional independence as the following corollary
shows:

Corollary 2.3.1. Let (T, A) be a stopping time. Then 8Tw|y and Fi are independent on

the restricted probability space (A, Fa,Pa) where Fao ={ANA: A€ F} and Py(-) = %.

Equivalently, for any two random variables X = U(0Tw|y) and Y measurable with respect to

Fi, their restrictions onto A are conditionally independent on (A, Fa,P4).

PROOF: Let M be a Fj-measurable r.v. and N = {n(0Twn B;) = n;,j = 1,...,k} for

B; C H and n; € N. We need to show that P4(M N N) = P4(M)P4(N) or, equivalently,
P(IMNNNAPA) =P(MNAPNNA).

This identity is trivial if P(N) = 0. If P(N) > 0, then it follows from P(N) = P(n(w NB;j) =
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n;,j=1,.., k) and identities

P(MANNA) = P(n(w NB)=n;, j=1, ...,k:)P(M N A),

P(NNA) = P(n(w NB)=n,, j=1, ...,k;)P(A),

which are due to Lemma 2.3.5. O

Corollary 2.3.2. Let (T, A) be a stopping time and let | : Q x R* — R be a bounded
measurable function that depends on w € Q only through w|y. Then for any Fi-measurable

random vector X = (X1, ..., Xq),

E(l(eTw,X)lA\f;‘) — 1, (El(w,x)) - (2.3.11)
ProOOF: The proof is standard. We first treat the case where [ is of the form
l(w,x) =l (w)ly(x)
using Corollary 2.3.1, then we use an approximation argument. Il

Remark 2.3.1. Our definition of stopping times is quite delicate. We emphasize that it is
the pairing of the random vector T and the domain A that is important. Fven a constant

time T = (0,0) may fail to be a stopping time with respect to a domain like

A={w: n(wN[-LOPXxRxRxZ)=n(wn[0,1P xR xR xX)}.

In this specific example, the definition fails because if z = (1/2,1/2), then {T < z} N A =

ONA=A¢gF. Asa consequence, the strong Markov property does not hold for (T, A).

Since the shift operators (6%).cg2 are measure-preserving transformations of (€2, F,P), the
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statement of Theorems 2.3.1 and 2.3.2 do not depend on y. Hereafter we will fix y € R? and
write A, = A, . The following lemma makes precise the construction of the events A,.
Lemma 2.3.6. There exist events of positive probability (By,)n>0 and random vectors

( (

(U07 ‘/0)7 n = 07 (U07 ‘/1)7 n = 07
Zn: (Um—l,Vm), n:2m—1, Zn: (Umyvm); n:2m—17

(U Viner — 1), n=2m, (Unms Vins1), n=2m.

\ \

such that the following is true:

1) BpD Ay D DBy DA D, y=Zg<Zyg << Zn < L+

2) For eachn > 0, Zn, Zp, are stopping times w.r.t. A,y (with A_y := Q); we also have B, €

—A —1 —A —1
Fo T Ane Fpui

3) For each n > 0, ny, (i.e., the base point of Dy, ) is defined on B, and measurable

7An—1
w.r.t. ]:Zn .

4) The following recurrence relation holds true:
La, = 15, - go(w, Mkos V1), (2.3.12a)

1a, = 1, - 9:;(6%w, &), (2.3.12D)

where i =1 for odd n and i = 2 for even n, and the functions go, g1 and g are given by

gO(w7 Ca V) = (2313&)

1 {g(n)gg for all neD—1 ([yl—l,yl]x(y2,v]) } ’

91w, Q) = 1y (2.3.13D)

£(n)<¢ for all ne HND—1 ((0,1] x[—z,O]) } ’
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g2(w, &) = (2.3.13c¢)

1{§(n)gg for all ne HND—1 ([—2,0] ><(0,1]> } ’

Here, it is important to note that g, and g depend on w only through w|y. (See also

Figure 2.4.)
22
7
Vol 2
~ Dkg ZQ
L2 T
vl Zo 7| Zy
Vo=y* |- ’lZ() =y |
[ |
Dy, E l
I |
: Ty | : ‘
| o |
| l l ) | |
Up = y' O (=Up+ro)lJ; Y0+ 72 Vot7s Vot !

Figure 2.4: The stopping times Z,, and Zm. The random variables 7;, i = 0,1, 2, 3, will be
used in Lemma 2.3.7.

Remark 2.3.2. In fact, in the remainder of the paper we will use not only the existence

result of this lemma but the explicit construction given in the proof.

PROOF OF THE LEMMA:  We construct By, Z,, Z, and Nk, With the described properties
inductively. We only give the construction for n = 0, 1,2 since the cases for n = 2m — 1 and

n = 2m with m > 2 are similar to those for n = 1 and n = 2, respectively.
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First, Zy = (Up, Vo) := y is a stopping time w.r.t. A_; = {2 since it is constant. We define

By ={o(y) # 0, a(o(y)) =1, &(4(2)) < &(¢(y)) for all z € [y — 1,9'] x [y* — 1,97},

and on By, we define ny,, = ¢(y). Clearly, 15, and 7, are measurable with respect
to F, = ]:"Zf‘o’l. Next, we set V; = xio + 1. Then Z; = (Uy, V1) is also a stopping time
w.r.t. A_;. It is easy to see that (2.3.12a) is true, since the definitions of By and gy match
the conditions (1) and (2), respectively. Finally, we have Ay € ]31240_17 since (2.3.12a) holds
and 1p,, Nk, and V; are all Fgo’l—measurable and hence f;o’l—measurable by Lemma 2.3.4.

Let n = 1. We define
U, = sup {t >Uy: ¢(z) =y, for all z € [Up,t] x [Vi — 1, 4]}. (2.3.14)

If follows from the definition of U, that Z; = ([71, V1) is a stopping time w.r.t. Ag. If U, =
Tt + Tholro, then there is no successor of Dy, at level y'; otherwise, Uy < z}, + 74,k and Dy,
is “blocked” by some other domains, and one of them may be a successor of Dy, ; see the
shaded rectangles in Figure 2.4 as an illustration. In the latter case, we order these domains by
the 1-coordinate of their base points, and let 1, be the base point with smallest 1-coordinate.
By (2.3.2), it is uniquely determined and measurable as a function of w. Throughout the
paper, we prefer defining points like 7, to defining their indices like p in order to avoid
measurability problems since there is no canonical enumeration of Poissonian points. Then
0 = o} = '(n,).

We aim to find a successor of Dy,. The only candidate for the successor will be D(7,).

We define the event B,

B, =A,n{U, < Ty + Thobie } N {op =2, 22 < Vi =2, 22 4+ 1,6, > Vi) (2.3.15)
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and let ny, =1, on By. lf w € By, then (2.3.7), (2.3.8a), and (2.3.8b) are satisfied with ¢ = ko,

J = ki but instead of (2.3.8¢c), the following weaker condition holds (see also Fig. 2.3):
d(wh,, 2%) =My, wh — 1< a” <ap + 1 (2.3.16)

We say that Dy, is “completely” blocked if (2.3.8b) and (2.3.16) are satisfied. For example,
in Figure 2.4, the longest shaded rectangle completely blocks Dy, while the others do not.
Noting that 14, U, are F glo—measurable, and that n,, V4 are f;o‘l—measurable and hence
are also F glo—measurable by Lemma 2.3.4, it is clear that 15, and 7, are JF glo—measurable.
Also, letting U = Uy + 1, we define Z;, = (U1, Vi) = Z, + e1, a stopping time w.r.t. Ay by
Lemma 2.3.4.

Finally, we verify (2.3.12b) for n = 1. If w € A;, since the successor of Dy, is the first
domain that blocks it after level 4 and the blocking is complete, we must have that w € B;
and Dy, , defined on By, is the successor. Then, (2.3.8¢) implies gl(ﬁzlw,ﬁkl) = 1. Therefore,
14, <1p,-¢ (9210),&1)-

To prove the reverse inequality 15, - g1 (Qle, §k1) < 1,4,, we must assume that w € B,
and ¢,(0%w, &,) = 1 and check (2.3.8¢). Let z € (U1, Uy +1] x [V4 —2, V4] and n € D=2({z}).
If n € 6% H, then £(n) < &, by the definition of g in (2.3.13b). If § € 621 H¢, then £(n) < Eko s
otherwise D(n) will block Dy, before Dy, does, which contradicts the definition of Dy,. In
both cases, we have £(n) < &,. Therefore, ¢(z) = ny, for all z € [Ul, Uy + 1] x [Vi —2,V4],
which implies (2.3.8¢) and completes the proof of (2.3.12b) for n = 1.

We also have A; € —7:—12410 by (2.3.12b) with n = 1 and the fact that 1p,, Zl,§k1 are .7:"‘;10—
measurable and hence F. glo—measurable.

The case n = 2 is almost the same as n = 1, except for interchanging the roles of two
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coordinates, so we will just give the construction without verification. We define
Vo =sup{t > Vi : ¢(2) = mp,, ¥z € [Uy — 1,Uy] x [V, 1]},

and if V5 < xil + 71, &ky, then we denote by 7, the base point of the “first” domain that blocks
Dkl- Let

BngﬂWUﬁ<x;+mm&Jﬂ{%:ﬂ¢@Slﬁ—2ﬂ%+rﬁq2Uﬁ

and on By we set 0y, = 1y, Vo = x2 = 1%(n,) and V; = Vs + 1. Similarly to the first case, we

have By € ‘7:;21’ Niy 18 ﬁ921—measurable and Z, = (Uy, \72), Zy = (Uy, Va) are stopping times

w.r.t. Ay, Also, (2.3.12b) with n = 2 holds true and A, € .7:"‘2421. d
On B,, let us define

(ékn)*l(:r‘;’j" —Up)+1,, n=2m,
L, =

(&) M@ = Vin) + 14, m=2m —1.

Let G, = 0(1a,, Tk, &y 0 < i < n) and G,y1 = 0(Gn, 15,,,). The next lemma is the key in

proving Theorems 2.3.1 and 2.3.2. We use the notation Pg(:) = P(:|G) for any sub-o-algebra G.

Lemma 2.3.7. Let n > 0 and ¢y, ca be some positive constants. The following holds:

a>0, (2.3.17)

Pg~n+1 (gknﬁ»l 2 a’gkn) = aoo _% ((; )/a 1Bn+1’ a Z ]" (2'3'18>
Jie s
and
_ —c —a+1
Po, (Ans1) > €% (1 — 160 ?)Eg, e i (2:3.19)



PrROOF: We begin with (2.3.17) with n = 0. Let us first show that
P(Lo > a|lp,, Tky, Eky) =€ “1p, a > 0. (2.3.20)

This means that conditioned on By, r.v.’s Ly and (z,, {k,) are independent.

To see (2.3.20), let us consider w|r, where I' = D™'({y}) N {c = 1}. By part (1) in
Lemma 2.3.13, w|r is again a Poisson point process with intensity 1ru; by part (2) of that
lemma, the process w NI can be regarded as a compound Poisson process that has ground

process {(z;,&)} and marks r;. The mark kernel F( - |(z,€)) is given by

1Ff(x7 r, 57 ]-) dT
IS I f(x,r &, 1) dr'”

F(dr|(z,€)) ~
We also have ny, = ¢(I") on {¢(I") # O} and

re; ko) (2.3.21)

1p, = Ligryzey - Hw

where

1, &)< forallpewn (Dfl([yl -1,y x [y? — 1,y2]) \F),

0, else.
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Since the marks are independent,

P(Lo > a|lsm)2e), Ty Eko)

= Liomzer <{7"ko > a+h} (xko,fko))

1 f;jh 1Ff(xk0> T, gkov ) dr
= (I#©
tehzel fo 1Ff Lhos T gkov )d?”

fa+h 1{y1§xio+r§k0 x}c <yly 71<xi <y2}2 £a+1 d?"

= Lgm)201 7= 1 y
Jo Liyr<at o F78kg @iy <U, 92—1§xioéy2}§ﬁ g

- 1{¢(F)¢®}u Ligmryzoye ", (2.3.22)
f e "dr

where h = (&,) " (y' — 2,). This and (2.3.21) imply (2.3.20) since by i

and &, for any Borel set C' C R?,

76))|c:£k0)

E (67“1{(%0,5,60)60}1{¢(F);A@} (EZ(W‘F% C)) |C=£k0)

E (6_“1{(%@0)60}130) :

E(1{L02a}1{<xk0,§k0>e0}130> = E(1{L02a}1{<zko,§k0)ec}1{¢<r)¢e}(El(w r

The equation (2.3.17) with n = 0 follows from (2.3.20) and (2.3.12a).

Next we will assume (2.3.17) with n = n’ is true, and show that it implies (2.3.18)
and (2.3.19) with n = n’ and (2.3.17) with n =n’ + 1.

For simplicity of notation we assume n’ = 2m is even so that o5, , = 1. The argument is

exactly the same for n’ odd, up to reflecting everything with respect to the diagonal {z! = z%}.

For ( > 1, T > 0, let us define A;((,T), j = 0,1,2,3, to be the following subsets of H
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defined in (2.3.10):

Mo(¢.T)={n: 0<a2' <T, (<¢ 0=2 2" <-2<0<2" +rE},
M(CT) ={n: 0<a" <T, (<€ o0=2 2" <2< -1<a’+7£ <0},
Mp(CT)={n: 0<a' <T, (<& 0=2 -2<2” <0, -1 <a”+71¢},

As(C,T)={n: 0<a*<T, (<& o=1, —2<2*<0}.

For any t,...,t3 > 0, the sets Ao((,%o), ..., A3(C, t3) are disjoint. Let

7 =inf{T > 0:wN0?"\;(&,,.,T) # 2}, 7=0,1,2,3.

The numbers Uy, + 175, j = 1,2, 3,4, are the first times that different types of blocking appear,
illustrated in Figure 2.4 by the shaded rectangles; Us,, + 7 corresponds to complete blocking.

Noting that Usy, + &amLom = T}, o+ Thyp Ehom» WE have

2
B2m+1 - {7'0 == min(£k2mL2m, Tj,j == 0, ]., 2, 3)} (2323)

(The definition of B, for n > 2 is just a proper generalization of the n = 1 case defined
in (2.3.15)).

We claim that conditioned on As,, and &,,,, the r.v.’s Ly, and 7;, 7 =0, 1,2, 3, are inde-
pendent exponential random variables. First, conditioned on A,,,, (2.3.17) implies that Lo, is
independent of &, , and Corollary 2.3.1 implies that it is independent of 622" (w|g). Since 7;,
j = 0,1,2,3, are some functionals of &, and 672~ (w|y), 7;’s and La,, are independent
conditioned on A,,,. Moreover, conditioned on As,,,, the r.v. Lo, is an exponential random

variable with rate 1 by (2.3.17).
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Next, we have

where

Mo(C) = % /C +OO 55:1 de / e / mﬁ e~ dr (2.3.25)
- %/jm gor 5/+Oody/
teo
:%A eggﬁ
M(C)Z%/ngaﬂ f/ dy/(y o)

_1/<+Oo<e oG e

1 +oo o 2 o) . 1 o] .
)\Q(g):§ : §a+1d€|: 1 dy/y1 e dr—i—/o dy/o e dr]

1 [t 1« o
——/C (1—e é)f—ad§+ Q )

(we used the change of variable y = —z?) and

1 Q

+oo
M) = 9 /< = (2.3.26)

2

Let t; > 0, j = 0,1,2,3. The function I(w, () = L{nwna,(c.t;))=0, j=0,1,2,3y depends only
on w|y. Since (Zom, Aam—1) is a stopping time and the r.v.’s 14, , &, are measurable

w.r.t. .7:"2122;7’1, by Corollary 2.3.2 we have

El{‘rjztjv j:O,l,Z,g}lAle{Ekaec} = El<0Z2mw7 ngm)1A2m1{£k2 }

- Z g (kg ti
(El w C |< €k 1A2m1{§k2 ecy = Ee =0 1A2m1{€k2m60}7
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where C'is any Borel set in R. In the last identity, we have used (2.3.24) and the disjointness of
Aj(&kynsti), 7 =0,1,2,3, to compute El(w, (). This shows that conditioned on As,, and &,,,,
the 7;’s are independent exponential r.v.’s and finishes the proof of the claim. We have also
found that the rates of these exponential r.v.’s are \;(&,,.), 7 =0, 1,2, 3, respectively.

By (2.3.23) and our claim on independent exponential variables, we have

A .
Poun(Bamar) = —28km) 5 o2 (g ¢,y (2.3.27)
2 A (G + iy,
]:
for some constant ¢; > 0, where we used
> (6] 3 o 1
s _ —a+l | Ye—a A > =26y, ¢—atl

Jj=0

which follows from (2.3.25), (2.3.26) and &} < &2

k2m

Next, we will show (2.3.17) with n =n' + 1 =2m + 1. For any z € R b > 1, we have

1By 1{1k2m+1 =24 Z2m Loy 41 SO} T 1Azml1(‘9Z2mwv Erams Lom), (2.3.28)

Lt Lomi1za} L Bomis Many, <o+ Zom bny,, o <5} = La,, 12(0727w, Ekyns Lom),
where [y (w,(, L) and l3(w, ¢, L) are defined as follows: for j = 0,1,2,3, we write
w N (A(¢,+00)) = {n )72y
such that the z'-coordinates of n,ij ) are in ascending order. Then

h(w, (L) =1 (2.3.29)

(21 () =min{a (n7),j=0,1,2,3} < L} L= <D}

l2(w7C7 L) = 1{%+?>a} ) ll(w7<7 L)7 (2330>
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where 77%0) = (&,7,€,2). Since A;(¢, +00) are disjoint, {n,(cj )} are independent Poisson processes.

Moreover, for each j = 0,1,2,3, we can view {n,(j) = (xlgj),r,(gj), ,ij),a,gj))} as a compound
Poisson process that has ground process {(x,(j ), 5,(: ))}, marks r,(cj ) (noting that a,gj ) = 50) is

constant), and the mark kernel given by

1Aj(C,+OO)f(x7 r, 57 O(j)> dr
fOOO 1Aj(c:+00)f(x7 TI? ga U(j)) d?"/

Fi(dr|(x,€)) = (2.3.31)

By part (2) of Lemma 2.3.13 and (2.3.31), we have

~2 . . T ~
P (%w >a | @,60),5=01,23 k> 1) = F° ([a— §,+oo)\<a%,£>)
B foj% 1A0(é +00) ('7?7 T, éa 2).](‘(:%7717 é? Z)dT’ faoj% 1{T2_%}f(j;7717§7 2)d7”

fooo Lo (éto0) (Z,r,&2)f(z,r, & 2)dr fooo 1{@—%}]0@’ r,&,2)dr

Then by (2.3.30) we have
Els(w,(, L) = e “Ely(w, (, L). (2.3.32)

We claim that

E (1{L2m+1 >a} 1 Bopnia 1{wk2m+1 =2+ Zom gy, 41 <0} |g2m>

=e E <1Bzm+1 1{Ik2m+1<z+22myfk2m+1§b} |ggm> . (2333)

To see this, we note that since (Zs,,, Aoym—1) is a stopping time and Gy, C ﬁ?jﬂf‘l, we can
insert conditional expectation with respect to f?j;’l, use (2.3.28) and the fact that the

functions l;’s depend only on w|y to apply Corollary 2.3.2 and (2.3.32).
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Since Zs, is measurable w.r.t. Goy,, (2.3.33) implies

E (1{L2m+1 >a} |g2ma 132m+1 9 xk2m+1 ) £k2m+1> = 6_alB2m+1 . (2334)

Finally, we use (2.3.12b) to derive (2.3.17) with n = 2m + 1 from (2.3.34). Let C be an

arbitrary set in o(Gom, Tropri1s Ekamys ). We have

E (1{L2m+1 >a} 1C]'A2m+1> E 1{L2m+1 >a} 1ClBZm+1 g1 (922m+1w7 £k2m+1 ))

I
m

1{L2m+1>a}10132m+1 (91(6Z2m+1w7£k2m+1)|ﬁ42m ))

(

( Zom+1
E(l{L2m+1>a}1clem+1 (Eqr () e, )

(

(

E 67a101A2m+1>

Here, the first identity follows from (2.3.12b), the second from the fact that 1yz, . >4, 1o
and 1p,, ., are measurable w.r.t. F ‘Zf‘;:ﬂ, the third from Corollary 2.3.2 with the stopping
time (Zom1, Ao ), the fourth identity from (2.3.34), and the last identity follows from the
same reasoning in the first three lines except replacing 1z, ,,>4 by e~®. This proves (2.3.17).

To see (2.3.18), for fixed a > 1 we can write 79 = 7," A 7y, where 7 (7;) is the first time
that a complete block occurs with strength bigger (smaller) than a&y,, . Conditioned on &, .

and Zy,,, 7 are independent exponential random variables with rates

M

1 [t o 1 kg, 2
N = _/ e, g = _/ et g, (2.3.35)
2 a€ko,, é 2 13 g

kom

where the computation is the same as that of A\¢(¢). This gives (2.3.18).
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Finally, we have

Pg,... (A2mi1) = P, (Bami1)Eg,, . 91077 w, &k, ). (2.3.36)

Since Q~2m+1 C f;jm . and &o,,41 is measurable w.r.t. ]—“‘Zf‘;m , using Corollary 2.3.2 with the
m+ m+1

stopping time (Z2m+1, Aoy, we have
Es,, . 107w, &, ) = Eg, [(Egl (w,Q)) \Cz%mﬂ] . (2.3.37)
By the definition of g; in (2.3.13b), we have
Egi(w, ) = P(n(wnA) =0) = e ), (2.3.38)
where

A=D""((0,1] x [-2,0]) \ H
={n:o=10<2'<1,-3<2*<0,¢{>(}

U{n:0=20<2'<1,22<0,2°+7£ > -2, > ().
By a direct computation, we have for some constant ¢y > 0,

1 1 0 o] d
:—/dxl/ dxz/ ad
2 0 é“oz-i-l

d
/ dx? / dax? / ozfl e "dr < 7T (2.3.39)
M s 1(—a—a),

Combining (2.3.27), (2.3.36), (2.3.38) and (2.3.39), we prove (2.3.19) with n =2m + 1. O

Corollary 2.3.3. Conditioned on By, the distribution of &, has a density with respect to the
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Lebesgue measure, and its support is [1,00).

PROOF: By (2.3.21) and the independence of w|pe and &, for any Borel set C' C [1, 00), we

have

E<1{sk060}1so> = E<1{£k060}1{¢(r>7ee} (El(wlre, () \<=ak0>-

Since El(w

re,() is continuous in ¢ and positive for ¢ > 1, it suffices to show that the
conditional distribution of &, given {¢(I') # ©} is absolutely continuous and supported
on [1,+00). The projection of w NT onto the &-coordinate is again a Poisson process with
intensity that is absolutely continuous and supported on [1,4+00). The claim of the lemma

follows since &, is the maximum point of the projected Poisson process. [l

Corollary 2.3.4. The conditional probability Pg, (An+1) = p(&k,) is a function of &, .
PROOF: From (2.3.36) and (2.3.37) we have

Pg. (Ans1) = P, (Bui1)Eg, ., (Egi(w, Q)| (2.3.40)

C=Ekyyq

where ¢ = 1 if n is even and 7 = 2 if n is odd. The right-hand side is a function of &, due

to (2.3.27) and (2.3.18). O

On A,, n > 1, we introduce

Uni1—Up, n=2m+1,
R, =

Vm+1 — Vi, n=2m,

and e, = R, /r(&,) where



We also let eg = 0.
Recalling that & , e, are defined on A,,, we can introduce an artificial cemetery state A

and define the following process (X,,),>0 on R* U {A}:

(gkn7 €n), w e An7
X, =

A, wé A,

Lemma 2.3.8. The process (X,)n>0 is a Markov chain on R* U {A} with the following

transition kernel P((C,€),-) supported on [¢,+00) x [0, +00) U {A}:

P((Cv 6)7 {A}) =1- p(C)? (2341)

P((¢,e). e, +00) x [b, +:00)) = e"Q(C, [¢, +00))p(C)

where ,
I
Q(¢[a¢, +o0)) = " —5—"-, ax1 (2.3.42)
Jie (@)™

ProOOF: We notice that (&, ,e,) is measurable with respect to G,. To prove the Markov

property and verify the expression for the transition kernel, it suffices to show

Pg., (An—i-l) = PEk-n (An—i-l) = p(fkn) (2'3'43>

and

Pg, (Ant1 N {a&, < &irs7(E)b < RoY) = €7°Q (s [abk,, +00))Pe, (Angr).  (2.3.44)

The first identity (2.3.43) is true due to Corollary 2.3.4. For (2.3.44), similarly to the
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derivation of (2.3.40), we can rewrite its left-hand side as (i = 1 for even n and 2 for odd n)

Pgn (Bn—I—l N {agkn < gkn+17r(£kn)b < Rn}) ) Eg~n+1 (Egi(w7 C)) |C:§kn+1

= Pgn (7-(;’— = min{fkan 7_0+7 7_0_7 T1, T2, 7—3}7 r(gkn)b < 7—(5’_) : Eén+1 (Egi(w, C)) |<:fkn+1 :

Noting that conditioned on G, the r.v.’s &, Ly, 7'3:, T1, T9, T3 are independent exponential with
rates §k_n1, /\g[, A1, A2, A3, respectively, and the sum of these rates is r(&, ), we obtain that
the last line of the last display equals

A

—b7'0 0

. ‘Bz (Egi(w, )=

)\0 T(gko) gn+1( g( C))|C fkm_l

= "Q(&,, [k, +00))p(&r, ),

where we used (2.3.40) and that Q (&, , [a&,, +00)) = AJ /Ao by (2.3.42) and (2.3.35). This

completes the proof. O

Let (W,,) be a Markov chain on [1, +00) with transition kernel @ in (2.3.42). We denote
the distribution of this Markov chain started from ¢ by P¢ and the expectation with respect

to it by ES.

Lemma 2.3.9. Let h(¢) = E¢ [ p(W;). Then we have

7=0
PXo=Ce) (X, £ A, n > 0) = h(C) (2.3.45)
and
W) > E [ =" (1 — ewp ). (2.3.46)
j=0

Moreover, h(C) is increasing in (.

PROOF: From the transition kernel (2.3.41), we see that after projecting (X,,),>0 onto its
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first coordinates, the resulting process (X}),>¢ is still a Markov chain on [1, +oo] U {A'},

where Al is the cemetery state, with transition kernel

Q' (¢ A{A"}) =1-p(Q), Q'(¢ [a¢, +00)) = p(Q)Q(C, [a¢, +00)).
Then, for N > 1,

pro=(oe) (X, #A,0<n < N)
= PXo=%(X! £ AL 0<n<N)

— [ Q@) [ @ude) [ Qs dirplon)
[1,400) [1,400] [1,400)
N-1
— d dés) - - d
/[1,+oo)Q(§07 C1)/[17+OO}Q(C1, C2) /[1#00) (Cn-2;dCn—1 JHOP
N-1
=E® H p(WJ)
=0
Letting N — oo we prove (2.3.45). Now (2.3.19) implies
p(O) > X7 (1 — e B e

and (2.3.46) follows.
To see that h(() is increasing, we notice that p(() is increasing as can be seen from (2.3.27)

and (2.3.40), and that Q((y, -) is stochastically dominated by Q((z, ) for 3 < (. O

Lemma 2.3.10. There are i.i.d. Par(a — 1) random variables (Xn)n>1 such that for each n,

Xn @S a measurable function of W,_1 and W,,, and W, > x,W,_1
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Proor: For all a > 1 and z > 1, we have

% da’ < 2 da’
Jo @ _Jo T R QM fer, )

a da — a —2 go .
f]. W fl & a/z(;iﬁ Q(.’E, [ZL‘, CL:L‘))

This means that for all x > 1, the Par(aw — 1) distribution is stochastically dominated
by the conditional distribution of % given W, 1 = x. Therefore, one can define a
measurable function z(a,z) < a such that if U ~ Q(x,-), then z(U/x,z) ~ Par(a — 1).

Setting y,, = z(%, W,,_1) finishes the proof. O
Lemma 2.3.11. For all { > 1, h(¢) > 0.

PrROOF: Let Wy = Wy and W,, = Wyxn - -+ x1 for n > 1 where (x»)n>1 are introduced in

Lemma 2.3.10. We have W,, < W,,, n > 0 and hence (2.3.46) implies

RO = E [ e~ (1 — e 2).

=0

For t € [0,1/2] we have In(1 —¢) > —(2In2)t. Assuming first { > (ZCl)ﬁ, since W, >

Wo = (, we have 1 — c,)Wo—2 > e~ (@MW~ Using this and Jensen’s inequality, we have

h(¢) > ES H exp [ —2W 1t — oW, T — (21n 2)01Wf;_2)]

n=0

> exp [ - EC(i 2V, + W, + (210 2)01W3*2|W°>]

n=0

—= B_CC

where the last identity holds since for any v < 0,

ECY W) =()  (Ex)" =0
n=0 n=0
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For general (, it suffices to notice that after one step, the distribution of W; is supported
on [¢,+00). This completes the proof. O
PrROOF OF THEOREM 2.3.1:  The theorem follows from Corollary 2.3.3 and Lemmas 2.3.9
and 2.3.11. U
Recall that we have A, = {X,, # A,n > 0}. Let P be the conditional law of (Xn)n>0
on A,. Then by Doob’s transform, under P the process (X, )n>0 is a Markov chain on

[1,4+00) x [0,00) with transitional kernel

P((¢,8),d¢ x ds') = MEIP((C5), A x ds') _ MARGAT) o o (2.3.47)

h(¢) h(¢)

Lemma 2.3.12.

=1, »=0,1. (2.3.48)

|5<lim inf Fit e Rom = 0)

PrOOF:  Without loss of generality we assume » = 1. Let us denote X,, = ((p,en).
From (2.3.47), we see that under the conditional law P, (Cu)nso is a Markov chain with
transition kernel

0 ¢, +00)) = & <aoo)62 "
h(Q) [ e e e

and (ey),>1 are i.i.d. Exp(1) random variables that are independent of ((,).

Since h(() is increasing, we see that

[ e LR Q¢ lag, o)
S T raQe & QG (G ar) |

So analogously to Lemma 2.3.10, we can couple with ((,),>1 a sequence of i.i.d. Par(a — 1)
r.v.’s (Xn)n>1 such that x, depends on (, and (,—1, and ¢, > xnCn—1. Hence, ¢, >

CiXjt+1 - Xn- Also, there are constants ki, ko > 0 such that ki7(§) < r(§) < kor(§),
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where 7(£) = €71, Therefore, using this with n = 2m and j =0,...,2m — 1,

Rl +---+ RQm < @f<C0)el +o f(Cmel)QQm < kQ Fm

Rom41 1 7(Com)€2mt1 ~ kieomi1’

(2.3.49)

where
a—1 a—1
. Hl 61 + R H2m 62771

I Ha—l
2m—+1

)

and I, =1, II; = x1 -+ xi_1, ¢ > 1. If we can show that liminf F,, = 0 a.s., then we have

m— 00

liminf F,,, /egmi1 = 0 a.s. since eg, 41 is independent of F,,. The lemma will then follow
m—0o0

from (2.3.49).

Let Hy = 0(X1s -y X2m—1, €15 -y €2m) aNd Hsm = 0(X2m, X2m+1s -5 €2m41s -..) For 0 <

M < m, we define

a—1 a—1
M 5 eani1 + - - g ean

m a—1
1_[2m+1

Then Fé‘f € H>p and has the same distribution as F},_j;. Moreover, since Iy, 41 — +00

a.s., we have liminf F,,, = liminf FM a.s. for all M.
m—r 00 m—r0o0

Therefore, lim inf F,,, is measurable with respect to the tail o-algebra () Hs>,,. But the

m—00 m>0
tail o-algebra is trivial since all y;’s and e;’s are independent, so Kolmogorov’s zero-one law
applies and thus P(liminf F,, = a) = 1 for some constant a € [0,0]. We need to show
m—o0

that a = 0.

By Fatou’s lemma,

2m
Elim inf F,,, < liminf EF,, < liminf » "(Ex} ™)™ < oo.
m—o0 m—00 m—o00 "

Therefore, a < oo.

Suppose that @ > 0. Then there is an infinite sequence of stopping times (my) with
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respect to (H,,) such that F,, < 2a, that is,

a— a— 3 a—
I ey + .+ 115, e, < 0" g ', kel

Since Xom,+1, X2m,+2 take arbitrarily large values, the events

— —Q 3
Ey = {X%m;ﬁ—? (X%mk—f—l <§a + €2mk+1) + €2mk+2) < a/Q}

are of positive probability (which does not depend on k) and independent, so, almost surely,

infinitely many of them happen. Since on £}, we have

a—1 a—1 a—1 a—1
I ey + o+ g eomy, + 150, 1 omptn + o, oCom, 12

3 a
a—1 a—1 a—1
< 5, 41 54 + €2mi+1 + Xomy41€2mp+2| < §H2mk+37

this inequality holds for infinitely many k. Therefore, liminfF;,, < & which is a contradiction.
m—0oQ

Hence a = 0 and the proof is completed. O
PrROOF OF THEOREM 2.3.2: Suppose w € A, ~. By Lemma 2.3.3, 7, will cross
all the line segments {U,, — 1} x [V, — L, V,,], [Un — 1,Up) X {Vipy1 — 1}, m > 1. Let
Y(tm) € {Unm — 1} x [V;,, — 1, V,,,]. Recalling the definition of R,,, we have

3
L

Vl(tm) — Um -1 Z R2m—1 + U07 72(tm) S Vm S <R2k + 1) + VE]
0

il

As in the proof of Lemma 2.3.12, R,, > k1(CoX1 " Xn_1)® en, 50 lim,, o 7= = 0. This and

Lemma 2.3.12 imply that

lim inf 7 (tm) < lim inf m o+ Vot D hg Fo < liminf &£=0 ~ % b
m—00 "yl (tm) m—00 Rmel —+ UO m—00 orm—1

=0, (2.3.50)
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which shows that lim inf,_, o W _ . Similarly one can show lign inf 220 — 0. This concludes
—00

Y Y2(t)

the proof. O

2.3.3 Auxiliary results

We recall the following results for Poisson processes (see [DVJ03]).

Lemma 2.3.13. Let X, KC be complete separable metric spaces equipped with their Borel

o-algebras.

1) Let N be a Poisson process on X with intensity p(dx) and A is a Borel set. Then N N A

is a Poisson process on X with intensity 14(x)p(dz).

2) ([DVJ03, Section 6.4]) A marked point process, with locations in X and marks in K, is a
point process {(x;, k;)} on X x IKC with the additional property that the ground process N, =
{x;} is also itself a point process, i.e., for bounded A € B(X), Ny(A) = N(Ax K) < 0.

A compound Poisson process is a marked point process N = {(x;, k;)} such that N, is
a Poisson process, and given Ny, the {rk;} are mutually independent random variables,
the distribution of k; depending only on the corresponding location x;. The mark kernel,
denoted by {F(K|x) : K € B(K),z € X}, is the conditional distribution of the mark,
given the location x. Let u(-) be the intensity measure of Ny. Then ([DVJ03, Lemma
6.4.VI]) N is a Poisson process on the product space X x K with intensity measure

A(dx x dr) = p(dx)F(dk|z).

PROOF OF LEMMA 2.3.4: Take any A € F4. Since B € F4, we have AN B € F3, and

hence for all ¢t € R?,

AN{T <t}NB=[ANBN{T <t} NAeF.
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Therefore, for all ¢t € R?,
AN{S<t}NB=[An{T <t}NBIN[{S<t}NnB] e F.

This shows A € FZ and completes the proof. O

PROOF OF LEMMA 2.3.5:  Let f(z,w) = L{n@=0nB,)=n;,j=12...k}- Since B; C H, for fixed
z € R?, f(z,w) is independent of F,. Moreover, f(z,w) is stationary in z.

By the definition of conditional expectation, we need to verify that for A € Fi,
Ef(T,w)1ana = [Ef((o, 0):@))} P(ANA). (2.3.51)

We assume first that T takes values in a countable set {t,}°°; C R% Then

[e.e]

Ef(T,w)lana = > Ef(tn, w)1anan{r=t.}

n=1

— f: Ef(tn, w)PANAN{T =1t,})

Ef((0,0),w)P(ANAN{T =t,})

_ [Ef((0,0),w)] P(AN A),

In the second identity we have used that AN AN{T =t,} € F, by (2.3.9), and hence is
independent of f(t,,w). The third identity follows from the stationarity of f(-,w).

For z = (2!, 2?%) € R?, we write [2] = ([2'], [2%]) and [z] = ([z!], [2?]). If T is not discrete,
we can approximate it on A by T, = [2™T]/2™. For every m, (T,,, A) is a stopping time

and Fj C Fi , since for all T € Fjt,

IN{T, <2} NA=Tn{T < [2"2]/2"} N A € Figm,)jom C Fs,
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where, the first identity holds since both events are equal to the intersection of I' A with the
event where there are ny,ny € Z such that the point w = (nq/2™,ny/2™) satisfies T < w < z.
Therefore, (2.3.51) holds true for T replaced by T,,. Noticing that 7,, — T and B,’s are
open, we have f(T,,,w) — f(T,w) for every w. This allows us to pass to the limit using the

bounded convergence theorem. O
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